
NTMSCI 6, No. 2, 1-5 (2018) 1

New Trends in Mathematical Sciences
http://dx.doi.org/10.20852/ntmsci.2018.264

On an unified reduction formula for Srivastava’s triple
hypergeometric series F(3)[x,y, z]

Yong Sup Kim1, Adem Kilicman2,∗, A. K. Rathie3

1Department of Mathematics Education, Wonkwang University, Iksan, Korea
2Department of Mathematics and Institute for Mathematical research, University Putra Malaysiai, 43400 UPM, Serdang, Selangor,
Malaysia
3Department of Mathematics, Vedant College of Engineering &Technology (Rajashan Technical University),Village Tulsi, Dist. Bundi,
Rajasthan, India

Received: 12 January 2018, Accepted: 6 March 2018
Published online: 20 March 2018.

Abstract: Very recently, by applying the so-called Beta integral method to the Henrici’s triple product formula for the generalized
hypergeometric series, Choi, et al.[Commun. Korean Math. Soc. 28(2013), No.2, pp. 297-301] have obtained an interesting reduction
formula for the Srivastava’s triple hypergeometric seriesF(3)[x,y,z]. The aim of this short note is to provide a unified reduction formula
for the Srivastava’s triple hypergeometric series from which as many new reduction formulas (including the one obtained by Choi, et
al.) as desired can be deduced. A few interesing special cases have also been given.
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1 Introduction

LetC be the set ofcomplex numbers, then for

α j ∈ C ( j = 1, . . . , p) and β j ∈C\Z−
0

(

Z
−
0 := Z∪{0}= {0,−1,−2, . . .}

)

,

the generalized hypergeometric function pFq with p numerator parametersα1, . . . , αp and q denominator parameters

β1, . . . , βq is defined by (see, for example, [7, Chapter 4]; see also [11, pp. 71–72]):

pFq

[

α1, . . . , αp ;

β1, . . . , βq ;
z

]

=
∞

∑
n=0

p

∏
j=1

(α j)n

q

∏
j=1

(β j)n

zn

n!
= pFq(α1, . . . , αp; β1, . . . , βq; z) (1)

(

p, q ∈ N0 := N∪{0}= {0, 1, 2, . . .}; p ≦ q+1; p ≦ q and |z|< ∞;

p = q+1 and|z|< 1; p = q+1, |z|= 1 andℜ(ω)> 0
)

,

where

ω :=
q

∑
j=1

β j −
p

∑
j=1

α j
(

α j ∈ C( j = 1, . . . , p); β j ∈C\Z−
0 ( j = 1, . . . , q)

)

(2)
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and(λ )n is the Pochhammer symbol defined (forλ ∈ C), in terms of the familiar Gamma functionΓ , by

(λ )n :=
Γ (λ + n)

Γ (λ )
=

{

1 (n = 0)

λ (λ +1) · · ·(λ + n−1) (n ∈ N).
(3)

On the other hand, in the course of study of triple hypergeometric series, Srivastava(cf. [12, p.43]) defined a unification

of Lauricella’s 14 triple hypergeometric seriesF1, . . . , F14 (cf. [12, pp. 41–43]) and the additional Srivastava’s triple

hypergeometric seriesHA, HB, HC as a general triple hypergeometric seriesF (3)[x,y,z] (cf. [9, p. 428]; see also [12, p.

44–45]) by

F (3)[x,y,z]≡ F (3)

[

(a) :: (b);(b′); (b′′) : (c); (c′); (c′′);

(e) :: (g);(g′);(g′′) : (h);(h′);(h′′);
x,y,z

]

=
∞

∑
m,n,p=0

Λ(m, n, p)
xm

m!
yn

n!
zp

p!
, (4)

where, for convenience,

Λ(m, n, p) =

A

∏
j=1

(a j)m+n+p

B

∏
j=1

(b j)m+n

B′

∏
j=1

(b′j)n+p

B′′

∏
j=1

(b′′j )p+m

E

∏
j=1

(e j)m+n+p

G

∏
j=1

(g j)m+n

G′

∏
j=1

(g′j)n+p

G′′

∏
j=1

(g′′j )p+m

·

C

∏
j=1

(c j)m

C′

∏
j=1

(c′j)n

C′′

∏
j=1

(c′′j )p

H

∏
j=1

(h j)m

H′

∏
j=1

(h′j)n

H′′

∏
j=1

(h′′j )p

, (5)

and,(a) abbreviates the array ofA parametersa1, . . . , aA, with similar interpretations for(b), (b′), (b′′), and so on.

Very recently by employing the well known, very useful and interesting Henrici’s triple product formula for the

hypergeometric series [4] viz.

0F1

[

;

6c ;
x

]

0F1

[

;

6c ;
ωx

]

0F1

[

;

6c ;
ω2x

]

= 2F7







3c− 1
4, 3c+ 1

4 ;

6c, 2c, 2c+ 1
3, 2c+ 2

3, 4c− 1
3, 4c, 4c+ 1

3 ;

(

4x
9

)3






(6)

whereω = exp(2π i
3 ), together with the Beta integral method [5], Choi, et al. [2]estabished the following interesting result

for the reducibility of Srivastava’s triple hypergeometric series given by

F(3)

[

e : ; ; : ; ; ;

d : ; ; : 6c ; 6c ; 6c ;
1, ω, ω2

]

= 5F10







3c− 1
4 , 3c+ 1

4 ,
d
3 ,

d
3 +

1
3 ,

d
3 + 2

3 ;

6c, 2c, 2c+ 1
3 , 2c+ 2

3 , 4c− 1
3 , 4c, 4c+ 1

3 ,
e
3 ,

e
3 +

1
3 ,

e
3 +

2
3 ;

(

4
9

)3






(7)

where ω = exp(2π i
3 ).

The aim of this short note is to provide a unified reduction formula for the Srivastava’s triple hypergeometric series from

which as many as new reduction formulas (including the one obtained by Choi, et al.) desired can be obtained. A few

interesting special cases are also be given.
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2 Main theorem

Theorem 1. For all finite x, the following interesting reduction formula for the Srivastava’s triple hypergeometric function
F (3)[x,y,z] holds true.

F(3)

[

e : ; ; : ; ; ;

d : ; ; : 6c ; 6c ; 6c ;
x, ωx, ω2x

]

= 5F10

[

3c− 1
4 , 3c+ 1

4 ,
d
3 ,

d
3 +

1
3 ,

d
3 +

2
3 ;

6c, 2c, 2c+ 1
3 , 2c+ 2

3 , 4c− 1
3 , 4c, 4c+ 1

3 ,
e
3 ,

e
3 +

1
3 ,

e
3 +

2
3 ;

(

4x
9

)3
]

,

(8)

whereω = exp(2π i
3 ).

Proof. In order to establish our theorem, we proceed as follows. First of all replacingx by xt in (6) we have

0F1

[

− ;

6c ;
xt

]

0F1

[

− ;

6c;
ωxt

]

0F1

[

− ;

6c;
ω2xt

]

= 2F7

[

3c− 1
4,3c+ 1

4;

6c,2c,2c+ 1
3,2c+ 2

3,4c− 1
3,4c,4c+ 1

3;

(

4xt
9

)3
]

. (9)

Now multiplying the left-hand side of (9) by xd−1(1− x)e−d−1, where we suppose temporarily thatRe(e) > Re(d) > 0

and integrating the resulting equation with respect tot from 0 to 1, denoting it byS1, then expressing each0F1 involved

as series, changing the order of integration and summation ,which is easily seen to be justified due to the uniform

convergence of the involved series, we have

S1 =
∞

∑
m=0

∞

∑
n=0

∞

∑
p=0

xm+n+pωnω2p

(6c)m(6c)n(6c)pm!n!p!

∫ 1

0
td+m+n+p−1(1− t)e−d−1dt.

Evaluating the beta integral and interpreting the result thus obtained with the help of the definition ofF (3)[x,y,z], we get

S1 =
Γ (d)Γ (e− d)

Γ (e)
F (3)

[

d : ; ; : ; ; ;

e : ; ; : 6c ; 6c ; 6c ;
x, ωx, ω2x

]

. (10)

Again, multiplying the right-hand side of (9) bytd−1(1− t)e−d−1 and as above, integrating the resulting equation with

respect tot from 0 to 1, denoting it byS2, then expressing2F7 as series and proceeding as above, we have, after some

simplification

S2 =
Γ (d)Γ (e− d)

Γ (e)
×

∞

∑
n=0

(

3c− 1
4

)

n

(

3c+ 1
4

)

n x3n

(6c)n(2c)n
(

2c+ 1
3

)

n

(

2c+ 2
3

)

n

(

4c− 1
3

)

n (4c)n
(

4c+ 1
3

)

n n!

(

4
9

)3n (d)3n

(e)3n
.

Using

(α)3n = 33n
(α

3

)

n

(

α +1
3

)

n

(

α +2
3

)

n

and after some simplification, summing up the series, we have

S2 =
Γ (d)Γ (e− d)

Γ (e)
×5 F10

[

3c−4,3c+ 1
4,

1
3d, 1

3d+ 1
3,

1
3d + 2

3;

6c,2c,2c+ 1
3,2c+ 2

3,4c,4c+ 1
3,4c+ 2

3,
1
3e, 1

3e+ 1
3,

1
3e+ 2

3;

(

4x
9

)3
]

. (11)

Finally equating (10) and (11), we get the desired result (8). This completes the proof of our main theorem.

The above restriction on the parametersd ande may now be removed by appeal to analytic continuation.

3 Special cases

In this section, we shall mention a few very interesting special cases of our main result (8).
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(1) In (8), if we takex = 1, we get a known reduction formula due to Choi, et al.[2, p.299, eq.(2.1)]

(2) In (8), if we takex = 1
2, we get the following result.

F (3)

[

d : ; ; : ; ; ;

e : ; ; : 6c ; 6c ; 6c ;

1
2
,

1
2

ω ,
1
2

ω2

]

= 5F10A1 (12)

where

A1 =

[

3c− 1
4, 3c+ 1

4,
d
3 ,

d
3 +

1
3,

d
3 +

2
3;

6c, 2c, 2c+ 1
3, 2c+ 2

3, 4c− 1
3, 4c, 4c+ 1

3,
e
3,

e
3 +

1
3,

e
3 +

2
3;

(

2
9

)3
]

(3) In (8), if we takex = 1
4, we get the following result.

F(3)

[

d :: ; ; : ; ; ;

e :: ; ; : 6c ; 6c ; 6c ;

1
4
,

1
4

ω ,
1
4

ω2

]

= 5F10A2 (13)

where

A2 =

[

3c− 1
4, 3c+ 1

4,
d
3 ,

d
3 +

1
3,

d
3 +

2
3;

6c, 2c, 2c+ 1
3, 2c+ 2

3, 4c− 1
3, 4c, 4c+ 1

3,
e
3,

e
3 +

1
3,

e
3 +

2
3;

(

1
9

)3
]

.

Similarly other results can also be obtained.

Remark. For other results, we refer[1,3,5,8,9-13].

Concluding remark

In this paper, we have obtained a unified reduction formula for the Srivastava’s triple hypergeometric series, by applying

the so - called beta integral method to the Henrici’s triple product formula for the generalized hypergeometric series.Since

our reduction formula is valid for all finite, therefore, from our main result, we can obtain, as many as reduction formulas

as desired. The results presented here may be useful in applied mathematics, physics and engineering.
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