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Abstract: The purpose of this paper is to define and study the notions of new classes of functions, namely(α(γ ,γ ′ ), α(β ,β ′ ))-continuous,

(α(γ ,γ ′ ), α(β ,β ′ ))-closed and(α(γ ,γ ′ ), α(β ,β ′ ))-homeomorphism functions and investigate their fundamental properties.
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1 Introduction

The study of topological spaces, their continuous functions and general properties make up one branch of Topology known

as ” General Topology” . The concept of closednesss and continuity are fundamentalwith respect to the investigation of

topological spaces. The field of mathematical science is called topology concerned with all questions directly or indirectly

related to continuity. In 2013, Ibrahim [1] introduced and discussed an operation of a topologyαO(X) into the power set

P(X) of a spaceX and also he introduced the concept ofαγ -open sets. Ibrahim [2] introduced the notion ofαO(X,τ)
(γ,γ ′ ),

which is the collection of allα
(γ,γ ′ )-open sets in a topological space(X,τ) and also he defined theα

(γ,γ ′ )-Ti [3] (i =

0, 1
2,1,2) in topological spaces. In this paper, the author introduce and study the new types of functions and give some

properties of these functions in topological spaces.

2 Preliminaries

Throughout this paper, by(X,τ) and(Y,σ) (or X andY) we always mean topological spaces without any property except

the mentioned in the context. The closure and the interior ofa subsetA of X are denoted byCl(A) and Int(A),

respectively. A subsetA of a topological space(X,τ) is said to beα-open [4] if A⊆ Int(Cl(Int(A))). The complement of

anα-open set is said to beα-closed. The intersection of allα-closed sets containingA is called theα-closure ofA and is

denoted byαCl(A). The family of allα-open (resp.α-closed) sets in a topological space(X,τ) is denoted byαO(X,τ)
(resp. αC(X,τ)). An operationγ : αO(X,τ) → P(X) [1] is a mapping satisfying the condition,V ⊆ Vγ for each

V ∈ αO(X,τ). We call the mappingγ an operation onαO(X,τ). A subsetA of X is called anαγ -open set [1] if for each

pointx∈ A, there exists anα-open setU of X containingx such thatU γ ⊆ A. The complement of anαγ -open set is called

αγ -closed. The set of allαγ -open sets ofX is denote byαO(X,τ)γ . An operationγ on αO(X,τ) is said to beα-regular

[1] if for every α-open setsU and V containing x ∈ X, there exists anα-open setW containing x such that

Wγ ⊆ U γ ∩Vγ . An operationγ on αO(X,τ) is said to beα-open [1] if for every α-open setU containingx ∈ X, there

exists anαγ -open setV of X such thatx∈V andV ⊆U γ .
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We recall the following definitions and results from [2].

Definition 1. A non-empty subset A of(X,τ) is said to beα
(γ,γ ′ )-open if for each x∈ A, there existα-open sets U and

V of X containing x such that Uγ ∪Vγ ′ ⊆ A. A subset F of(X,τ) is said to beα
(γ,γ ′ )-closed if its complement X\F is

α
(γ,γ ′ )-open. The set of allα

(γ,γ ′ )-open sets of(X,τ) is denoted byαO(X,τ)
(γ,γ ′ ).

Proposition 1. If Ai is α
(γ,γ ′ )-open for every i∈ I, then∪{Ai : i ∈ I} is α

(γ,γ ′ )-open.

Definition 2. A topological space(X,τ) is said to beα
(γ,γ ′ )-regular if for each point x in X and everyα-open set U in X

containing x, there existα-open sets W and S in X containing x such that Wγ ∪Sγ ′ ⊆U.

Proposition 2.A topological space(X,τ) with operationsγ andγ ′
onαO(X,τ) is α

(γ,γ ′ )-regular if and only ifαO(X,τ) =
αO(X,τ)

(γ,γ ′ ).

Definition 3. Let A be a subset of a topological space(X,τ). The intersection of allα(γ,γ ′ )-closed sets containing A is

called theα
(γ,γ ′ )-closure of A and denoted byα

(γ,γ ′ )-Cl(A).

Proposition 3.Let A be subset of a topological space(X,τ). Then,

(1) A is α
(γ,γ ′ )-closed if and only ifα

(γ,γ ′ )-Cl(A) = A.

(2) α
(γ,γ ′ )-Cl(A) is α

(γ,γ ′ )-closed.

Definition 4. For a subset A of(X,τ), we defineαCl(γ,γ ′ )(A) as follows:αCl(γ,γ ′ )(A) = {x∈ X : (U γ ∪Wγ ′)∩A 6= φ holds

for everyα-open sets U and W containing x}.

Theorem 1.Let A be subset of a topological space(X,τ). Then, A isα
(γ,γ ′ )-closed if and only ifαCl

(γ,γ ′ )(A) = A.

Definition 5. A subset A of(X,τ) is said to be anα
(γ,γ ′ )- generalized closed (briefly,α

(γ,γ ′ )- g.closed) set ifα
(γ,γ ′ )-

Cl(A)⊆U whenever A⊆U and U is anα
(γ,γ ′ )-open set in(X,τ).

Proposition 4.The following statements(1),(2) and(3) are equivalent for a subset A of(X,τ).

(1) A is α
(γ,γ ′ )-g.closed in(X,τ).

(2) α
(γ,γ ′ )-Cl({x})∩A 6= φ for every x∈ α

(γ,γ ′ )-Cl(A).

(3) α
(γ,γ ′ )-Cl(A)\A does not contain any non-emptyα

(γ,γ ′ )-closed set.

Definition 6. [3] A topological space(X,τ) is said to be:

(1) α
(γ,γ ′ )-T1

2
if everyα

(γ,γ ′ )-g.closed set isα
(γ,γ ′ )-closed.

(2) α
(γ,γ ′ )-T0 if for each pair of distinct points x,y in X, there existα-open sets U and V such that x∈ U ∩V and

y /∈U γ ∪Vγ ′ , or y∈U ∩V and x/∈U γ ∪Vγ ′ .

(3) α
(γ,γ ′ )-T1 if for each pair of distinct points x,y in X, there existα-open sets U and V containing x andα-open sets W

and S containing y such that y/∈U γ ∪Vγ
′

and x/∈Wγ ∪Sγ
′

.

(4) α(γ,γ ′ )-T2 if for each pair of distinct points x,y in X, there existα-open sets U and V containing x andα-open sets W

and S containing y such that(U γ ∪Vγ
′

)∩ (Wγ ∪Sγ
′

) = φ .

Proposition 5. [3] A topological space(X,τ) is α
(γ,γ ′ )-T1 if and only if for each x∈ X, {x} is α

(γ,γ ′ )-closed.
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3 (α(γ ,γ ′), α(β ,β ′
))-Continuous Functions

Throughout this section, letf : (X,τ)→ (Y,σ) be a function andγ,γ ′
: αO(X,τ)→ P(X) be operations onαO(X,τ) and

β ,β ′
: αO(Y,σ)→ P(Y) be operations onαO(Y,σ).

Definition 7. A function f : (X,τ)→ (Y,σ) is said to be (α
(γ,γ ′ ), α

(β ,β ′
)
)-continuous if for each point x∈ X and eachα-

open sets W and S of(Y,σ) containing f(x), there existα-open sets U andV of(X,τ) containing x such that f(U γ ∪Vγ ′ )⊆

Wβ ∪Sβ ′
.

Theorem 2.Let f be a function. Consider the following statements.

(1) f : (X,τ)→ (Y,σ) is (α
(γ,γ ′ ), α

(β ,β ′
)
)-continuous.

(2) f (αCl
(γ,γ ′ )(A))⊆ αCl

(β ,β ′
)
( f (A)) for every subset A of(X,τ).

(3) αCl
(γ,γ ′ )( f−1(B))⊆ f−1(αCl

(β ,β ′
)
(B)) for every subset B of(Y,σ).

(4) f−1(B) is α
(γ,γ ′ )-closed for everyα

(β ,β ′
)
-closed set B of(Y,σ).

(5) f (α
(γ,γ ′ )-Cl(A))⊆ α

(β ,β ′
)
-Cl( f (A)) for every subset A of(X,τ).

(6) f−1(V) is α
(γ,γ ′ )-open for everyα

(β ,β ′
)
-open set V of(Y,σ).

(7) For each point x∈ X and eachα
(β ,β ′

)
-open W of(Y,σ) containing f(x), there existα

(γ,γ ′ )-open U of(X,τ)
containing x such that f(U)⊆W.

Then, the following implications are true:(1)⇒ (2)⇔ (3)⇒ (4)⇔ (5)⇔ (6)⇔ (7).

Proof.(1)⇒ (2). Let x∈ αCl
(γ,γ ′ )(A) andW, Sbeα-open sets of(Y,σ) containingf (x). There existα-open setsU and

V of (X,τ) containingx such thatf (U γ ∪Vγ ′ ) ⊆Wβ ∪Sβ ′
. Sincex∈ αCl(γ,γ ′ )(A), then(U γ ∪Vγ ′)∩A 6= φ , implies that

f (U γ ∪Vγ ′)∩ f (A) 6= φ . Therefore, we havef (A)∩ (Wβ ∪Sβ ′
) 6= φ . Thereforef (x) ∈ αCl

(β ,β ′
)
( f (A)), which implies

thatx∈ f−1(αCl(β ,β ′
)( f (A))). HenceαCl(γ,γ ′ )(A)⊆ f−1(αCl(β ,β ′

)( f (A))), so thatf (αCl(γ,γ ′ )(A))⊆ αCl(β ,β ′
)( f (A)).

(2) ⇒ (3). Let B be any subset of Y. Then f−1(B) is a subset of X. By (2), we have

f (αCl
(γ,γ ′ )( f−1(B)))⊆ αCl

(β ,β ′
)
( f ( f−1(B)))⊆ αCl

(β ,β ′
)
(B). HenceαCl

(γ,γ ′ )( f−1(B))⊆ f−1(αCl
(β ,β ′

)
(B)).

(3) ⇒ (2). Let A be any subset of X. Then f (A) is a subset of Y. By (3), we have

αCl
(γ,γ ′ )( f−1 f ((A))) ⊆ f−1(αCl

(β ,β ′
)
( f (A))). This implies that αCl

(γ,γ ′ )(A) ⊆ f−1(αCl
(β ,β ′

)
( f (A))). Hence

f (αCl
(γ,γ ′ )(A))⊆ αCl

(β ,β ′
)
( f (A)).

(3) ⇒ (4). Let B be anα
(β ,β ′

)
-closed set of(Y,σ). By (3) and Theorem1, αCl

(γ,γ ′ )( f−1(B)) ⊆ f−1(B) and hence

f−1(B) is α(γ,γ ′ )-closed.

(4) ⇒ (5). Let A be any subset ofX. Then f (A) ⊆ α
(β ,β ′

)
-Cl( f (A)) andα

(β ,β ′
)
-Cl( f (A)) is anα

(β ,β ′
)
-closed set inY.

HenceA⊆ f−1(α(β ,β ′
)-Cl( f (A))). By (4), we havef−1(α(β ,β ′

)-Cl( f (A))) which is anα(γ,γ ′ )-closed set inX. Therefore,

α
(γ,γ ′ )-Cl(A)⊆ f−1(α

(β ,β ′
)
-Cl( f (A))). Hencef (α

(γ,γ ′ )-Cl(A))⊆ α
(β ,β ′

)
-Cl( f (A)).

(5) ⇒ (4). Let B be an α
(β ,β ′

)
-closed set of (Y,σ). By (5),

α
(γ,γ ′ )-Cl( f−1(B)) ⊆ f−1(α

(β ,β ′
)
-Cl( f ( f−1(B)))) ⊆ f−1(α

(β ,β ′
)
-Cl(B)) ⊆ f−1(B). Therefore, by Proposition3 (1),

f−1(B) is α
(γ,γ ′ )-closed.

(5)⇔ (6). This follows from Definition1 and the equivalence of(4)⇔ (5).
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(6) ⇒ (7). Let W be anyα
(β ,β ′

)
-open set inY containing f (x), so its inverse image is anα

(γ,γ ′ )-open set inX. Since

f (x) ∈W, thenx∈ f−1(W) and by hypothesisf−1(W) is anα
(γ,γ ′ )-open set inX containingx, so thatf ( f−1(W))⊆W.

(7)⇒ (6). LetV ∈ αO(Y,σ)
(β ,β ′

)
. For eachx∈ f−1(V), by (7), there exists anα

(γ,γ ′ )-open setUx containingx such that

f (Ux) ⊆ V. Then, we havef−1(V) = ∪{Ux ∈ αO(X,τ)(γ,γ ′ ) : x ∈ f−1(V)} and hencef−1(V) ∈ αO(X,τ)(γ,γ ′ ) using

Proposition1.

Corollary 1. If (Y,σ) is anα
(β ,β ′

)
-regular space, then all statements of Theorem2 are equivalent.

Proof.By Theorem2, it is sufficient to prove the implication(6)⇒ (1), where (1) and (6) are the properties of Theorem

2. Letx∈X andW,Sbeα-open sets of(Y,σ) containingf (x). By Proposition2, W∪Sis α
(β ,β ′

)
-open. Then,f−1(W∪S)

is α
(γ,γ ′ )-open set of(X,τ) containingx by (6). Therefore, there existα-open setsU andV of (X,τ) containingx such

thatU γ ∪Vγ ′ ⊆ f−1(W∪S) and sof (U γ ∪Vγ ′ )⊆Wβ ∪Sβ ′

. This implies thatf is (α
(γ,γ ′ ), α

(β ,β ′
)
)-continuous.

Remark.The converse of implication(1)⇒ (6) in Theorem2 is not true in general as shown by the following example.

Example 1.Let X = {a,b,c},Y = {1,2,3}, τ = {φ ,X,{a},{b},{a,b}} andσ = {φ ,Y,{1},{2},{1,2}}. Let f : (X,τ)→
(Y,σ) be a function defined by

f (x) =











2, if x= a,

3, if x= b,

1, if x= c.

For eachA∈ αO(X), we define two operationsγ andγ ′
, respectively, byAγ =Cl(A) andAγ ′ = A.

For eachK ∈ αO(Y), we define two operationsβ andβ ′
, respectively, byKβ = K andKβ

′

=Cl(K). Then, the condition

(6) in Theorem2 is true. It is shown thatf is not(α(γ,γ ′ ), α(β ,β ′
))-continuous.

Theorem2 suggests the following.

Remark. If f : (X,τ) → (Y,σ) is (α
(γ,γ ′ ), α

(β ,β ′
)
)-continuous, then the induced function

f : (X,αO(X,τ)
(γ,γ ′ ))→ (Y,αO(Y,σ)

(β ,β ′
)
) is continuous.

Let (X,τ), (Y,σ) and(Z,η) be spaces andγ,γ ′
: αO(X)→ P(X), β ,β ′

: αO(Y)→ P(Y) andδ ,δ ′
: αO(Z) → P(Z), be

operations onαO(X,τ), αO(Y,σ) andαO(Z,η), respectively.

Theorem 3.If f : (X,τ)→ (Y,σ) is (α
(γ,γ ′ ), α

(β ,β ′
)
)-continuous and g: (Y,σ)→ (Z,η) is (α

(β ,β ′
)
, α

(δ ,δ ′
)
)-continuous,

then its composition go f: (X,τ)→ (Z,η) is (α
(γ,γ ′ ), α

(δ ,δ ′
)
)-continuous.

Proof. Let x ∈ X, K andL be α-open sets ofZ containingg( f (x)). Sinceg is (α
(β ,β ′

)
, α

(δ ,δ ′
)
)-continuous, then there

exist α-open setsW andS of Y containing f (x) such thatg(Wβ ∪Sβ ′

) ⊆ Kδ ∪Lδ ′

. Also, since f is (α
(γ,γ ′ ), α

(β ,β ′
)
)-

continuous, then there existα-open setsU andV of X containingx such thatf (U γ ∪Vγ ′ ) ⊆ Wβ ∪Sβ ′

. This implies

that f (U γ ∪Vγ ′ ) ⊆Wβ ∪Sβ ′

⊆ g−1(Kδ ∪Lδ ′

). Then, we obtain(go f)(U γ ∪Vγ ′ ) ⊆ Kδ ∪Lδ ′

. Therefore,go f is (α
(γ,γ ′ ),

α
(δ ,δ ′

)
)-continuous.

Definition 8. A function f : (X,τ) → (Y,σ) is said to be(α
(γ,γ ′ ), α

(β ,β ′
)
)-closed if forα

(γ,γ ′ )-closed set A of X, f(A) is

α
(β ,β ′

)
-closed in Y.

Proposition 6.Let f : (X,τ)→ (Y,σ) be an(α
(γ,γ ′ ), α

(β ,β ′
)
)-closed function. Then, for each subset B of(Y,σ) and each

α
(γ,γ ′ )-open set U containing f−1(B), there exists anα

(β ,β ′
)
-open set V such that B⊆V and f−1(V)⊆U.

Proof.LetV =Y\ f (X \U). ThenV is α
(β ,β ′

)
-open. Thusf−1(B)⊆U impliesB⊆V and f−1(V) = f−1(Y\ f (X \U)) =

X \ f−1( f (X \U))⊆ X \ (X \U) =U , or f−1(V)⊆U .
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Proposition 7.Let f : (X,τ)→ (Y,σ) be a function. Then, f is(α
(γ,γ ′ ), α

(β ,β ′
)
)-closed if and only ifα

(β ,β ′
)
-Cl( f (A)) ⊆

f (α(γ,γ ′ )-Cl(A)) for every subset A of X.

Proof.Obvious.

Corollary 2. If f : (X,τ)→ (Y,σ) is bijective and f−1 : (Y,σ)→ (X,τ) is (α
(β ,β ′

)
, α

(γ,γ ′ ))-continuous, then f is(α
(γ,γ ′ ),

α
(β ,β ′

)
)-closed.

Proof.Follows from Theorem2.

Proposition 8. If f : (X,τ)→ (Y,σ) is (α
(γ,γ ′ ), α

(β ,β ′
)
)-continuous and(α

(γ,γ ′ ), α
(β ,β ′

)
)-closed, then

(1) f (A) is α
(β ,β ′

)
-g.closed for everyα

(γ,γ ′ )-g.closed set A of(X,τ).
(2) f−1(B) is α

(γ,γ ′ )-g.closed for everyα
(β ,β ′

)
-g.closed set B of(Y,σ).

Proof. (1) LetV be anα
(β ,β ′

)
-open set containingf (A). Then, f−1(V) is anα

(γ,γ ′ )-open set containingA by Theorem2

and soα
(γ,γ ′ )-Cl(A)⊆ f−1(V). It follows that f (α

(γ,γ ′ )-Cl(A)) is anα
(β ,β ′

)
-closed set and henceα

(β ,β ′
)
-Cl( f (A))⊆

α
(β ,β ′

)
-Cl( f (α

(γ,γ ′ )-Cl(A))) = f (α
(γ,γ ′ )-Cl(A))⊆V. This implies thatf (A) is α

(β ,β ′
)
-g.closed.

(2) LetU be anyα
(γ,γ ′ )-open set such thatf−1(B) ⊆ U . Let F = α

(γ,γ ′ )-Cl( f−1(B))∩ (X \U), thenF is α
(γ,γ ′ )-closed

in (X,τ). This implies f (F) is α(β ,β ′
)-closed set in(Y,σ). Since f (F) = f (α(γ,γ ′ )-Cl( f−1(B))∩ (X \U))⊆ α(β ,β ′

)-

Cl(B)∩ f (X \U)⊆α
(β ,β ′

)
-Cl(B)∩(Y\B) by Theorem2, it is shown thatα

(β ,β ′
)
-Cl(B)\B contains anα

(β ,β ′
)
-closed

set f (F). It follows from Proposition4 that f (F) = φ and henceF = φ . Thereforeα
(γ,γ ′ )-Cl( f−1(B)) ⊆ U . This

shows thatf−1(B) is α(γ,γ ′ )-g.closed.

Theorem 4. Suppose that there exists an(α
(γ,γ ′ ), α

(β ,β ′
)
)-continuous and(α

(γ,γ ′ ), α
(β ,β ′

)
)-closed function, say

f : (X,τ)→ (Y,σ).

(1) If f is injective and(Y,σ) is α
(β ,β ′

)
-T1

2
, then(X,τ) is α

(γ,γ ′ )-T1
2
.

(2) If f is surjective and(X,τ) is α
(γ,γ ′ )-T1

2
, then(Y,σ) is α

(β ,β ′
)
-T1

2
.

Proof. (1) LetA be anα
(γ,γ ′ )-g.closed set of(X,τ). We claim thatA is α

(γ,γ ′ )-closed in(X,τ). By Proposition8 (1), f (A)

is α
(β ,β ′

)
-g.closed. Since(Y,σ) is α

(β ,β ′
)
-T1

2
, this implies thatf (A) is α

(β ,β ′
)
-closed. Sincef is (α

(γ,γ ′ ), α
(β ,β ′

)
)-

continuous and injective, then, we haveA= f−1( f (A)) is α
(γ,γ ′ )-closed by Theorem2. Hence(X,τ) is α

(γ,γ ′ )-T1
2
.

(2) Let B be anα
(β ,β ′

)
-g.closed set in(Y,σ). By Proposition8 (2) and assumption, it is shown thatB = f ( f−1(B)) is

α(β ,β ′
)-closed and hence(Y,σ) is α(β ,β ′

)-T1
2
.

Theorem 5.Suppose that there exists an(α
(γ,γ ′ ), α

(β ,β ′
)
)-continuous injection. If(Y,σ) is α

(β ,β ′
)
-Ti , then(X,τ) is α

(γ,γ ′ )-

Ti , where i= 0,1,2.

Proof.Let f : (X,τ)→ (Y,σ) be the(α
(γ,γ ′ ), α

(β ,β ′
)
)-continuous injection. The proof fori = 1 is as follows:

Let x∈X. Then, by Proposition5, { f (x)} is α
(β ,β ′

)
-closed in(Y,σ). By Theorem2 and Proposition5, {x} is α

(γ,γ ′ )-closed

and hence(X,τ) is α
(γ,γ ′ )-T1. The proofs fori = 0,2 follow from Definition6 (2), (4) and by Theorem2.

Definition 9. A function f : (X,τ) → (Y,σ) is called an(α
(γ,γ ′ ), α

(β ,β ′
)
)-homeomorphism if f is an (α

(γ,γ ′ ), α
(β ,β ′

)
)-

continuous bijection and f−1 : (Y,σ) → (X,τ) is (α(β ,β ′
), α(γ,γ ′ ))-continuous. The collection of all(α(γ,γ ′ ), α(γ,γ ′ ))-

homeomorphisms from(X,τ) onto itself is denoted byα
(γ,γ ′ )-h(X,τ).

Theorem 6.Suppose that f: (X,τ)→ (Y,σ) is an(α
(γ,γ ′ ), α

(β ,β ′
)
)-homeomorphism function. Then,(X,τ) is α

(γ,γ ′ )-Ti if

and only if(Y,σ) is α(β ,β ′
)-Ti , where i= 0, 1

2,1,2.

Proof.The proof follows from Theorems4, 5 and Definition9

c© 2018 BISKA Bilisim Technology

www.ntmsci.com


83 H. Z. Ibrahim: On(α(γ ,γ ′ ), α(β ,β ′ ))-Functions

Theorem 7.Let f : (X,τ)→ (Y,σ) be a function. Then,

(1) For each topological space(X,τ), the collectionα
(γ,γ ′ )-h(X,τ) forms a group under the composition of functions.

(2) For an (α
(γ,γ ′ ), α

(β ,β ′
)
)-homeomorphism f: (X,τ) → (Y,σ), there exists a group isomorphism, say f∗ : α

(γ,γ ′ )-

h(X,τ)→ α(β ,β ′
)-h(Y,σ).

Proof.PuttingHX = α
(γ,γ ′ )-h(X,τ).

(1) First we prove that: ifa∈ HX andb ∈ HX, thenb◦a∈ HX. Indeed, sincea andb (resp.a−1 andb−1) are(α
(γ,γ ′ ),

α
(γ,γ ′ ))-continuous bijectons,b◦ a (resp.a−1 ◦ b−1 = (b◦ a)−1) is also an(α

(γ,γ ′ ), α
(γ,γ ′ ))-continuous bijection by

Theorem3 and sob◦a∈ HX, whereb◦a : X → X is the composite functions ofa : X → X andb : X → X such that

(b◦a)(x) = b(a(x)) for every pointx∈ X. Thus, the following binary operationηX : HX ×HX → HX is well defined

by ηX(a,b) = b◦a. Puttinga ·b= ηX(a,b), we have the following properties:

(a) (a ·b) ·c= a · (b ·c) holds for every elementsa,b,c∈ HX;

(b) for all elementa∈ HX, there exists an elemente∈ HX such thata ·e= e·a= a hold in HX;

(c) for each elementa∈ HX, there exists an elementa1 ∈ HX such thata ·a1 = a1 ·a= e hold in HX.

Indeed, (a) is obtained obviously;

(b) is obtained by takinge= 1X and using the fact that 1X ∈ HX, where 1X : X → X is the identity function;

(c) is obtained by takinga1 = a−1 for eacha∈ HX. Then, by definition of groups, the pair(HX,ηX) forms a group

under the composition of functions.

(2) The required group isomorphismf∗ : HX → HY is well defined byf∗(a) = f ◦ (a◦ f−1) for every elementa ∈ HX.

Indeed,f∗(a) ∈ HY holds for everya∈ HX by Theorem3, f∗(a ·b) = f ◦ (b◦a) ◦ f−1 = f ◦b◦ f−1◦ f ◦a◦ f−1 =

( f∗(b))◦ ( f∗(a)) = f∗(a) · f∗(b) hold for every elementsa,b∈ HX and sof∗ : HX → HY is a homomorphism. Hence

f∗ : HX → HY is the required isomorphism.
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