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Abstract: In this paper the notions af-migrative triangular norms over a fixed nullnorm and a fixeiharm are introduced and
studied. All solutions of the migrativity equation for albgsible combinations of uninorms and nullnorms are andlyaed
characterized. Similar study is done for triangular corarm
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1 Introduction

Definition 1. [9] Let a €]0,1] be given. A binary operation T[0,1]?> — [0,1] is said to bea-migrative if we have
T(axy) =T(xay) forall x,y € [0,1].

Clearly the product t-nornp is a-migrative for anyx €]0,1[. Many authors investigated-migrative property. The
migrativity property has been studied for t-norm 8[14,15,23], for t-subnorms in25], for semicopulas, quasi-copulas
and copulas inf0,11,12,22].

In [21], it was introduced the definition ofa,Up)-migrative uninorm analyzing some propertié¢s., Up)-migrative
uninorms were characterized whely lies in one of the following classes of uninorm&min Or Zmax idempotent
uninorms, representable uninorms. B]} it was discussed and characterized the migrative prgferthe nullnorms.

In [20], it was introduced the definition qir, T)-migrative uninorm for a given t-norri, analysing some of its initial
properties. The authors continue with the characterinafdhose(a, T )-migrative uninorms, that lay in each one of the
most usual classes of uninorms, i.e., uninorm4mn and %max idempotent uninorms, representable uninorms and
uninorms continuous in the open squilel[2. In [24], it was studiedr-migrative uninorms over a fixed uninorm, where
those two uninorms have different neutral elements. Alesashen both uninorm lay in any one of the most usual
classes of uninorms are analyzed, characterizing all isokitof the migrativity equation for some possible
combinations. Nullnorms, uninorms and t-norms were algdistl by many other author$,R,3,4,6,7,8,17,18. In the
present paper, we introduce the migrativity of triangularms over nullnorms and over uninorms. The paper is
organized as follows. We shortly recall some basic notionSection 2. In section 3, we introduce the definition of
(a,F)-migrative triangular norm for a given nullnorf Also we introduce the definition ¢ir,U )-migrative triangular
norm for a given nullnornJ. Similar study is done for triangular conorms. That is, wedduce the migrativity of
triangular conorms over nullnorms and over uninorms.
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2 Notations, definitions and a review of previous results

Definition 2. [18] A triangular norm (t-norm for short) is a binary operation Th¢he unit interval0, 1], i.e., a function
T :[0,1)2 — [0,1], such that for all xy,z € [0, 1] the following four axioms are satisfied:

(T1) T(xy)=T(y,x), (commutativity)

(T2) T(xT(y,2)=T(T(xy),2), (associativity)

(T3) T(xYy) < T(x,2) whenever ¥ z, (monotonicity)

(T4) T(x,1)=x,  (boundary condition.)

Example 1[18] The following are the four basic t-nornis, Tp, T andTp on [0, 1] given by, respectively,
TM (va) = min(X,y),

Te(X,y) = XY,
TL(va) = ma)(x+y7 170)7

0, if (x,y) €[0,1[2
To(xy) = oy €l

min(x,y), otherwise

Definition 3. [18] A triangular conorm (t-conorm for short) is a binary opemati S on the unit interval0,1], i.e., a
function S [0,1]2 — [0, 1] if it is commutative, associative, increasing with resgeche both variables and has a neutral
elemend.

Example 2.[18] The following are the four basic t-conorrg, Se, S andS on [0, 1] given by, respectively,
Su(xy) = maxx,y),
Sp(X,y) =X+Y—Xxy,
SL(xy) =min(x+y,1),
1, if (xy) €)0,1)?
S(xy) = .
maxx,y), otherwise

Definition 4. [16] A binary function U: [0,1]2 — [0,1] is called a uninorm if it is associative, commutative,
non-decreasing in each variable and there is a neutral eterae [0, 1] such that Ue,x) = x for all x € [0, 1].

The setA(e) is defined as follows:

A(e) =)0, €] x [e,1[U[e, 1[x]0, €.
We denote byJ(e) the set of all uninorms of0, 1] with the neutral elemerg< [0, 1].

Theorem 1.[16] LetU: [0,1]?> — [0,1] be a uninorm with neutral element=0, 1[. Then the sectionsw U (x,1) and
x— U(x,0) are continuous in each point except perhaps for e if and drilyis given by one of the following formulas.
(@)Ifu(0,1) =0, then

eT(%, %), (xy) € 0,6
Uxy)=qe+(1-eS(L 2, (xy) elel? @)
min(x,y), (x,y) € Ae).

where T is a t-norm and S is a t-conorm.
(b) If U (0,1) = 1, then the same structure holds, changing minimum by maxiimée).

The set of uninorms as in case (a) will be denoted/y, and the set of uninorms as in case (bY#yax. We will denote
a uninormU in %min with underlying t-normT, underlying t-conorng and neutral elememtby U = (T,e, S),,,and in a
similar way, a uninorm imaxby U = (T,€,S) 1.

min
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Definition 5. [5] A function F: [0,1]? — [0,1] is called nullnorm if it is commutative, associative, neeekasing in
each variable and there exists0, 1] called absorbing element that verifiegkex) = k for all x € [0,1] and

F(0,x) =x for all x < k and F(1,x) = x for all x > k.

In that case, whek = 0 we obtain a t-norm and whén= 1 we obtain a t-conorm. In general, the absorbing element is
always given by = F(1,0). The structure of nullnorms is given as follows.

Theorem 2.[19] Let F: [0,1]?> — [0,1] be a nullnorm with absorbing elementE0) =k ¢ {0,1}. Then

kS5 §)s (xy) € [0,k
FOOY) =Skt (L— KT R (xy) € [k 12
k otherwise

)
where Sis at-conormand T is a t-norm.

A nullnorm F with absorbing elemerit, underlying t-nornil’ will be denoted byF = (Sk,T).

3 Migrativity of t-norms over nullnorms and uninorms

Now, we will introduce the definition of migrativity of a t-mm T over a nullnorntf.

Definition 6. Given a nullnorm F anar €]0,1[, a t-norm T is calledx-migrative over F or(a, F)-migrative if
T(F(a,%),y) = T(xF(a,y)) forallx,y € [0,1]. (2)

Since the extreme values afcorrespond to the well known cases of t-norms and t-conowaswill only deal with
nullnorms with absorbing elemeat<]0, 1].

Lemma 1.Considera €]0,1]. Let T be a t-norm, F be a nullnorm with absorbing element @&nrk is notor-migrative
over F.

Proof. (i) Let a =a. If T is a-migrative ovelF, then
T(F(a,1),0)=T(a,0)=0<a=T(1,a)=T(1,F(a,0)).
It leads a contradiction thdt is nota-migrative over- for a = a.
(i) Let a €]0,a]. If T is a-migrative over~, then
T(O,F(a,1))=0<a=T(a,1) =T(F(a,0),1).
It leads a contradiction that is nota-migrative overF for a €]0,a.
(iii) Let a €]a,1]. If T is a-migrative over, then
T(F(a,1),00=0<a<F(a,0)=T(1,F(a,0)).

It leads a contradiction that is nota-migrative overF for o €]a, 1].
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Now, we will introduce the definition of migrativity of a t-c@rmSover a nullnornt.
Definition 7. Given a nullnorm F andr €]0, 1], a t-conorm S is called-migrative over F or{a,F)-migrative if
S(F(a,x).y) = S(x,F(a,y)) forall x,y € [0,1]. 3)

Since the extreme values afcorrespond to the well known cases of t-norms and t-conowaswill only deal with
nullnorms with absorbing elemeate]0, 1].

Lemma 2.Considera €]0,1[. Let S be a t-conorm, F be a nullnorm with absorbing elemeiihen S is notr-migrative
over F.

Proof. (i) Let a € [a,1]. If Sis a-migrative overF, then
S(F(a,1),0)=Sa,0)=a <1=951,F(a,0)).

It leads a contradiction th&is nota-migrative overr.
(i) Let o €]0,a[. If Sis a-migrative overF, then

S(0,F(a,1)) =F(a,1) <a<1=SF(a,0),1).
It leads a contradiction th&is nota-migrative overr-.
Similarly to the case of nulinorms we want to study the migigtof t-norms over uninorms.
Definition 8. Given a uninorm U andr €]0,1], at-norm T is calledx-migrative over U or(a,U)-migrative if
TU(a,x),y) =T(x,U(a,y)) forall x,y € [0,1]. 4)

Since the extreme values efcorrespond to the well known cases of t-norms and t-conowaswill only deal with
uninorms with neutral elemeet<|0, 1|.

Lemma 3.Consider T be a t-norm and U be a uninorm with neutral elememhen, T is e-migrative over U.
Proof. T(U(e,x),y) = T(x,y) = T(x,U(ey)) for all x,y € [0,1].
Lemma 4.Considera €]0,€[. Let T be a t-norm, U be a uninorm with neutral element e. Thé&nbta-migrative over
u.
Proof. Since 0< a, we have thatl (0,0) =0< U(a,0). If T is a-migrative ovelJ, then we have
T(O,U(0,1)) =0<U(a,0)=T(U(ar,0),1)
contradiction. SoT is nota-migrative ovelJ.

Lemma 5.Considera €]e 1]. Let T be at-norm, U be a uninorm with neutral element e. Thénbta-migrative over
u.

Proof. Sincee < a, we have
1=U(e1)<U(a,l)
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by the monotonicity o). So, it is obtained thatl (a,1) = 1. If T is a-migrative ovelJ, then we have
T(eU(a,1))=T(el)=e<a=T(a,1)=T(U(a,e),1)
contradiction. SoT is nota-migrative ovelJ.
Definition 9. Given a uninorm U andr €]0,1[, a t-conorm S is called-migrative over U or(a,U )-migrative if
SU(a,x),y) = S(x,U(a,y)) forall x,y € [0,1]. (5)

Since the extreme values efcorrespond to the well known cases of t-norms and t-conowaswill only deal with
uninorms with neutral elemesetc]0, 1].

Lemma 6.Consider S be a t-conorm and U be a uninorm with neutral elémehhen, S is e-migrative over U.

Proof. SU (e x),y) = S(x,y) = S(x,U (e,y)) for all x,y € [0, 1].

Lemma 7. Considera €]0,€[. Let S be a t-conorm, U be a uninorm with neutral element enThés nota-migrative
overU.

Proof. Sincea < e, we have that
U(a,0)<U(e0)=0

by the monotonicity obJ. So, it is obtained thatl (a,0) = 0. If Sis a-migrative ovelJ, then we have
S(U(a.e),0)=U(a,e) = a < e=Se0) =SeU(a,0))

contradiction. SoSis nota-migrative ovelJ.

Lemma 8. Considera €]e 1]. Let S be a t-conorm, U be a uninorm with neutral element enThés noto-migrative
overU.

Proof.Sincee < a, it is obtained that = U (e, 1) < U (a,1). If Sis a-migrative ovelJ, then we have a

contradiction. SoSis nota-migrative ovelJ.

4 Conclusions

We have introduced and studied the migrativity of t-normsrowllinorms and the migrativity of t-norms over uninorms.
Similar definition is done for t-conorms.
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