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Abstract: In this paper, the dependency on initial conditions of thekvgeneralized solution which existence and uniqueness are
proved by us’%] of a mixed problem with periodic boundary condition for aagitlinear Euler-Bernoulli equation is examined. In order
to this examination, we consider a second mixed problem avitither initial conditions in addition to the problem andrag5] the
weak generalized solutions of both of problems are expdeas@ Fourier series with undetermined variable coeffisjemtd a system

of non-linear infinite integral equations for these coediits are obtained. Then estimating the difference betweesdlutions of these
systems on the Banach spd®e, we determine the dependency of the solution of mentionebi@m on its initial conditions.

Keywords: Quasi-linear partial differential equation, Mixed prableWeak generalized solution, Dependency on initial cooia,
Fourier method, Periodic boundary condition.

1 Introduction

Vibration problems of beams which are composed of variouserizds and has different shaped in different
environments reduced to Euler-Bernoulli equations. In, féeere is a Euler-Bernoulli beam theory in literature. SThi
theory is based on Euler-Bernoulli equation. Using theseatgns, the different problems of construction, machjiner
aircraft and defense industries, can be solved. In additiomservation of momentum and continuity of the fluid flow are
defined by Euler-Bernoulli equations. These equations srquéently used in fluid mechanics. At the same time,
Euler-Bernoulli equations are used to define the coeffisi@fitrise, drag and thrust on the wings of the wind vane
machines and ejection angle. Hence, in the aforementionmgaications depending on the examined object,
homogeneous and non-homogeneous, quasi-linear of the-Bataoulli equation with different initial and boundary
conditions are studied for various problems. Generallycesiinitial data are obtained by experimentally in these
problems, one encountered several errors. Therefore, amesay that the question ofiow the errors influence the
solutioni is the basic problem. With this motivation, we examine tffeas of small changes of initial conditions on the
solution of a mixed problem with periodic boundary conditfor a class of quasi-linear Euler-Bernoulli equation.

2 Establishing the problem

After summarizing the technical aspects of the problem astioed above, we suppose that the initial conditions are
usually determined by experiment. In present study, thed@gncy on initial conditions of the weak generalized sotut
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u(t, x, &) of the following mixed problem which has been examineddingith periodic boundary condition:

g—ig —¢ 40t02‘:9ux2 +a23—1l: = f(t,x,u), (t,x) eD{0<t<T,0<x< 1}, (1)
u(0,x,&) = d(x,€), w(0,x,€) = Y(xe€), (0<x<m 0<e<g), (2)
u(t,0,€) = u(t, me), ux(t,0,€) = uk(t, m€),

Ue(t,0,€) = up(t, M, €), Ua(t,0,€) =uga(t,me), (0<t<T, 0<e<g) (3)

is examined, or other words we search the effects of smatigdsof initial conditions on the solution. For this aim, we
also consider the following mixed problem:

g—i;j —€ 402‘:;(2 +azg;:(l: = f(t,x0)+ fo(t,x), (t,x) €D{0O<t<T,0<x< 1}, (4)
G(0,x,&) = @ (x,€), G (0,x,€) = P(x€), (0<x<m 0< €< &), (5)
G(t,0,¢) =q(t, m ), Ux(t,0,¢) = Ux(t, M, €),

U2 (t,0,€) = Oe(t,me), Ga(t,0,6) = 0a(t,me), (0<t<T,0<e<g), (6)

where @ (x,€), Y(x,€), P (x,€), P(x €), f(t,x,u) and fo(t,x) are given functions are known functions which have the
required properties in their domain.

Definition 1. The function {t,x) € C(D) is calledtest functiorif it has continuous partial derivatives of order contained
in equation () and satisfies both following conditions

V(T,X) =W (T,X) =V,2(T,X) =V (T,x) =0

and the boundary conditiorB].
We can give the following definition as in G. I. Chandirovi§.[

Definition 2. The function i, x, €) € C{D x [0, &} satisfying the integral identity

o°v ” d*v 204v
/ / [dtz (3t2x2+ 0x4] f(t,x,u)v}dde

/qu(x)[vt(o,x)f Vi (0,%)] dx— /w V(0,x) — £b%2(0,x)] dx =0

(7)

for an arbitrary test function {t, x) is calledweak generalized solutiasf problem ()-(3).
The set
_ 1
{Uit,e)} = {éuo(t,e),ucl(t,s),usl(t,e),...,uck(t,e),usk(t,e),...}

of continuous functions of®, T] for all € € [0, & satisfying the condition

1
2tr’r[1ax|uo(t &)+ Z {max|uck(t &)+ max|usk(t £)|] < 00,

denote byBr.

Let
1 0
u(t,e = — max |Up(t,& max |Uck(t, € max |Usk(t, €
00 €)er = 3 max ot )]+ 5 | ma )]+ max us.e)|

be the norm irBt. It can be shown that is Banach space.

The following theorem concerning the existence and unigsewf the weak generalized solution of the probl&)v(8)
is true B).
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Theorem 1.Suppose the following conditions satisfy

(&) f(t,x,u) is continuous respect to all arguments ork@—oo, ),

(b) |f(t,x,u) — f(t,x,v)| <b(t,x)|u—v| where l{t,x) € Lo(D), b(t,x) > 0,

(c) f(t,x,0) e C(D),

(d) The functionsp(x, &), W(x,&) with ¢(x,&) € C{[0,m x [0,&]}, w(x) € C{[0,m] x [0,&]} satisfy the following
conditions for alle € [0, &;

$(0,¢) = ¢(m¢), $'(0,¢) = ¢'(m€), Y(0,€) = Y(m.&).
In this case, there is an unique weak generalized solutiothfproblem 1)-(3) in D x [0, &.

Definition 3. [Gronwall I neguality] In [0, T], let a(t) be a non-negative, continues functioft)and d't) be non-negative,
integrable functions, (t) be a bounded function and if the following inequality;

a(t) < /Ot[a(r)b(r)Jrc(r)] dr+ f(t)

then .
maxa(t) < [/ c(t)dt +sup|f(t exp/ b(t
0

0<t<T

Definition 4. [Bessel Inequality] Let the function fx) satisfy the conditions of Dirichlet theorem ¢@\, 1. For the
coefficients of its Fourier series which can be written byftivetionsl, cos Xx, sin kx (k = 1, »), the following inequality

f2

o0 m
—0 +3 (0 +f52k)§%/0 £2(x) dx

is true. Here Fourier coefficients are determined as follows

2 2 (T 2 (T . —
fO:—/ f(x)dx fck:—/ f(x)coskxdx fe= —/ f(x)sinZ&xxdx (k=1,0).
TTJo T Jo mJo

3 Solution

To examine the dependency of the weak generalized solutiomitial conditions, let us look for the generalized sabuti
of (1)-(3) as formally in the following form

8

u(t,x, &) = %uo(t,e) + S [uck(t, &) cos Kx+ ug(t, €) sin KX (8)
K=1

for following unknown functionsig(t, €), Uk(t, €), Usk(t, €), (k= 1,0). In order to determinate unknowns using equation
(8) formally in problem ()-(3), we get the infinite system of integral equations;

Uolt, €) = do+ Wt + 2 /'t /n(t—r JF{Wp} dEdr,

Uck(t, &) = PekCOSOKt + w—csma W+ —/ / f{Wp} x cos X sinay(t — 1) dé dr, 9)
Usk(t, &) = dskCoSayt + ﬁ‘smor Wb+ —/ / f{Wp} x sin& sinay(t — ) d& dr,
_ &7 k=T,
1+ £(2Kb)2
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whereW, = T,E,%UO(T,&’) + St lUen(T,€) cos & + usn(T, €) sin2né]. In similar way let look for the generalized
solution of @)-(6) in the form

}Uo(t,e) + % [Gek(t, €) cos Kx+ Tsi(t, €) sin k¥ (10)

a(t,x,€) = >
K=1

and we get the following infinite system of integral equasiéor the unknown functions

To(t, &) = Go+ Pyt + %/Ot /0"(t -0)f{1,¢, %Go(r,s) +n§1[ﬁcn(r,£) cos € + Usn(T,€) sin 2né] } dédT+

2 gt m
E/o/o (t— 1) fo(T, &) dTdE,

Gck(t, &) = ¢ckcosakt+ﬂsmakt+—/ / f{r, E i [Ten(T, €) cOs hE + Uisn(T, €) sSinné] } x
=t (11)
cosXk&sinay(t—1) dédr+ — fo(r, &)cosXé sinay(t—1)drdé,
Tag Jo Jo
Gsk(t, €) = Pskcosayt + Lz—iksinakH nim(/ot/onf{r,f,%ﬁo(r,s)wL z [Gen(T, €) cOS hE + Usn(T, €) sin ] } x
n=1

2 gt ogm
sinké sinag(t—1) dédr+ — fo(1,&)sin2&é sinay(t — 1)dTdé.
Tak Jo Jo

By the conditions of theoreni], for both of @) and (L1) the existence and uniqueness of the solutions of infinseesy
of integral equations are proves| [ For simplicity take

Au(t, &, €)= %uo(r,e) + i [Uen(T,€) cOoShE + ugn(T,€) Sin2né]
n=1
and
Al(t,&,¢) = 1 i [Uen(T,€) cos hé + Osn(T, €) Sinné].

Let us write the difference between the syste@)safd (L1) as following

Uolt,€) ~ 80(t,€) =(G0 ~ Bo) + (Yo Golt+ = [ [t~ 0){[r.£ Au(r.£,8)] ~ f[r.€,A0(r,£,2)]} dEdr-
it T
7—21/0 /0 (t— 1) fo(T, €) dTdE,

Uek(t, &) — Cek(t, &) =(¢ — Pex) cosaryt + ———= v Lka

smat+—// {f[r,&,Au(T,& )] — f[r,&, Al(T,&,€)] } x
cosXé sinak(t—1) dEdT——/ / fo(1,&)cos & sinay(t — 7)drdé,
Usk — Cisk(t, €) =(¢ — Psk) cosat + ¢ w5k3|nat+—/ / {f[1,&,Au(t,& &) — f[1,&,AU(T, &, €)] } x

sinké sinay(t — 1) dédt — —/ / fo(1,&)sin & sinay(t — 1)dTdé.

(© 2018 BISKA Bilisim Technology
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Grouping in obtained differences and we write the followsugn

[

% [Uo(t, &) — To(t, €)] + > { [Uck(t, &) — Uek(t, )] + [usk(t, €) — Tek(t, €)] } =
k=1

20000+ (B )+ (s ]+ 500~ B+ 5 (W B+ (o o]+

LT(I,S) - LT('[,S) =

—/ / (t—1){f 1.6, AU(T,E,8)] — f[1,&,Al(T,&,€)] } dE dT+

Z ak/ / (11,6, AU(T,E,€)] — f[1,8,Al(T,&,£)] } cosKE dE +

—/ [F[1.6,AU(T,&,8)] — [T, Al(T,E,£)] } SiNKE dE) sinai(t — T)dT—

—// (t—1)fo(T, &) dE dT — z ak/ / fo(T, &) cOSKE AE + = / fo(T, &) Sin K& dE) sinay (t — 1)dt.

Taking into account that the absolute values of both of sishek0<t — 7 < T, then applying the Cauchy inequality with
respect tar to integrals on the right hand side, we get

i, &) —d(t. e )|_§|¢0*¢o|+z [ @oic— Gexl + 95— aid] + _|w0'1’0|+k§aik[|4kk‘I’ck|+|4’sk‘l’sk”+
=1
1/2

vT +
2

[/ <g/n{f[T757AU(T75,€)]f[T,E,AG(T,E,g)]}dE> dr

ﬁkiai / / {flr.&,Au(1,&. )] f[1.&,Al(T,&,€)] } cosk& dE +

%./(;n{f [1,&,Au(t,& )] — f[r,&,Al(T,&,€)] } sinkE df)zdr} 1/2+

T ft/2 2 71/2 w 1 [ ft/p pm o rm _ 5 71/2
gl/" <7—T/O fo(r,E)dE) dr +\/szla—kVO (7—1/0 fo(r,E)cosl<EdE+7—T/o fo(T,E)S|nZ<EdE> dr]

Applying Holder's inequality to the second and third sums,have that

B \/T 1/2

m 2
|lT(t,£)—l](t,e)|§Mg+7[/ot (7—21/0 {f[r,E,Au(r,E,s)]—f[T,E,AO(T,E,e)]}dE) dr| +

ﬁ(m i) / /On{f[T,E,Au(r,f,g)]—f[r,E,AG(r,E,s)]}cosZkEdE+

ag
2 s 2 v2 T | st/2 m 2 1/2
2 [M{1 .6 Aur.E, ) — 117, €, AT, €, €)] sinake o€ ) +7[/0 (E/O fo<r,z>d5) ar| +
, Y 1/2
ﬁ( —2> {Z/( /forfcoskEdE+ /foré sm2k£d§) dr}
where

M (9,) =M (I (x.€) — Bx €) . | wx &) ~ Bx£)])
= 5100 Gol 3 19—+ b Gl + 71— Bol + 3 2 14— P + 4 Bl
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Taking square to both of sides and using following inequalit

(a14az+...+an)? <n(a?+a?+...+ad)

we get

- 2
Tt 2) — Gt £) 2 < 5{MZ(9, ) + 4/ (3/ {f[r,E,Au(r,E,e)]—f[r,E,AG(T,E,e)]}dE) dr+

Ti > m/ / {flr,&,Au(T, & €)] — f[1,E,Al(T,&,€)] } cosk& dE+

klakkl

- 2
7—_[/ {f[T,E,AU(T,E,S)]*f[T,E,AG(T,E,S)]}SinZ(de)szqL%/t <E/ fo(r,E)dE) dr+

Ti = m/( /foré )coské dé + — / foTES|n2kEdE) dr}

klakkl

Applying the inequalitya+ b)? < 2(a? + b?) to third and fifth sums in parentheses on the right side andyuistegrable
term by term within the required conditions, let us do follogzmodifications:

'u(t"g)*ﬁ_(t’g)'zg5{'\"5("’"””4/ ( [t g aurge)- [T,E,AG(T,E,s)]}d5>2dr+
o 4 e i 2
2Tklai£/0kl(7—2_[/o {f[T,E,Au(T,E,s)]f[r,E,AG(r,E,e)]}coskEdE) +
5 5 " 2 i 2
ZTkzlaiffotkzlGT/o {f[T’EaAU(T,E,S)]f[T,E,AG(T,E,S)]}sinkEdE> +I/t (2/ fo(rvf)d5> .
ZTkmlai%/oti(r_zT./c; ol 5)°°Sk5df) dT+2TZ /%( / fo(,€) sm2k€d£) dr}.
Supposing

5T 21
Mt = max{7,10Tkzla—%},

the last inequality can be written as following

T = 2 t1 /2 (7 N 2
ja(t, &) — G(t. £)|* < MZ(9, w)+MT{A§<H.A {f[T,E,Au(T,E,s)]—f[r,E,Au(T7§7g)]}d5) n
<] 2 m ) 2
kzl(ﬁ/o {f[T,E,AU(T,E,£)]—f[T,E,AU(T,E,&)]}COSkEdE) +
(o) 2 T N - 2
kzl(T_T/o {f[T,E,Au(T,E,s)]f[T,E,Au(T,E,s)]}smkEdE) }dr+

tel1/2 (m 2 2 T 2 o - 2

MT/O {E (7_1/0 fO(T’E)dE> +kzl<7_T~/0 fo(T,E)COSlEdE> +kzl<7_T'/O fo(RE)sszde) }dr

Applying Bessel’s inequality to the integrals in second #ril sums on the right side, we obtain that

it e) - it e) P <SME, )+ Mr [ 2 [ (€. AU €8]~ flr.€ Adn. €. 2]} dedn

t m
+'V'T/O 7%/0 fé(1,&)dédr.

(© 2018 BISKA Bilisim Technology
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Here, supposing Lipschitz conditioff (t,x,u) — f(t,x,d)| < b(t,x)|u— 0| is satisfied, and taking into account the
inequality|Au(t, &, ) — Al(T, &, )| < |u(t, &) — (it & |we have

_ ot s t o TT
|u_(t,£)—l](t,e)|2§5M§(¢,L/J)+MT./O 721/0 bZ(T,E)|Au(T,E,e)—AG(T,E,£)|2dEdT+MT/O 721/0 £2(1,€)dédr

or equivalently

— = 2 2 t2 meo, — =
t.e) — Git.£) P < SME@. W)+ My [ 2 [T[BR(r.6)[0r.8) ~ G(r.) P+ 16(r.8)] dedr

Finally applying Gronwall inequality to the last inequglitve have

max |a(t, &) — d(t, €)[? < UOT <%/Onf§(r,5)d5> dT+55upM£2(¢,l,U)] exp/OTI—ZT/O"bZ(T,E)dEdT.

o<t<T

for D{[0, T] x [0, 1]} where for alle € [0, &)

It x.8) - Gt ) o) < max|dit.e) - Git.e)|

then it can be written as from the last inequality

fatxe)-dxellco < | [ (2 [ @r.6)0¢ ) ar+Ssuni. | exn [ 2 ["b2(r.)gear

To sum up, we can give the following theorem

Theorem 2.Suppose the following conditions satisfy

(a) Forall e € 10,&],inD{0<t <T,0< x< m}, there is a weak generalized solution for the probleig8) and @)
- (6) separately.

(b) All conditions of Theoreml] are satisfied for both of problems;

(c) With fy(t,x) € C(D), conditions of Dirichlet Theorem are satisfied respect nafl t € [0, T]; thenifo >0,36(0) >
0 so that for alle € [0, &), following inequalities| ¢ (t,x, &) — ¢ (X, €)llcjo,m < 8(0), [W(t,x,€) — P(X,€)llcio,m <
o(o) and|| fo(t,Xx)|| < 6(0) are satisfied,

then||u(t,x, &) — G(t,x, €)|| < dis true.

In other words, satisfying the conditions of Theorem 2, thakageneralized solution of the problei-(3) is continuous
respect to initial conditions, means that the solution itedained.
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