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1 Introduction and preliminaries

Let (X,d) be a metric space andf : X → X be a single-valued mapping onX. A pointx∈ X is a fixed point off if f x= x.

Let F( f ) = {x∈ X : f x= x} denote the set of all fixed points off onX. The mappingf is said to be

(i) contractionif there existsk∈ [0,1) such thatd( f x, f y) ≤ kd(x,y) for all x,y∈ X;

(ii) nonexpansiveif d( f x, f y) ≤ d(x,y) for all x,y∈ X;

(iii) k-Lipschitzif there exists a constantk> 0 such thatd( f x, f y) ≤ kd(x,y) for all x,y∈ X.

Banach’s contraction principle [1] is a fundamental result in the fixed point theory, which has been used and extended in

many different directions. These generalizations are madeeither by using contractive conditions or by imposing some

additional conditions on the ambient spaces. The notion of nonexpansive mapping has an important role in fixed point

theory. In fact, many researchers investigated the theory of nonexpansive mappings for establishing the existence of fixed

points [7,8,10,14,15].

The aim of this paper is to give some results for the existenceof fixed points for single-valued and multi-valued

nonexpansive mappings in complete metric space endowed with a binary relation. We prove some theorems on distance

between fixed points of single-valued mappings by using Picard sequence of any initial pointx0, say {xn} with

xn = f nx0 = f xn−1 for all n∈N. Also, we give results for fixed point of multi-valued nonexpansive mappings.

Now, we recall some notions for multi-valued mappings.

Let (X,d) be a metric space and letCB(X) be the collection of all nonempty bounded and closed subsetsof X. Let H be

a Hausdorff metric induced by the metricd of X, that is

H(A,B) = max

{

sup
a∈A

d(a,B),sup
b∈B

d(b,A)

}

,
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for everyA,B∈CB(X) with

d(a,B) = in f {d(a,x) : x∈ B} .

We recall the following definitions.

Definition 1. A multivalued mapping T: X →CB(X) is said to be a contraction if there exists a constant k∈ [0,1) such

that for any x,y∈ X,

H(Tx,Ty)≤ kd(x,y)

and T is said to be nonexpansive if

H(Tx,Ty)≤ d(x,y)

for all x,y∈ X. A point x∈ X is called a fixed point of T if x∈ Tx.

Definition 2. Let M be a subset of X×X and let f: X → X be a mapping. Then, M is Banach f -invariant if( f x, f 2x) ∈ M

whenever(x, f x) ∈ M. Also, a subset Y of X is well ordered with respect to M if for all x,y ∈ Y we have(x,y) ∈ M or

(y,x) ∈ M.

The study of fixed points for multi-valued contractions and nonexpansive mappings using the Hausdorff metric was

initiated by Markin [12] (see also [13]). The following result due Nadler [13] is a generalization of Banach contraction

principle, to the case of a multi-valued mapping.

Theorem 1.Let (X,d) be a complete metric space and T: X →CB(X) be a multi-valued contraction mapping. Then T

has a fixed point.

Lemma 1. If {xn} is a nonincreasing sequence of nonnegative real numbers, then for r< m, the sequence

{

xn+2xn+1+ r
xn+2xn+1+m

}

is nonincreasing too.

Proof.We note that
xn+2xn+1+ r
xn+2xn+1+m

≥
xn+1+2xn+2+ r
xn+1+2xn+2+m

if and only if

(xn+2xn+1+ r)(xn+1+2xn+2+m)≥ (xn+1+2xn+2+ r)(xn+2xn+1+m)

Since{xn} is a nonincreasing sequence, this inequality holds.

Corollary 1. Let(X,d) be a metric space, f: X →X be a nonexpansive mapping and x0 ∈X. If {xn} is a Picard sequence,

then the sequence
{

d(xn−1,xn)+2d(xn,xn+1)+ r
d(xn−1,xn)+2d(xn,xn+1)+m

}

is nonincreasing for r< m.

Proof.From the nonexpansiveness off and Lemma1, the result holds.

2 Main results

Firstly, we prove some results for nonexpansive mappings defined on a metric space endowed with an arbitrary binary

relation.
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Theorem 2. Let (X,d) be a complete metric space,M⊂ X×X and f : X → X be a nonexpansive mapping such that

d( f x, f y) ≤

(

d(x, f y)+d(y, f x)+d(y, f 2x)+ r
d(x, f x)+d(x, f 2x)+d(y, f y)+m

+ k

)

d(x,y) (1)

for all (x,y) ∈ M, where k∈ [0,1), m, r ∈R
+ such that r< m. Also assume that

(a) M is Banach f -invariant;

(b) if {xn} is a sequence in X such that(xn−1,xn) ∈ M for all n ∈N and xn → z∈ X as n→ ∞, then(xn−1,z) ∈ M for all

n∈ N;

(c) F( f ) is well ordered with respect to M.

If there exists x0 ∈ X such that(x0, f x0) ∈ M and

d(x0, f x0)+2d( f x0, f 2x0)+ r
d(x0, f x0)+2d( f x0, f 2x0)+m

+ k< 1 (2)

then

(i) f has a fixed point z∈ X;

(ii) for any x0 ∈ X, the Picard sequence converges to a fixed point of f ;

(iii) if z,w∈ X are two different fixed points of f , then d(z,w)≥ max
{

m(1−k)−r
3 ,0

}

.

Proof. Let x0 ∈ X be such that(x0, f x0) ∈ M and{xn} be a Picard sequence of initial pointx0 ∈ X. Suppose that (2)

holds. Takingxn = xn−1 for somen∈ N, xn−1 is a fixed point off . That is, the existence of a fixed point is obvious. Now

we suppose thatxn 6= xn−1 for all n ∈ N. SinceM is Banachf -invariant, we obtain that(x1,x2) =
(

f x0, f 2x0
)

∈ M for

(x0,x1) = (x0, f x0) ∈ M. From (1) with x= xn−1 andy= xn, we obtain

d(xn,xn+1) = d( f xn−1, f xn)≤

[

d(xn−1,xn+1)+d(xn,xn+1)+ r
d(xn−1,xn)+d(xn,xn+1)+d(xn,xn+1)+m

+ k

]

d(xn−1,xn)

≤

[

d(xn−1,xn)+2d(xn,xn+1)+ r
d(xn−1,xn)+2d(xn,xn+1)+m

+ k

]

d(xn−1,xn) (3)

for all n∈ N. From the inequality (3) and Corollary1, we get

d(xn,xn+1)≤

[

d(xn−1,xn)+2d(xn,xn+1)+ r
d(xn−1,xn)+2d(xn,xn+1)+m

+ k

]

d(xn−1,xn) (4)

≤

[

d(x0,x1)+2d(x1,x2)+ r
d(x0,x1)+2d(x1,x2)+m

+ k

]

d(xn−1,xn)

=

[

d(x0, f x0)+2d( f x0, f 2x0)+ r
d(x0, f x0)+2d( f x0, f 2x0)+m

+ k

]

d(xn−1,xn)

where

γ =
d(x0,x1)+2d(x1,x2)+ r
d(x0,x1)+2d(x1,x2)+m

+ k< 1.

From (4), {xn} is a Cauchy sequence. SinceX is a complete metric space, the sequence{xn} converges toz∈ X. Now, we

will show thatz is a fixed point off . Using hypothesis (b), we get that (xn,z) ∈ M. Therefore, from the condition (1) with
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x= xn andy= z, we obtain

d(xn+1, f z) = d( f xn, f z)≤











d(xn, f z)+d(z, f xn)

+d(z, f 2xn)+ r

d(xn, f xn)+d(xn, f 2xn)

+d(z, f z)+m

+ k











d(xn,z) (5)

=

[

d(xn, f z)+d(z,xn+1)+d(z,xn+2)+ r
d(xn,xn+1)+d(xn,xn+2)+d(z, f z)+m

+ k

]

d(xn,z).

If we take limit asn→ +∞ on both sides of (5), we getd(z, f z) ≤ 0. This implies thatd(z, f z) = 0, that is,z= f z and

hencez is a fixed point off . Thus (i) and (ii) hold.

If w∈ X, with z 6= w, is another fixed point off , then using (1) with x= zandy= w, we get

d(z,w) = d( f z, f w) ≤ [
d(z, f w)+d(w, f z)+d(w, f 2z)+ r
d(z, f z)+d(z, f 2z)+d(w, f w)+m

+ k]d(z,w) =

[

3d(z,w)+ r
m

+ k

]

d(z,w)

and henced(z,w) ≥ m(1−k)−r
3 , that is, (iii) holds.

We consider a weak contractive condition to prove the following theorem.

Theorem 3.Let (X,d) be a complete metric space, M⊂ X×X and f : X → X be a nonexpansive mapping such that

d( f x, f y) ≤

(

d(x, f y)+d(y, f x)+d(y, f 2x)+ r
d(x, f x)+d(x, f 2x)+d(y, f y)+m

+ k

)

d(x,y)+Ld(y, f x) (6)

for all (x,y) ∈ M, where k∈ [0,1), m, r,L ∈ R
+ such that r< m. Also assume that

(a) M is Banach f -invariant;

(b) if {xn} is a sequence in X such that(xn−1,xn) ∈ M for all n ∈N and xn → z∈ X as n→ ∞, then(xn−1,z) ∈ M for all

n∈ N;

(c) F( f ) is well ordered with respect to M. If there exists x0 ∈ X such that(x0, f x0) ∈ M and (2) holds then

(i) f has a fixed point z∈ X;

(ii) for any x0 ∈ X, the Picard sequence converges to a fixed point of f ;

(iii) if z,w∈ X are two different fixed points of f , then d(z,w) ≥ max
{

m(1−k−L)−r
3 ,0

}

.

Proof.Let x0 ∈ X be an arbitrary point and let{xn} be a Picard sequence of initial pointx0. If xn = xn−1 for somen∈ N,

thenxn is a fixed point off . If xn 6= xn−1 for all n∈ N, using the contractive condition (6) with x= xn−1 andy= xn, we

get

d(xn,xn+1)≤

[

d(xn−1,xn+1)+d(xn,xn+1)+ r
d(xn−1,xn)+d(xn,xn+1)+d(xn,xn+1)+m

+ k

]

d(xn−1,xn)+Ld(xn,xn),

≤

[

d(xn−1,xn)+2d(xn,xn+1)+ r
d(xn−1,xn)+2d(xn,xn+1)+m

+ k

]

d(xn−1,xn)
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for all n∈ N. Then, by Corollary1, {xn} is a Cauchy sequence. SinceX is a complete metric space, the sequence{xn}

converges to somez∈ X. Now, we prove thatz is a fixed point forf . Using (6) with x= xn andy= z, we obtain

d(xn+1, f z) = d( f xn, f z) ≤

[

d(xn, f z)+d(z, f xn)+d(z, f 2xn)+ r
d(xn, f xn)+d(xn, f 2xn)+d(z, f z)+m

+ k

]

d(xn,z)+Ld(z, f xn) (7)

=

[

d(xn, f z)+d(z,xn+1)+d(z,xn+2)+ r
d(xn,xn+1)+d(xn,xn+2)+d(z, f z)+m

+ k

]

+Ld(z,xn+1)

On taking limit asn→+∞ on both sides of (7), we getd(z, f z) ≤ 0. This implies thatd(z, f z) = 0, that is,z= f z. Hence

z is a fixed point off . Thus (i) and (ii) hold.

If w∈ X, with z 6= w, is another fixed point off , then using (6) with x= zandy= w, we get

d(z,w) = d( f z, f w) ≤ [
d(z, f w)+d(w, f z)+d(w, f 2z)+ r
d(z, f z)+d(z, f 2z)+d(w, f w)+m

+ k]d(z,w)+Ld(w, f z)

=

[

3d(z,w)+ r
m

+ k

]

d(z,w)+Ld(z,w)

and henced(z,w) ≥ max
{

m(1−k−L)−r
3 ,0

}

, that is, (iii) holds.

Remark.If in two above theorems letr = 0,m= 1, we have the following results, which generalize Theorems3.1 and 3.2

in [15], respectively.

Corollary 2. Let (X,d) be a complete metric space, M⊂ X×X and f : X → X be a nonexpansive mapping such that

d( f x, f y) ≤

[

d(x, f y)+d(y, f x)+d(y, f 2x)
d(x, f x)+d(x, f 2x)+d(y, f y)+1

+ k

]

d(x,y)

for all (x,y) ∈ M, where k∈ [0,1), r ∈ R
+ such that r< 1. Then

(a) M is Banach f -invariant;

(b) if{xn} is a sequence in X such that(xn−1,xn) ∈ M for all n ∈ N and xn → z∈ X as n→ ∞, then(xn−1,z) ∈ M for all

n∈ N;

(c) F( f ) is well ordered with respect to M. If there exists x0 ∈ X such that(x0, f x0) ∈ M and

d(x0, f x0)+2d( f x0, f 2x0)

d(x0, f x0)+2d( f x0, f 2x0)+1
+ k< 1 (8)

then

(i) f has a fixed point z∈ X;

(ii) for any x0 ∈ X, the Picard sequence converges to a fixed point of f ;

(iii) if z,w∈ X are two different fixed points of f , then d(z,w) ≥ max
{

1−k
3 ,0

}

.

Corollary 3. Let (X,d) be a complete metric space, M⊂ X×X and f : X → X be a nonexpansive mapping such that

d( f x, f y) ≤

(

d(x, f y)+d(y, f x)+d(y, f 2x)
d(x, f x)+d(x, f 2x)+d(y, f y)+1

+ k

)

d(x,y)+Ld(y, f x)

for all (x,y) ∈ M, where k∈ [0,1), r ∈ R
+ such that r< 1. Also assume that

(a) M is Banach f -invariant;
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(b) if {xn} is a sequence in X such that(xn−1,xn) ∈ M for all n ∈N and xn → z∈ X as n→ ∞, then(xn−1,z) ∈ M for all

n∈ N;

(c) F( f ) is well ordered with respect to M. If there exists x0 ∈ X such that(x0, f x0) ∈ M and (8) holds then

(i) f has a fixed point z∈ X;

(ii) for any x0 ∈ X, the Picard sequence converges to a fixed point of f ;

(iii) if z,w∈ X are two different fixed points of f , then d(z,w) ≥ max
{1−L−k

3 ,0
}

.

Remark.The above the corollaries generalize the Theorems 3.1 and 3.2 of [15].

TakingM = X×X in Theorems2 and3, we have the following results.

Theorem 4.Let (X,d) be a complete metric space and f: X → X be a nonexpansive mapping such that

d( f x, f y) ≤

(

d(x, f y)+d(y, f x)+d(y, f 2x)+ r
d(x, f x)+d(x, f 2x)+d(y, f y)+m

+ k

)

d(x,y) (9)

for all x,y∈ X, where k∈ [0,1), m, r ∈ R
+ such that r< m. If there exists x0 ∈ X such that

d(x0, f x0)+2d( f x0, f 2x0)+ r
d(x0, f x0)+2d( f x0, f 2x0)+m

+ k< 1 (10)

then

(i) f has a fixed point z∈ X;

(ii) for any x0 ∈ X, the Picard sequence converges to a fixed point of f ;

(iii) if z,w∈ X are two different fixed points of f , then d(z,w)≥ max
{

m(1−k)−r
3 ,0

}

.

Theorem 5.Let (X,d) be a complete metric space and f: X → X be a nonexpansive mapping such that

d( f x, f y) ≤

(

d(x, f y)+d(y, f x)+d(y, f 2x)+ r
d(x, f x)+d(x, f 2x)+d(y, f y)+m

+ k

)

d(x,y)+Ld(y, f x)

for all x,y∈ X, where k∈ [0,1), m, r,L ∈R
+ such that r< m. If there exists x0 ∈ X and (10) holds then

(i) f has a fixed point z∈ X;

(ii) for any x0 ∈ X, the Picard sequence converges to a fixed point of f ;

(iii) if z,w∈ X are two different fixed points of f , then d(z,w) ≥ max
{

m(1−k−L)−r
3 ,0

}

.

Remark. (i) If choosingr = k= 0 andm= 1 in Theorem4, our result generalize Theorem 1 in [11].

(ii) If choosingr = 0 andm= 1 in Theorems4 and5, our results generalize Theorems 4.1 and 4.2 in [15].

In this part of the paper, we give some theorems for nonexpansive multi-valued mappings which can be proved in a similar

way as above theorems. From now on, letK(X) be the collection of all nonempty compact subsets ofX.

Theorem 6.Let (X,d) be a complete metric space and T: X → K(X) be a nonexpansive multi-valued mapping such that

H(Tx,Ty)≤

(

d(x,Ty)+d(y,Tx)+d(y,T2x)+ r
d(x,Tx)+d(x,T2x)+d(y,Ty)+m

+ k

)

d(x,y) (11)

for all x,y∈ X, where k∈ [0,1), m, r ∈ R
+ such that r< m. If there exists x0 ∈ X such that

d(x0,Tx0)+2d(Tx0,T2x0)+ r
d(x0,Tx0)+2d(Tx0,T2x0)+m

+ k< 1 (12)

holds, where x1 ∈ Tx0 is such that d(x0,x1) = d (x0,Tx0), then T has a fixed point.
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Proof. Let bex0 ∈ X an arbitrary point. SinceTx0 is compact there existsx1 ∈ Tx0 such thatd (x0,x1) = d (x0,Tx0).

If we suppose thatx0 = x1 or x1 ∈ Tx1, thenx1 is a fixed point ofT. So, the proof is complete. Now, we assume that

x0 6= x1,x1 /∈ Tx1 and (12) holds. Fromd (x1,Tx1) > 0, we haveH(Tx0,Tx1)> 0. Again by the compactness ofTx1 we

obtainx2 ∈ Tx1 such thatd (x1,x2) = d (x1,Tx1). Using (12), we have

d (x1,x2) = d (x1,Tx1)≤ H(Tx0,Tx1)

≤

(

d (x0,Tx1)+d (x1,Tx0)+d
(

x1,T2x0
)

+ r

d (x0,Tx0)+d (x0,T2x0)+d (x1,Tx1)+m
+ k

)

d (x0,x1)

≤

(

d (x0,x2)+d (x1,x2)+ r
d (x0,x1)+d (x1,x2)+d (x1,x2)+m

+ k

)

d (x0,x1)

≤

(

d (x0,x1)+2d (x1,x2)+ r
d (x0,x1)+2d (x1,x2)+m

+ k

)

d (x0,x1)

Now, we assume thatx1,x2, ...,xn ∈ X such thatxi+1 ∈ Txi , xi /∈ Txi and

d (xi ,xi+1) = d (xi ,Txi)≤

(

d (xi−1,xi)+2d (xi ,xi+1)+ r
d (xi−1,xi)+2d (xi ,xi+1)+m

+ k

)

d (xi−1,xi)

for all ı = 1,2, ...,n−1. Repeating the same procedure as above, we getTxn is compact. That is, there existsxn+1 ∈ Txn

such thatd (xn,xn+1) = d (xn,Txn). Then

d (xn,xn+1) = d (xn,Txn)≤ H(Txn−1,Txn)≤

(

d (xn−1,xn)+2d (xn,xn+1)+ r
d (xn−1,xn)+2d (xn,xn+1)+m

+ k

)

d (xn−1,xn) . (13)

Let bexn = xn+1 for all n∈ N. Thenxn is a fixed point ofT and the proof is complete. Now, we assume thatxn /∈ Txn, so

we obtain a sequence{xn} ⊂ X such thatxn+1 ∈ Txn and (13) holds for alln∈N. By using similar way as in the proof of

Theorem2, we get that{xn} is a Cauchy sequence. Therefore since is complete then thereexistsz∈ X such thatxn → z

asn→ ∞. Finally, we will show thatz is a fixed point ofT. From (11) with x= xn andy= z, we have

d (z,Tz)≤ d (z,xn+1)+d (xn+1,Tz)≤ d (z,xn+1)+H (Txn,Tz)

≤ d (z,xn+1)+

(

d (xn,Tz)+d (z,Txn)+d
(

z,T2xn
)

+ r

d (xn,Txn)+d (xn,T2xn)+d (z,Tz)+m
+ k

)

d (xn,z) (14)

≤ d (z,xn+1)+

(

d (z,Tz)+d (z,xn+1)+d (z,xn+2)+ r
d (xn,xn+1)+d (xn,xn+2)+d (z,Tz)+m

+ k

)

d (xn,z) .

On taking limit asn→+∞ on both sides of (14), we getd(z,Tz)≤ 0. This implies thatd(z,Tz) = 0. AsTz is closed, we

get thatz∈ Tz, that is,z is a fixed point ofT.

Using the similar method as in the proof of Theorem6, we have the following theorem.

Theorem 7.Let (X,d) be a complete metric space and T: X → K(X) be a nonexpansive multi-valued mapping such that

H(Tx,Ty)≤

(

d(x,Ty)+d(y,Tx)+d(y,T2x)+ r
d(x,T x)+d(x,T2x)+d(y,Ty)+m

+ k

)

d(x,y)+Ld (y,Tx)

for all x,y∈ X, where k∈ [0,1), m, r,L ∈ R
+ such that r< m. If there exists x0 ∈ X and (12) holds, then T has a fixed

point.

Remark.If in Theorems6 and7 we take the parameterr = 0 andm= 1 then we get that the generalizations of Theorems

5.1 and 5.2 in [15].
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