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1 Introduction

Let SL(2,Z) =











a b

c d



 : a,b,c,d ∈ Z ad−bc= 1







. Consider the action of the groupSL(2,Z) on the upper half-plane

H := {z∈ C : Imz> 0} by





a b

c d



 .τ =
aτ +b
cτ +d

, τ ∈ H, in particularly the subgroupSL(2,Z) acts onH discontinually.

And also we recall that in many papers authors use the projective special linear groupPSL(2,Z) = SL(2,Z)/{±I} instead

of SL(2,Z). The groupPSL(2,Z) is known the modular group, denoted byΓ , which consists of the transformations

z→ az+b
cz+d

with a,b,c,d ∈ Z, ad−bc= 1.

We note that for convenience, the modular group and its subgroups will be represented by matrices with the understanding

that a matrix and its negative will be identified.Γ is generated byS=





0 −1

1 0



 andT =





1 1

0 1



. These satisfy the

relationsS4 = 1, (ST)3 = S2 in SL(2,Z). Moreover, one can show that these generate all relations〈S,T | S4,S2(ST)3〉 is

a presentation of the groupSL(2,Z). A congruence subgroup of levelN of the modular group is a subgroup which contains

Γ (N) =







γ ∈ SL(2,Z) : γ ≡





1 0

0 1



(modN)







for some positive integerN. That is, any groupG such thatΓ (N)<G<Γ

is called a congruence subgroup of levelN. Congruence subgroups are a class of arithmetic subgroups which are easy to

describe. For example the following are some well-known congruence subgroups:

Γ0(N) =







γ ∈ SL(2,Z) : γ ≡





∗ ∗
0 ∗



(modN)







,Γ1(N) =







γ ∈ SL(2,Z) : γ ≡





1 ∗
0 1



(modN)







.

In particular, all congruence subgroups of levelN are very important number theory and group theory. Besides,we note

that the existence of noncongruence subgroups ofSL(2,Z) was first announced by Felix Klein. Their construction of the
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subgroups used generators to define them.

Now we will take another subgroup of modular group,

Γ0,n(N) :=











a b

c d



 ∈ Γ0(N) : a≡ d(modn)







.

We point out a few interesting properties of the group.

Remark. (i) If n|N, thenΓ0,n(N) is a congruence subgroup of levelN, andΓ1(N)⊆ Γ0,n(N)⊆ Γ0(N).

(ii) For all N ∈ Z+, Γ0,1(N) = Γ0(N).

Lemma 1. If n|N, thenΓ0,n(N) =











a b

c d



 ∈ Γ : N|c, a2 ≡ 1(modn)







.

Proof. Given N|c andn|N, we must show thata ≡ d(modn) if and only if a2 ≡ 1(modn). Therefored ≡ a(modn) ⇔
becausegcd(a,n) = 1, ad ≡ a2(modn) ⇔ ad− bc ≡ a2 − bc(modn) ⇔ as n|c 1 ≡ a2(modn). Hence this prove is

completed.

Example 1.Let n= 8. Thena2 ≡ 1(mod8)⇔ gcd(a,2) = 1, anda2 ≡ 1(mod3)⇔ gcd(a,3) = 1. Whereas, for any prime

integerp> 3, there exists no such nontrivial modulusmsuch thata2 ≡ 1(modm)⇔ gcd(a, p) = 1.

2 Fundamental domain and cusps

We start by quickly recalling the basic notation of fundamental domain for modular group and cusp used in this work. We

also mention a little stabilizer. If we getΓ then a system of coset representatives for the quotientΓ \SL(2,Z) is











1 0

0 1



 ,





0 −1

1 0



 ,





0 −1

1 1











.

Consequently using this, one can draw the following pictureof a fundamental domain forΓ . Let F be the closed subset

of H given byF := {z∈H : |Rez| ≤ 1
2 and |z| ≥ 1}. Here we writeω = exp(2π i/3) for the unique third root of unity in

the upper half plane. Actually every point inH is equivalent, under the action ofSL(2,Z), to a point ofF . If z,z0 ∈ F are

two distinct points that are in the sameSL(2,Z)-orbit, then eitherz0 = z±1 or z0 = − 1
z. There are two points at infinity

that are in the closure ofF in the Riemann sphere, but not inH, namely∞ ad 0. If we remove theΓ orbits of ω and i

from upper half plane, then the action becomes free and its quotient space is a Riemann surface with hyperbolic metric.

It is acquainted with that it is the two punctured planeC\ {0,1}. If we hold on keeping the points with finite stabilizers

then the quotientΓ \H is a modular curve.

We will give only the statement since the following lemma is known.

Lemma 2.Let z be in F and let StabSL(2,Z)z be the stabiliser of z in SL(2,Z). Then StabSL(2,Z) is

(1) cyclic of order 6 generated by ST=





0 −1

1 1



 if z= ω ,

(2) cyclic of order 6 generated by TS=





1 −1

1 0



 if z= ω +1,
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Fig. 1: Fundamental domain forΓ .

(3) cyclic of order 4 generated by S=





0 −1

1 0



 if z= i,

(4) cyclic of order 2 generated by−I =





−1 0

0 −1



 otherwise.

Definition 1. The projective line overQ is the extended rational number setP1 :=Q∪{∞}.

The groupSL(2,Z) acts onP1 by the same formula giving the action onH: γx= ax+b
cx+d for γ ∈ SL(2,Z), x∈ P1. Here the

right-hand side is to interpreted asa
c if x= ∞, and as∞ if cx+d = 0.

Theorem 1.The action of SL(2,Z) onP1 is transitive.

Proof.It suffices to show that for everyx∈Q, there existsγ ∈SL(2,Z) such thatγ∞ = x. We writex= a
c with a,c coprime

integers. Then there exist integersr,ssuch thatar+cs= 1, the matrixγ =





a −s

c r



 has the required property. One easily

control that the stabilizer of∞ in SL(2,Z) is SL(2,Z)∞ =







±





1 b

0 1



 : b∈ Z







. And we have a bijection

Θ : SL(2,Z)/SL(2,Z)∞ −→ P1, Θ(γSL(2,Z)∞) = γ∞

Definition 2. Let G be a congruence subgroup. The set cusps of G is the set of Gorbits inP1, i.e. the quotient Cusps(G) =

G\P1.

Especially, we have a surjective mapθ : G\SL(2,Z)−→Cusps(G).

Example 2.Let G= Γ0(p), p is prime. To compute the set of cusps ofΓ0(p), we determineΓ0(p) orbits inP1. The orbit

of ∞ ∈ P1 is

Γ0(p) ·∞ =







±





a b

cp d



 ·∞
∣

∣ a,b,c,d ∈ Z and ad−bcp= 1







=

{

a
cp

∣

∣ a,c∈ Z, gcd(a,cp) = 1

}

.
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Therefore we can writeΓ0(p) · ∞ =
{ r

s

∣

∣ r,s∈ Z, gcd(r,s) = 1 and p|s
}

. Likewise, the orbit of 0 is

Γ0(p) · 0 =

{

b
d

∣

∣ b,d ∈ Z, gcd(b,d) = 1 and p ∤ s

}

. From this description of the two orbits it is clear that every

element ofP1 is in exactly one of them. In particular,Γ0(p) has two cusps, namely the two elements∞ and 0 of

Γ0(p)\P1. And also there is an isomorphism

Λ : Γ0(p)\SL(2,Z)−→ κ \SL(2,Zp)

where κ =







±





a b

0 1/a





∣

∣ a∈ Z∗
p, b∈ Zp







. It is known that |SL(2,Zp)| = p(p− 1)(p+ 1). Furthermore, the

description above ofκ implies|κ |= p(p−1). Therefore we obtain the index is|SL(2,Z) : Γ0(p)|=
|SL(2,Z)|

|κ | = p+1.

Example 3.The groupΓ 0(N) =











a b

c d



 ∈ SL(2,Z)
∣

∣ b≡ 0 (modN)







congruence subgroup of modular group. Let

N = 11. Then the groupΓ 0(11) has index|SL(2,Z) : Γ 0(11)| = 12. It has two cusps:∞ and 0. It has generated by 4

generators:T∞ andT0 which stabilize∞ and 0 respectively and two parabolic generatorsA andB subject to one condition

T∞T0ABA−1B−1 = I .

Definition 3. G is a group with no nontrivial normal subgroups. Then G is called a simple group.

The importance of finite simple groups lies in their role as building blocks of finite groups. The important thing is the

classification of finite simple groups. Indeed all finite simple groups were classified in 1983. In addition E. Mathieu

discovered five strange finite simple groups. These groups were first called sporadic in the book of W. Burnside. The

modern classification race started with the many papers. It was finally shown that every finite simple group is isomorphic

to one of the following:(1) An alternating groupAn for n ≥ 5. (2) A cyclic groupZp of prime orderp. (3) A simple

group of Lie type over a finite field, e.g.,PSL(n,Fq). (4) Some one of the sporadic simple groups. All 26 finite sporadic

simple groups: Mathieu (5), Janko (2), Hall-Janko, Conway (3), Higman-Sims, Higman-Janko-Mckay, McLaughlin,

Suzuki, Held, Rudvalis, Fischer (3), O’Nahn, Lyons, Harada-Norton, Thompson, Baby Monster and The Monster. The

smallest sporadic group is the Mathieu groupM11, which has order 7920, and the largest of the sporadic is known as the

The Monster group, denotedM which has order approximately 8×1053. Although the Monster groupM was discovered

within the context of finite simple groups, hints later beganto emerge thet it might be strongly related to other branches

of mathematics. One of these is the theory of modular functions and modular forms.

Let µ be the index,e2 the number of inequivalent elliptic fixed point of order 2,e3 the number of inequivalent elliptic

fixed point of order 3 andh the number of inequivalent cusps. Thus, the Riemann-Hurwitz formula gives the genus as

g= 1+
1
2

(µ
6
−h− e2

2
− 2e3

3

)

.

Genus is important in topological meaning for any group. It is known that the setH \Γ of orbits has the structure of

a Riemann surface with one point removed. This is a Riemann surface of genus 0. When we remove one point of it,

we obtain a set that can be identified withC. So, we have an isomorphism of Riemann surfaceϕ : H \Γ −→ C. One

can obtain more examples adjoining toΓ0(N) the Fricke involutionωN(z) = − 1
Nz

, which of course can be realized as

an element ofPSL(2,R). That isΓ0(N)+ =

〈

Γ0(N),
1√
N





0 −1

N 0





〉

. WhenN is a primep, it is just the groupΓ0(p)+
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generated byΓ0(p) and the Fricke involutionωp. Moreover we say thatΓ0(p)+ has the genus 0 property if and only if

p= 2,3,5,7,11,13,17,19,23,29,31,41,47,59,71.Since|M|= 246.320.59.76.112.133.17.19.23.29.31.41.47.59.71, these

are the prime divisors of the order of the Monster groupM. We know thatΓ0,n(N) is a Fuchsian group, a discrete subgroup

of PSL(2,R), whose fundamental domain has finite area, therefore it has asignature consisting of the geometric invariants

σ = (g;m1,m2, ...,mr ;s) whereg is the genus of the compactified quotient space,m1,m2, ...,mr the periods of the elliptic

generators, ands is parabolic class number. This signature problem is in a waythe identity of discrete groups. But this

problem very hard to solve. Actually, the main purpose in this study is to set the foundations of a new method that this

method is named suborbital graphs.This way the signature problem transfer to the suborbital graphs.

3 Orbital graphs

We now explain imprimitivity of the action onΓ0(N) on P1. (Γ0(N),P1) is transitive permutation group, comprising of

a groupΓ0(N) acting on a setP1 transitively.υ1,υ2 ∈ P1 satisfyυ1 ≈ υ2 thenγ(υ1) ≈ γ(υ2) for all γ ∈ Γ0(N). In this

case equivalence relation≈ on P1 is invariant and equivalence classes form blocks. We say(Γ0(N),P1) imprimitive, if

P1 accepts some invariant equivalence relation different from the identity relation and the universal relation. Otherwise

(Γ0(N),P1) is primitive. These two relations are supposed to be trivialrelations. In conclusion we have,

Theorem 2. (i) Γ0(N) acts transitively onP1.

(ii) Γ0(N)∞ is the stabilizer of∞ in P1 is the set of











1 α

0 1





∣

∣

∣ α ∈ Z







.

Proof. (i) It is enough to show that the orbit containing∞ is P1. If
x
y
∈ P1, then as(x,y) = 1, there existη1,η1 ∈ Z

with xη1− yη2 = 1. Then the element





x η2

y η1



 of Γ0(N) sends∞ to
x
y

.

(ii) Since the action is transitive, stabilizers of any two points inP1 are conjugate. So it is sufficient to consider the

stabilizerΓ0(N)∞ of ∞. Let K ∈ Γ0(N). We can see thatK(∞) =





a b

cN d









1

0



 =





1

0



. And thena= 1, c= 0,

d = 1 andb= α ∈ Z. HenceK =





1 α

0 1



. ThereforeΓ0(N)∞ is the infinite cyclic group by the element





1 1

0 1



.

That is,Γ0(N)∞ =
〈





1 1

0 1





〉

.

Remark.The elements ofΓ0,n(N) like this





a b

cN a−nk



, k∈ Z. It is clearly that forN 6= 1, Γ0(N)∞ < Γ0,n(N)< Γ0(N).

We will define an equivalence relation≈ induced onP1 by Γ0(N). ThenΓ0(N) acts imprimitively onP1. Let ξ1 =
α1

β1N
,

ξ2 =
α2

β2N
be elements ofP1. Then there are the elementsT1 :=





α1 γ1

β1N δ1



 andT2 :=





α2 γ2

β2N δ2



 in Γ0(N) such that

T1(∞) = ξ1 andT2(∞) = ξ2. So we have

ξ1 ≈ ξ2 if only if T−1
1 T2 ∈ Γ0,n(N).
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111 Murat Beşenk: Congruence conditional signature problem

And so from the above we can easily calculate thatT−1
1 T2 =





δ1α2− γ1β2N δ1γ2− γ1δ2

(α1β2−α2β1)N α1δ2− γ2β1N



∈Γ0,n(N). Henceα1β2−

α2β1 ≡ 0 (modN) andδ1α2−α1δ2+(γ2β1− γ1β2)N ≡ 0 (modn) are obtained. In addition that the number of the blocks

under≈ is given by the indexΨ = |Γ0(N) : Γ0,n(N)|. The index is coset numbers. Consequently we have the blocks

[∞] := {x
y
∈ P1|(x,y) = 1 and y≡ 0 (modN)}, [ j] := {x

y
∈ P1|(x,y) = 1 and x− jy ≡ 0 (modN)} where j 6= ∞.

C. C. Sims introduced the idea of suborbital graphs for a finite permutation groups acting on a set. We use this idea as

follows for Γ0(N) andP1.

Since(Γ0(N),P1) is transitive permutation group, thenΓ0(N) acts onP1×P1 by

Φ : Γ0(N)× (P1×P1)
(γ,(α ,β ))

−→
→

P1×P1

(γ(α),γ(β ))

whereγ ∈ Γ0(N) andα,β ∈ P1. The orbits of this action are suborbitals ofΓ0(N). The orbit containing(α,β ) is denoted

by O(α,β ). FromO(α,β ) we can form a suborbital graphG. Its vertices are the elements ofP1, and if (γ,δ ) ∈ O(α,β )
there is a directed edge fromγ to δ . MoreoverO(α,α) is diagonal ofP1×P1. The corresponding suborbital graph called

the trivial suborbital graph, it consists of a loop based at each vertex. By a circuit of lengthm, we mean a sequence

v1 → v2 → ...→ vm → v1 such thatvi 6= v j for i 6= j, wherem≥ 3. If m= 3 or m= 4 the the circuit is known triangle or

quadrilateral.

As Γ0(N) acts transitively onP1, it permutes the blocks transitively. LetF∞ denote the subgraphs inG whose vertices

form the block[∞]. Similarly we may write subgraphsFj are for other blocks,j 6= ∞.

Theorem 3.Let
α1

β1
, and

α2

β2
be in the block[∞]. There is an edge

α1

β1
−→ α2

β2
in F∞ if and only if either

(i) α2 ≡ uα1 (modN), β2 ≡ uβ1(modN) andα1β2−β1α2 = N, or

(ii) α2 ≡−uα1(modN), β2 ≡−uβ1(modN) andα1β2−β1α2 =−N.

Proof. (i) Let
α1

β1
−→ α2

β2
∈ F∞, then there exists someT :=





a b

cN d



∈Γ0(N) such thatT(∞) =
a

cN
=

α1

β1
andT(

u
N
) =

au+b
cuN+dN

=
α2

β2
. Hencea = α1, cN = β1. Then these equationsα2 ≡ uα1 (modN) and β2 ≡ uβ1(modN) are

satisfied. So we have the matrix equation





a b

cN d









1 u

0 N



 =





α1 α2

β1 β2



. If we take determinant, it is easily seen

that α1β2 − β1α2 = N. Conversely, we suppose thatα2 ≡ uα1 (modN), β2 ≡ uβ1 (modN) andα1β2− β1α2 = N.

Then there exist integersε1 andε2 such thatα2 = uα1+Nε1 andβ2 = uβ1+Nε2. In this case





α1 ε1

β1 ε2









1 u

0 N



=





α1 uα1+Nε1

β1 uβ1+Nε2



=





α1 α2

β1 β2





is obtained. Sinceα1β2−β1α2 = N from determinants we getα1ε2−β1ε1 = 1. Consequently,





α1 ε1

β1 ε2



 ∈ Γ0(N)

and
α1

β1
−→ α2

β2
∈ F∞.
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(ii) The proof for minus sign is similar. We get above matrix equation withα2 andβ2 replaced by−α2 and−β2 so that
α1

β1
−→ −α2

−β2
∈ F∞.

Theorem 4.The subgraph F∞ contains a hyperbolic triangle if and only if u2±u+1≡ 0(modN).

Proof. Assume first thatF∞ has a triangle
α0

β0
−→ γ0

δ0
−→ x0

y0
−→ α0

β0
. It can be easily shown thatΓ0,n(N) permutes the

vertices and edges ofF∞ transitively. Therefore we suppose that the above triangleis transformed underΓ0,n(N) to the
1
0
−→ u

N
−→ x0

y0
−→ 1

0
. Let

u
N

<
x0

y0N
. Without loss of generality, from the edge of

u
N

−→ x0

y0N
the equation of

x0 ≡ −u2(modN) and from theuy0N− x0N = −N equation,x0 = uy0+ 1 is achieved. Fory0 = 1 situation,
u
N

−→ x0

N

andx0 = u+1 eventually
u
N

−→ u+1
N

is found. Henceu2+u+1≡ 0(modN). And alsoy0 6= 1 can not be true because

there is not an edge condition. Similarly if
u
N

>
x0

y0N
holds then we conclude thatu2−u+1≡ 0(modN). Consequently

we haveu2±u+1≡ 0(modN).

On the other hand suppose thatu2±u+1≡ 0(modN). Then, using Theorem 3., we see that
1
0
−→ u

N
−→ u±1

N
−→ 1

0
is a triangle inF∞.

As a result this theory reveal the relationship between permutation groups and graphs .

Example 4.We can partitionP1 into three disjoint subset, which are permuted byΓ . The index is|Γ : Γ0(2)|= 3, these are

[0],[1] and[∞], for N > 1. So action ofΓ we have the set wise stabilizer of[0] is Γ0(2). And Γ /Γ0(2)≃ PSL(2,Z2) ≃ S3

whereS3 symmetric group. The automorphism group of preserving orientation and colors isΓ (2) which is generated by

ϕ1(z) =
z

−2z+1
andϕ2(z) =

z−2
2z−3

. Additionally this is a free group of rank 2.

Fig. 2: Universal map for[0] and[1].
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