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Abstract: In the present work we introduce and study some strongly ergent sequence spaces of Orlicz functions using infinite
matrix overn-normed spaces. We study some algebraic and topologiga¢ies of these sequence spaces. A necessary and sufficient
condition for strongly convergent sequences is obtainetllly, we study some applications of these sequences faréteseries and
statistical convergence.

Keywords: Orlicz function, paranorm spaca2-strongly convergent, statistical convergemjormed spaces.

1 Introduction and preliminaries

Let l,c andcy, respectively be the Banach spaces of bounded, convergdntl sequences = (xx), hormed by
|IX|| = sup|x|, wherek € N, whereN = {0,1,2,...}.
k

Mursaleen and NomarR(] introduced the notion of -convergent and\ -bounded sequences. Let= {A«}_ be a
strictly increasing sequence of positive real numbers itendo infinity. A sequencex = (x) € w is said to be
A-convergent to the numbeérand called the -limit of x if Aym(X) — L asm — o, where

1 m
/\m(X) = m kZO(/\k — /\k—l)xk-
A sequencea = (x¢) € wis A-bounded if supAm(X)| < . Itis well known 20] that if Iirer Xm = ain the ordinary sense of
m
convergence, then
. 1,0
Ilnrp (m (kzo()\k — Ak—1) X — a|)) =0.

This implies that
m

. . 1
lim |Am(x) —a| = lim ‘ p k;()\k = A1) (X — a)‘ =0,

which gives that rITi1rr7{\m(x) = a and we sayx = () is A-convergent toa. Here and in the sequel, we shall use the
convention that any term with a negative subscript is equaéto, thatisA_; =x_1=0.
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In [14] Korus gave a new appropriate definition for thé-strong convergence by generalizing the originastrong
convergence concept given by Méric23. Moreover, Korus 15 generalized the results on thé-convergence of
Fourier series. Let\ = {A¢: k=0,1,...} be a non-decreasing sequence of positive numbers tendingAcsequence
(%) of complex numbers convergég-strongly to a complex numberif

n
limA2(x) —x= lim El ZOMk(kaX)*)\kfz(kaZ*X” =0,
n &

n—o Ap

with the argumen_; = A_» = X_; = x_» = 0. In this paper we use the idea Af-strong convergence and we study
these type of convergence ovenormed spaces.

In 1971 Lindenstrauss and Tzafrid§) first investigated Orlicz sequence spaces in detail wittag@ aims in Banach
space theory. An Orlicz functiol : [0,0) — [0,) is a continuous, non-decreasing and convex suchNia) = 0,
M(x) > 0 for x > 0 andM(x) — o asx — . An Orlicz function.# = (M) is said to satisfyA,-conditionif there
exist constants, K > 0 and a sequenae= (Cy),_; € Ii (the positive cone dft) such that the inequality

My (2u) < KM(u) + cx

holds for allk € N andu € R™, wheneveiM(u) < a.

Let w be the set of all real or complex sequences. Lindenstrausd zafriri [16] used the idea of Orlicz function to
construct the sequence space,

v = {x: (%) ew: iM(—) < o, for somep >O}
K=1

is known as an Orlicz sequence space. The spade a Banach space with the norm,

. e g (X
I1X| flnf{p >o.k;|v|(7") < 1}.

Also it was shown in16] that every Orlicz sequence spag contains a subspace isomorphidgdp > 1). A sequence
# = (M) of Orlicz functions is said to be Musielak-Orlicz functioseg [L7], [21]).

Let X andY be two sequence spaces ake: (a,) be an infinite matrix of real or complex numbexg, wheren,k € N.
Then we say tha#A defines a matrix mapping fronX into Y if for every sequence = (%) € X, the sequence

Ax={An(X)} isinY, where
An(x) = Zankxk (neN), 1)

converges for eache N. By (X,Y) we denote the class of all matric&such thatA: X — Y.
For a sequence space X, the matrix domé&irof an infinite matrixA is defined by

Xa = {x= (%) € w: Axe X} 2
which is also a sequence space ()]

A satisfactory theory of 2-normed spaces was initially dewed by Gahler11] in the mid of 1960’s, while that of
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n-normed spaces one can see in Misia]] Since then, this concept has been studied by many authdrslatained
various results (sed p], [13]). Let n € N andX be a linear space over the field of real numiRisf dimensiond, where
d > n> 2. Areal valued functiof|-,- - - ,-|| on X" satisfying the following four conditions:

(1) |IX1,%2,--- ,%n|| = Oif and only ifxq, X2, - - - , Xy are linearly dependent i,
(2) ||x1,%2,- -+ ,X%n|| Is invariant under permutation,

(3) |laxay, X2, -, Xal| = || [|X1,%2,: - ,%n|| fOr anya € R, and

(4) 14X, %, - Xl | < XX, Xl [ 4 [X Xz, Xl |

is called am-norm onX, and the paifX,||-,---,-||) is called an-normed spacever the fieldR.

For example, we may také = R" being equipped with the-norm||x1, %, - ,Xa||e = the volume of ther-dimensional
parallelopiped spanned by the vectgysx,, - - - , X, which may be given explicitly by the formula

||X1;X25"' aXn”E = |del(Xij)|,

wherex; = (Xi1,X2,--- ,Xin) € R" foreachi=1,2,--- n.

Let (X,||-,---,-]|) be ann-normed space of dimensiah> n > 2 and{aj,ay,--- ,a,} be linearly independent set K.
Then the following function|-,- - ,-||» 0nX"~1 as defined by
[X1, X2, -+ Xn-1fe0 = MaX{[[X1, X2, -+ Xn-1, & 1 =1,2,--- ,n}

is called an(n— 1)-norm onX with respect to{ay, ap, - - - ,an}-
A sequencéxy) in an-normed spacéX, ||-,---,-||) is said toconverge$o someL € X if

lim ||%—L,z,---,2,1|| = O foreveryz,---,z, 1 € X.

k—o0

A sequencéxy) in an-normed spacéX, ||-,---,-||) is said to beCauchyif

lim ||X<—Xp,21,---,Zn—1|| =0 foreveryz,---,z,_1 € X.
k,p—o0

If every Cauchy sequence k converges to somk € X, thenX is said to becompletewith respect to th&-norm. Any
completen-normed space is said to beBanach space

Let X be a linear metric space. A functiget X — R is called paranorm, if

(1) p(x) > 0forallx e X,

(2) p(—x) = p(x) for all x € X,

(3) p(x+y) < p(x)+p(y) forall x,y € X,

(4) if (An) is a sequence of scalars with — A asn — o and(xy) is a sequence of vectors with{x, — x) — 0 asn — oo,
thenp(Anxn — AX) — 0; asn — oo,

A paranormp for which p(x) = 0 impliesx = 0 is called total paranorm and the p&¥, p) is called a total paranormed
space. It is well known that the metric of any linear metriaspis given by some total paranorm (s88|,[ Theorem
10.4.2, P-183). For more details about this type of sequepaees (se€l], [4], [22], [24], [25], [26], [27], [28], [32)
and ] - [ 19 references therein.
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A sequence(xc) of complex numbers is said td?-strongly convergent to a complex numbemith respect to a
sequence of Orlicz functions and an infinite matrix if

n

r!mo/\_lnkzoa”k[ukMk(H A —X) _/;kz(xkz_x) ,zl,...,zn,lH)} P _ 0for somep >0

with the agreememt_; = A_, =x_1 =X_» =0. Let.#Z = (M) be a sequence of Orlicz functiors= (px) be a bounded
sequence of positive real numbers and (ux) be a sequence of strictly positive real numbérs; (a,) be an infinite
matrix and(X, ||-,---,-||) is ann—normed space. L&t = {A} be a non-decreasing sequence of positive numbers tending
to . In the present paper we define the following classes of sepse

2 . . . 12 /\k(Xk7X)f/\k,2(Xk,27X) P
A ,//z,A,u,p,||.,...,.|]{x(xo.A—nk aok UM | p 2z O,asn%OO},
2 I VRN R AX — Ak—2X-—2 P
[/\ 7*%5A7u7 pv”av”]of {Xi (Xk) . /\_nk: ank|:ukMk<Hf;Zla'-'7anlH):| = Oasn%oo}
and
2 N SRR L. AMXie — Ak—2Xu—2 P
[/\ a'%vAaua paH'v"'a'”]m*{X*(Xk)'SEpA_nk:Oank[ukMk<vazla"'7anlH):| <°°}
Let us consider a few special cases of the above classesusrssep:
If M(x) = x, then the sequencéa? .7, A u,p,|.,.....|],IA% .2 ,Aup,|.,....|Joand[AZ, .Z,
Au,p,.,...,.||Jo reduces taA?, A u, p, ||.,.....[], (A2 Au,p, ., ... .|Jo and[AZ, A u, p, ||., ..., .||] as follows:
2 I (VM k(X —X) — Ak—2(Xk—2 — X) P
A%A UL, p,H-,---,-II]—{X—(xk)-A—nk: ank[uk(H 5 7217---a2n71H)} —Oasn—>°°},
2 _Jy_ 12 AXi — Ak—2Xk—2 P
[/\ ,A,U, p7||57”]0 - {X_ (Xk) . )\_nkzoank[uk(Hf7zl7'“aznle):| = Oasn—>00}
and
2 Y . 1 ¢ AXic — Ak—2Xk—2 Pk
A ,A,u,p,u.,...,.mm—{x—<xk>.sgpA—nkgoank[uk(Hf,zl,...,zn,lu)} <o},
If px =1 forallk € N, we shall write above sequences as
2 I (VRPN A(X — X) — Ak_2(X—2 — X) B
N2 A, || = {xf(xk) v ank[ukMk(H p ,zl,...,zn,lH)] ansneoo},
10 AXi — Ak_2Xk—
N2t AL o= {x (%) A—nkzoank[ukMk(Hw,zl,...,z.HH)} Oasn%oo}
and
2 I VUV J Ak — Ak_2Xk_2
NS A e = {X— (%)  sups- kzoank{ukMk(Hf,zl,...,znle)} <°°}.
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The following inequality will be used throughout the papg@ < h= irllf Pk < Pk < suppk = H,K =max{1,2"-1}, then
k

A+ by < K{|ax|P + [b *} ®)
for all k € N anday, b, € C. Also |a|P« < max{1,|a”} forallac C.

The main objective of this paper is to introduce the concégtrongly convergent sequence spaces of Orlicz functions
using infinite matrix oven-normed spaces. We also make an effort to study some topalqgioperties and prove some
inclusion relations between these sequence spaces. \ribgllusing the concept of strong convergence we study
statistical convergence and results related to Fouriggser

2 Main results

Theorem 1.Let.#Z = (M) be a sequence of Orlicz functions=a(px) be a bounded sequence of positive real numbers
and u= (ui) be a sequence of strictly positive real numbers and @&,,) be an infinite matrix. Then the sequence spaces

N2, AP, ..y |l], N2 AU, ||, ..., .|[Jo @ND [AZ, . , A u, B, ||, ..., .| ] @re linear over the complex field.
Proof. Suppose = (x¢) andy = (yk) € [A%,.#,Au,p,||.,...,.|[Jo. Then

10 AkXi — Ak 2Xk— p

T ank[ukMk(HM,zl,...,zn,lH)} I(:Oasn%ooforsomep1>0

n ko P1
and

12 AV — Ak 2V p

= ank[ukMk(HM,zl,...,zn,l“)} k:0asn—>ooforsomep2>0.

Nk P2

Let p3 = max2|a|p1,2|8|p2). Since.# = (M) is a non-decreasing and convex so by using inequality (3jave

)\lki’ank[uk'vlk (H o (X — A 2X—2) ;3 B(AwYk — Ak—2Yk—2) - ""Z'HH)] P

101 U(Aka—Ak,zxk,z) P
SK/\—nkZOﬁank[UkMk(H 1 721,---7Zn71H)}

R, iank[ukMk(HB()‘kYK*)\k—ZYK—Z)7217”.,zn71H)}pk

An K 2pk p2
10 U(Aka—Ak,zxk,z) P
<K— M ey Zn—
<Ky kZOank[Uk k(H o1 21,20 1H)}
12 B(AkYk — Ak_2Yk_2) P
+KA_nk: ank[UkMk<H o 7217---,2n71H)}
=0asnh — .
Thus,ax+ By € [A2,.4 ,Au,p||.,...,.||Jo- This proves thafA?,.#,Au,p|.,...,-|[]o is a linear space. Similarly, we can
prove thatA?, .7 A u,p,||.,.....|[] and[AZ,.# A u,p,]|.,...,.|[]» are linear spaces.

Theorem 2.Let.#Z = (M) be a sequence of Orlicz functions=a(px) be a bounded sequence of positive real numbers
and u= (u) a sequence of strictly positive real numbers and=A(a,x) be an infinite matrix. Then
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A2, ,A.u,p,].,...,.|[o is a paranormed space with paranorm
o=t { (@)% 5 [onfaa (| My [)]]F <0 )

where H= suppy < e and K=max{1,H}.
k

Proof. (i) Clearlyg(x) >0 forx= (xx) € [A%,.#,Au,p,].,...,.||]o- By definition of Orlicz function, we geg(0) = 0.
(i) g(—x) =9g(x).
(i) Let x= (x),y = (Yk) € [A?,.#,Au,p,|.,...,.| o there exist positive numbeps andp, such that
1 & AX — Ak 2%k 2 P &
oy Zn <
o 2 20 (| PE D )] <
and

n

o 2, a2

— Ak—2Xk—2

P 1
o] <1

P2

Let p = p1 + p2. Then by using Minkowski’s inequality, we have

N knoank[UkMk(H (AkX — Ak—2Xk—2) :)- (AkYk — Ak—2Yk—2) . anlH)} P
/\nk [UkMk(H /\ka/\kzxk;ziglkW Ak—2Yk—2) . ---;anlH)} P
’\”k . k[UKMk(H—/\kap_likpixk2,21,...,Zn1H)}pk
5 3, o (| PR 1)
n
< (o) o an{wane( | A2 )]
(5553 3. oo | A2 )]
<1
and thus
g(x+y) = inf {(p)ik . A_lnkio [aﬂk[UkMk(H (AkXk — Ak—2Xk—2) :)- (/\kyk—/\k—ZYk—Z)7217.-.,2'171")} pk}% <1
corfio0¥ 5 foufmtn (|2 )] )
i 2 3 a2 A ) 1)
Thereforeg(x+y) = g(x) +g(y)
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Finally, we prove that the scalar multiplication is contius. LetA be any complex number. By definition,

9(ux) = im‘{(n)ik : /\i S [ank{UkMk(Hu(/\ka_Ak72Xk72);Zly---;znle)} pk}% < 1}

P

P

= inf{(|u|t) A_lnkno [ank[UkMk(H M~ A 2-2) 2, ---,anlH)} pk} ¢ < 1},

' p
gl}.

So, the fact that the scalar multiplication is continuoukfes from the above inequality. This completes the proahef
theorem.

x‘x

wheret = ‘%‘ > 0. Since|p|P« < max(1, |u|3"PPx), we have

A=

g(px) < max(L, | u[*4PP) inf {“p(k : ;Tlnki [k e | “(Aert/\kfzxu) 2z )| pk}

Theorem 3.Suppose# = (M), .4’ = (M), .#" = (M}/) are sequences of Orlicz functions=p(px) be a bounded
sequence of positive real numberss (uy) be a sequence of strictly positive real numbers; fa,,) be an infinite matrix
and0< h= irgf Pk < Pk < suppk =H < . Then

k

() (A%, A, lllo C A2 A ot Au,p, ||, .. [lo,
(ii) I:/\27'%/7A)u) p)H'?"')'”]Om[/\27'%//)A7u7 p?”')"'?‘H]Og I:/\27'%/+%//)A7u7 p7||')"'7'H]O'
Proof. (i) Letxe [A?,.#' Au,p,].,..,.|]Jo. Then, we have
10 AXk — Ak—2Xk—2 Pk
A—nkzoank[UkMk(Hf,Zlv---,anlH)] =0.

Let ¢ > 0 and choosed > 0 with 0 < & < 1 such that fy(t) < € for 0 <t < 4. We write

Vi = ank{ukM(((HW,zl, ...,zn,l‘m and let us consider

n

k;[Mk(YK)]pk = Z[Mk(yk)]pk + Z[MK(W)]D“,

where the first summation is ovgr < 6 and the second ovgk > d. Since.Z = (M) is continuous, we have

1
il Pk H
3 3 Ml < e (4)
and foryy > 9, we use the fact that
kY-
By definition of Orlicz function, we have foy > 9,
Yk
Mk(yk) < 2Mk(1)g'
Hence,
1 Hy 1 &
- Pk < -1 — Pk
3 3 Ml < max(1, (2M(1)57%) ") o 2 (5)
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So by equations (4) and (5), we ha¥e,.#' ., A.u,p,||.,...,.||Jo C [A?, .4 o .2’ A u,p,].,...,||]o.
(i) Let xe [A?,.2",Au,p,]|.,.....|]oN[A%,. 2" ,Au,p,].,...,.|Jo. Then using inequality (3) it can be shown that

e\ '+ A, ... o
Hence A2, .2 . A, p,|.,...,. 0N A2 2" AU ..., o C A2, A" +.4" A u,p,]., ... .|l ]o-

Corollary 1. Suppose# = (M), .#" = (M}), M" = (.4, are sequences of Orlicz functions=p(px) be a bounded
sequence of positive real numbers and (uy) be a sequence of strictly positive real numbers. Then

W) A2 AU, N SN2 0t Aup ..oy ]

JC
(i) (A%, Aup ... [IN[A%.2" Aup,]... H] N2+ " Aup
) Joo

Joo

(”I [Aza'%lvAaua paH'v"'a || [Aza%OL%IaAvuv p7||'5"'7'H]°°'
(IV [Az,%/,A,U, paH-v'-'a || 0 [sz'%//aA7u7 p7||57H]°0 g [Aza%/'i_%//vAaua paHva”]W

Proof. It is easy to prove by using Theorem (3), so we omit the details

Theorem 4.Let.# = (M) be a sequence of Orlicz functions. Then for any two sequened$y) and t= (ty) of strictly
positive real numbers, we have

W) A% Aup ... [N A% A AU, ... l[Jo # .
(i) A2 APl [INAZ A AUL L ] # @
i)y (A%, Aup .. N A2 A AULL .. o # @

Proof. (i) Since the zero element belongs a2, .#,Au,p,|.,..,.|[Jlo and [A%2,.Z Aut,|.,....|Jo, thus the
intersection is non-empty. Similarly, we can prove (ii) &fiid.

Proposition 1.Let.# = (M) be a sequence of Orlicz functions= px) be a bounded sequence of positive real numbers
and u= (ux) be a sequence of strictly positive real numbers. Then, we hav

() A2AUD .-y o C [A2.2Z Aup,ll.,..... o,
(i) A2AUP ... ] S A% Aup,.,.... ]I,
(”I) [/\Z,A,U, pv”av”]mg [AZ,%,A,U, paHva”]m

Proof. It is obvious so, we omit the details.

Theorem 5.Let0 < py < ry and( ) be bounded, thep\?,.# , A u,r,||.,...,.|]| C A%, ,Au,p,].,.....||].

Proof. Let x € [A2,.Z, A u,r,||.,....||], tk = ank{ukMk(HMk(Xk X)= ’\k 2z X)),zl,...,zn,lH)}rk and p = (f—:) for all
ke NsothatO< p < py <1. Deflne the sequencey) and(w) as foIIows

Fort, > 1, letvg =ty andwy = 0 and fort, < 1, letvi = 0 andwy = ti.

Then, clearly for alk € N, we havet, = Vi + W, th* = VX + wi, vi* < v <t andwf* < wf'. Therefore,

1 1 12

/\nZt“"<—Ztk+[/\ zwk}“.

k= N k=0

Hencexe [A2, .4 ,Au,p,||.,.....|[]. Thus,[AZ, .7 A ur,].,...,.||| € [A%,.4,Au,p,].,...,.|[]. This completes the proof
of the theorem.
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2.1 Some characterizations of strongly convergent secgenc

Lemma 1.Let.# = (M) be a sequence of Orlicz functions=p(px) be a bounded sequence of positive real numbers
and u= (uy) be a sequence of strictly positive real numbers. Then a seg(r,) of complex numbers converges strongly
to a number x if and only if

() M(xk) converges to NK) in the ordinary sense and
(i) lim — z ank[UkMk(/\k 2"%,217---,%71")}% =0.

n—o A

Proof. The representation

A%k —X) = Ak—2(%—2 = X) = (Ak — Ak—2) (% — X) + Ak—2(Xk — Xk—2)

implies both
> ank[UkMk(H/\k(XkX)/AKZ(XKZX)aZla---azan)}pk
S/\—lnknoank{ukl\/'k(/\k—f\k2)(H¥(,21,---72n1H)}pk+)\—lni2ank[uk|\/|k(/\kZHW,ZL---,%1H)}pk (6)
and

n

/\nk

ank[UkMk(/\k 2kaixk72,21,...,2n71H)}pkS s ank[UkMk(H)\k(XkX)2k2(xk2X),Zl,---,anH)}pk

A
- o

+i Z ank[UkMk (Ak = Ak—2 (H

By using these inequalities together with the fact Mék,) converging taM(x), we have

lim /\i ank[ukMk(/\kf)\k 2 (H Zl,...,Zn,j_H):|pk =0.

n—o0 n =

Hence, we get the necessity and sufficiency of both (i) apd (ii

Lemma 2.Let.# = (M) be a sequence of Orlicz functions=(px) be a bounded sequence of positive real numbers
and u= (ux) be a sequence of strictly positive real numbers. Then a seg(e,) of complex numbers converges strongly
to a number x if and only if

p
() A (on) = A—ln Z ank[ukMk(/\kf Ak—2) (Hﬁ,zl, ...,zn,l‘m “ converges to Fx) in the ordinary sense and
0<k<mln—k p

(i) lim = Zzank{UkMk(/\k 2"%,21,---,%71")}%:0.
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Proof. Clearly,

ank[UkMk(Ak_/\kZ)(Hwazla ---,anl‘m i

:)\i > (=A™ Y ank[UkMk(H%,le--;znfl“)}pk

N o<k<n k+25j<n

2n—k 2n—j

1 Pk

Xij — Xj_

=5 ank[UkMk(H1712,217---,%71“)} > 1A= Ac-2)]*
n 2 &zn P 0<kZj-2

2In—j 2In—k

5 afurnn o )]

A 257<n
2In—|
Hence,
. . 10 Xk — Xk—2 Pk
lim sup[M (xn) —M(an)| = r!mosup)\—n I(Zzank[ukMk()\k—ZHTazlv---azn—lH)} :

According to lemma 10, for the necessity part, it is easy ® that ILmM(an) = M(x) which comes from the above
inequality, condition (ii) of this lemma ananiM(xn) = M(x). For the sufficient part, we only neeg IM(xn) = M(X)
which also comes from the above inequality, condition (fijhis lemma and rI1inM(on) = M(X).

3 Statistical convergence

The notions of statistical convergence and convergencernsity for sequences has been in the literature under eliffer
guises, since the early part of the last century. Statistmavergence was recently investigated by F8lsafid Schoenberg
[31] independently. Later on it was investigated from the segeepace point of view and linked with summability theory
by Fridy [9], Connor B], Salat p9], Fridy and Orhan]( and many others. The notion of statistical convergencedeég
on the density of subsets Bf. A subseE of N is said to have density(E) if

n
O(E) = lim 1 Z Xe(k) exists
k=1

n—co N

wherexE is the characteristics function &f
A sequence = (X) is said to be statistically convergentto L if for every- 0,

1 _
lim Z|{k<n: g L| > e} =0,

In this case, we writ&— Iirkn xx =L orx — L(S). The set of all statistical convergent sequences is dengt&d b

Definition 1.A sequence x (xi) is said to bdA? A u, p, ||.,...,.||]-statistically convergent to x if for areg/> 0,
1 Ak(X — X) — Ak—2(Xk—2 — X
lim — {kgn: H K% —X) k202 ),21,---,an1H 25}‘ =0,
n—c Ap p

where the vertical bars indicate the number of elementsérctbsed set. In this case, we WriteSrkn AZ(x) =x and the

set of all statistically convergent sequences is denotes{Ay).
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Theorem 6. Consider.# = (M) be a sequence of Orlicz functions=p(px) be a bounded sequence of positive real
numbers and u= (ux) be a sequence of strictly positive real numbers asdppx=H <. Then
k

A2t A ..o ]I C (S(A?).
Proof. Let x € [A%.Z,Aup,].,...|]]. Take & > 0, Z denote the sum overk < n with
Ak (X—=X) = Ak 2 (Xk—2—X)

| ;
Then for eachry,--- ,z,_1 € X, we obtain

M%) —Ak_2(X_2—X)

2y ey Zne 1” > € andg denote the sum ovde < n with ’

, 2, ...,Zn,j_H < E.

i 3| AR )]

(o MR )]

g ([P )])

> 5 Gonfuan ([ MR )]

> )\i 3 {andu(e))} > Ai 3 min{anduMi(€)]"), {udandi(€))"})
1

{k <n: H Ak(X—X) — /;kz(xkz —X) ,
min({anducMi(€)]"}, {anukMi()]7}).

2ot 2}

n

Hencex € (S(A?)). This completes the proof of the theorem.

Theorem 7.Consider.# = (M) be bounded sequence of Orlicz functionss ppx) be a bounded sequence of positive
real numbers and & (uy) be a sequence of strictly positive real numbers ﬁndirllf Pk < pk < suppx = H < ». Then
k

(S(A?) C (A2, AU, pl.
Proof. Suppose that.# = (M) be bounded. For givens > O, Z denote the sum ovek < n with
‘ )\k(Xk*X)*)\‘l;fz(kaz X) Ak(—X)— )\‘l;fz(xkfzfx)ll,_.wznilH <.

Since.# = (M) be bounded there exists an inte@esuch thatM(x) < D for all x> 0. Then for eaclz;, - - ,z,-1 € X.

%kioank{ukMk<H/\k(XkX) — Ak 2(X%2—X) . ---,anl‘m P

21,y Zn lH > andZ denote the sum ove < n with ‘

o)
L e Ik
eafun ([ )

< 3 3 max DT} (ol D"]))-+ 3 3 (anduMi(e)]”)

A —X) — Ag_2(Xg_2 — X
< max {anuD"}, {ank/uD"]}) H H <% —X) pk 22 ),217---,2n71H 28}’
+ max({ anUcMi(€)]"}, {aniudMi ()] }).
Hencex e [A2,.#,A.u,p,].,...,.|]|]. This completes the proof of the theorem.
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4 Results for Fourier series

The space of all & periodic complex-valued continuous functions is a Bangsdte endowed with the norfif ||c =
max | f(t)| and it is denoted b¢. Let

—ao(f)+ %(ak(f)coskt—i-bk(f)sinkt) (8)

be the Fourier series dfc C and denoted by ( f) thek-th partial sum of the series (4.1). We shall denot&ly,, ...

A upovenl andS(/\lzﬂ wp, o -H) respectively the classes of functioh& C whose Fourier series converges uniformly,

absolutely and strongly 00, 2mT). Now, if f € S(Affl.u.p I H) andz,...,z_1 € X, then

n

N M) = 1) = Aca(sca(f) = ) P
I'WH(A_nk: ank[ukMk]( 5 2 ---vznfl)D} =0 (©)
whereA_1 =A_,=%x_1=Xx_=0.
The spact) ;. pl......| iS @ Banach space with the norm
_ s(f) Pk
11Uy = SIKJpHank{ukMk( 5 ;Zlv---;znfl)} .
and the spac8 ;. p|.......| IS also a Banach space with the norm
1 ap(f) [ ax(f) 4+ by(f) Pk

1Ay g = Zank[UkMk<H Py ,217---,2n71H)] +k;uk[ankfk(H b 721,---7Zn71H)} :
One can easily prove thal ; ,p.....| @d Az up)....| &€ Banach spaces. We shall give the proof only for
S(Af// wp, o -H) in the next Theorem. Now, we define the norm

1!’1
w2

k=0

M(sc(F) = 1) —/;\)kZ(SkZ(f) —f) 2, _._7%71)} P

ank {UkMk‘ (

)

f =su
| HS(A(,Zﬂ,u‘p,u.‘...‘-u) WP

)

C

which is finite for everyf € S(Af/[/,‘u.p o H). By using triangle inequality, we have

A(sc(F) — ) — Ak_a(sc2(f) — 1) z,... anl)}pk

s ank[UkMkK 0

An K=

e

f < ||fllc+su
I ||S(A3//,u.p,H.......H)_ I fllc np

and this sup is due to equation 9. The norm inequalities sparding to equation (3.6) i2] are
H f ”U‘//KVU.D,H......-H < || f HS(AUZl/,u‘p,H.‘...‘.H) < 2” f ||A///.U,p.\\.,...,.H’ (10)

which implies tha®\  y p....| € S(AZ% o1 ) CYUzup)...|-

Lemma 3.Let.# = (M) be a sequence of Orlicz functions=p(px) be a bounded sequence of positive real numbers

() im () — flc = Oand

A_lnkiank[ukMkQ/\kz(ak(f)cosl;terk(f)sinkt),Zl, -,sz D

=0.
C

(i) fim ‘
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Proof. It follows from the Lemma 1, so we omit it.

Let us denote
n

Un(f) An
k=

ank[UkMk(H%SK(f),Zl,...,Zn1”)]ka (n:O,l,...). (11)

Lemma 4.Let.# = (M) be a sequence of Orlicz functions=p(px) be a bounded sequence of positive real numbers
and u= (ux) be a sequence of strictly positive real numbers. TherS(A% wp,.. H) if and only if

() lim llox(f) - f|lc = 0 and

- 12 Ak_2(a(f) coskt + by (f)sinkt) P
(if) lim H/\_nk;ank{uk'vlkq 5 2y Zn 1m [c=0.
Theorem 8.The set S’\//, D, ) endowed with norm
IR As(F) = 1) = A alsa(f) = ) 2
R F X A : )]

is a Banach space.

Proof. The only thing we have to prove is completeness. For this{dg};>1 be a Cauchy sequence in the norm

H.HS(Azﬂ )’ Then by equation (10)s;} is a Cauchy sequence in the nofimy , ., as well so there exists a
[V o X

sequenceses(/\f//yuyp!uw_w“) such thatjﬂw”sj =5lu s up..., =0- Now, we show tha!;e S(A///u o) Suppose

€ > 0, then by assumption there exists: v(¢) such that

< ij>v
llsj — SHS(A///upH H)_e foralli,j>v. (12)

Letsj = {sjk: k=0,1,..} ands= {sc: k=0,1,...}. We shall fixi,n. Similarly by equation (10), we have

10 Ak(Sjk — ) — Ak—2(Sj(k-2) — -2) P L
— <|Isj — — o) <
/\nkzoank[UkMk(H ) 2, ,ZzH)} <|lsi S”U///‘u,p‘H.,...,.H/\n kZO(/\k-FAk 2) <&, (13)
providedj is large enough, due to liffsj —sflu , , ol = 0. Herej depends on ande and assume that> v. Applying
Iseo 20,0,

triangle inequality by taking equations (12) and (13) inte@unt we obtain that

ISR

o 3 st | X2

< 33 oo | A SO A S0l 5, )]
)\iiank[uk'vlk(H)\k(Sk ) — /\kpz(S( 2) — 3«2),2 ---,anlH)}pk

<l|sj—s +&=2¢,
<lIsi 3||S(Al2j//'u‘p'Hw.H)

for j > v. Since this hold for anyn > 0, by definition ||s; *SHSU\z// ) < 2¢ for j > v. This proves

. -~ _ ) . up.
J.Igr:oHsJ S||S("szz‘u,p‘u.,...,.u) Oandse S(A% ... ) which completes the proof.
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Lemma5.Let.# = (M) be a sequence of Orlicz functions=p(px) be a bounded sequence of positive real numbers
and u= (uy) be a sequence of strictly positive real numbers. If a trignetric series

z (ak coskt + by sinkt)
K=1

converges strongly for t belonging to a set of positive mesmasuof second category, then

i 2 3 ol 28 0

Competing interests

The authors declare that they have no competing interests.

Authors’ contributions

All authors have contributed to all parts of the article. &lithors read and approved the final manuscript.

References

[1] A. Alotaibi, M. Mursaleen and S. A. Mohiuddine, Statisti approximation for periodic functions of two variablé@si-unct. Spaces
Appl, 2013, Art. ID 491768, 5 pp.
[2] C. Belen and S. A. Mohiuddine, Generalized weightedistiadl convergence and applicatioApplied Mathematics and
Computation219(18J2013), 9821-9826.
[3] J. S. Connor, The statistical and strong p-Cesaro cgevere of sequenceanalysis 8 (1988), 47-63.
[4] H. Dutta, Some classes of Cesaro-type difference sempseoven-normed space#\dv. Difference Equ2013, 2013:286, 13 pp.
[5] A.Esi, Strongly almost summable sequence spaces inrenb spaces defined by ideal convergence and an Orlicz dmcti
Stud.Univ.Babe,s-Bolyai MatR7(1) (2012), 75-82.
[6] A.Esi, Strongly lacunary summable double sequence espat n-normed spaces defined by ideal convergence and az Orli
function, Advanced Modeling and Optimizatiof4(1)2012),79-86.
[7], A. Esiand M. K. Ozdemir/ -strongly summable sequence spaces in n-normed spacestdefirdeal convergence and an Orlicz
function, Math. Slavoc&3(4), 829-838.
[8] H. Fast, Sur la convergence statistiqg@e|log. Math, 2 (1951), 241-244.
[9] J. A. Fridy, On statistical convergencanalysis 5 (1985), 301-313.
[10] J. A. Fridy and C. Orhan, Lacunary statistical convergePacific J. Math, 160(1993), 43-51.
[11] S. GahlerLinear 2-normietre Ruméviath. Nachr.28 (1965), 1-43.
[12] H. Gunawan, On n-Inner Product, n-Norms, and the Cai&ttywartz InequalitySci. Math. Japonicaeb (2001), 47-54.
[13] H. Gunawan and M. MashadDn n-normed spaceit. J. Math. Math. Sci27 (2001), 631-639.
[14] P. Kbrus, Om\ 2-strong convergence of numerical sequences revisie, Math. Hungar.148(2016), 222-227.
[15] P. Korus, On the uniform convergence of double sinegrdls with generated monotone coefficiefsriod. Math. Hungar.
textbf63 (2011), 205-214.
[16] J. Lindenstrauss and L. Tzafriri, An Orlicz sequencacgssrael J. Math.,10(1971), pp.379-390.
[17] L. Maligranda,Orlicz spaces and interpolatigiseminars in Mathematics, 5, Polish Academy of Scienc&8q)L9
[18] A. Misiak, n-Inner product spacedlath. Nachr.140(1989), 299-319.
[19] S. A. Mohiudine and B. Hazarika, Some Classes of Idealiv€ment Sequences and Generalized Difference Matrix abger
Filomat, 31(6), (2017), 1827-1834.

(© 2018 BISKA Bilisim Technology



=
NTMSCI 6, No. 1, 212-226 (2018)www.ntmsci.com BISKKA 2

[20] M. Mursaleen and A. K. Noman, On some new sequence sjudcem absolute type related to the spalgeandl., Filomat, 25
(2011), 33-51.

[21] J. Musielak Orlicz spaces and modular spacéscture Notes in Mathematics, 1034, Springer Verlag, 8198

[22] M. Et, S. A. Mohiuddine and A. Alotaibi, Om -statistical convergence and stronglysummable functions of ordes,
J. Inequal. Appl.(2013), 2013:469, 8 pp.

[23] F. Méricz, OnA-strong convergence of numerical sequence and Fouriessadta Math. Hungar54 (1989), 319-327.

[24] K. Raj, A. Azimhan and K. Ashirbayev, Some generalizétedence sequence spaces of ideal convergence and Qrtictidns,
J. Comput. Anal. Appl22(2017), 52-63.

[25] K. Rajand S. Pandoh, On certain spaces of double seqadaydDe la Vallee-Pousin meaksian-Eur. J. Math.8(2015), 1550079,
20 pages.

[26] K. Raj and S. Jamwal, On some generalized statisticalergent sequence spackKswait J. Sci. 42 (2015), 86—-104.

[27] K. Raj and A. Kiligman, On certain generalized paraned spaceslournal of Inequalities and Applicationé2015)(1) 2015: 37.

[28] K. Raj and A. Kiligman, On generalized difference Haeguence spaceBhe Scientific World Journal2014 Article ID 398203
(2014).

[29] T. Salat, On statistically convergent sequences of real euspidath. Slovaca30 (1980), 139-150.

[30] E. Savas and M. Mursaleellatrix transformations in some sequence spat&anb. Univ. Fen Fak. Mat. Dergh2 (1993), 1-5.

[31] I. J. Schoenberg, The integrability of certain funo8oand related summability methodsnerican Math. Monthly66 (1959),
361-375.

[32] B.C.Tripathy and A. Esi, A new type of difference seqcespacednt J. Sci. Technol.11 (2006), 11-14.

[33] A.Wilansky, Summability through Functional Analysidorth-Holland Math. Stud.85 (1984).

(© 2018 BISKA Bilisim Technology


www.ntmsci.com

	Introduction and preliminaries
	Main results
	Statistical convergence
	Results for Fourier series

