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1 Introduction

Imai and Iséki [8 ] and Iséki [9 ] introduced BCK-algebras and BCI-algebras in 1966. As a generalization of a

BCK-algebra, H. S. Kim and Y. H. Kim [14] introduced the notion of a BE-algebra and investigated some properties.

Ahn and So introduced the notion of ideals in BE-algebras andgave some properties of ideals in BE-algebras in [2].

Many problems in system identification involve characteristics which are essentially nonprobabilistic in nature [19].

Zadeh [20] introduced fuzzy set theory as an alternative to probability theory. The approach to uncertainty is outlinedby

Zadeh in [21]. Uncertainties can not be handled using traditional mathematical tools but may be dealt with some theories

such as probability theory, theories of (intuitionistic) fuzzy sets, vague sets, interval mathematics and rough sets.These

theories have some difficulties which are pointed out in [17]. In [16] and [17], Maji et al. and Molodtsov suggested that

one reason for these difficulties may be due to the inadequacyof the parametrization tool of the theory. To overcome

those difficulties, Molodtsov [17] introduced the concept of soft set as a new mathematical tool for dealing with

uncertainties and pointed out several directions for the applications of soft sets. Maji et al. [15,16] described the

application of soft set theory to a decision-making problemand studied several operations on the theory of soft sets. In

[4], Chen et al. presented a new definition of soft set parametrization reduction and compared this definition to the

related concept of attributes reduction in rough set theory. Çağman et al. introduced fuzzy parameterized (FP) soft sets

and their related properties in [5]. Feng [7] worked the application of soft rough approximations in multicriteria group

decision-making problems. In [3], Aktaş and Çağman studied the basic concepts of soft set theory, compared soft setsto

fuzzy and rough sets providing examples to clarify their differences and discussed the notion of soft groups. Jun [10]

introduced the notion of soft BCK/BCI-algebras and derivedtheir basic properties. In [12], Jun and Park introduced the

notion of soft ideals and idealistic soft BCK/BCI-algebrasand investigated some related properties. In [18], Park et al.

introduced the notion of soft ws-algebras, soft subalgebras and soft deductive systems and derived their basic properties.

In [1,11,13] , researchers studied on applications of soft sets in BE-algebras.

In this paper, we apply the notion of soft sets by Molodtsov tothe theory of BE-algebras. For this purpose, we introduced

the notions of dual filter, S-filter and dual S-filter in BE-algebra and also introduced the notions of soft filter, soft F-filter,

soft dual filter and soft dual F-filter in a soft BE-algebra. Then we derive their basic properties.
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2 Preliminaries

We recall some definitions and results.

Definition 1. An algebra(X;∗,1) of type(2,0) is called a BE-algebra ([14]) if

(BE1) x∗ x= 1,

(BE2) x∗1= 1,

(BE3) 1∗ x= x,

(BE4) x∗ (y∗ z) = y∗ (x∗ z), for all x,y,z∈ X.

A relation “≤” on X is defined by

x≤ y⇐⇒ x∗ y= 1.

for all x,y∈ X.

A non-empty subsetA of a BE-algebraX is said to be a subalgebra ofX if x∗ y∈ A for all x,y∈ A.

Let X andY be two BE-algebra. If the mappingf : X −→Y satisfies the conditionf (x∗ y) = f (x)∗ f (y) for all x,y∈ X,

f is called a BE-algebra homomorphism.

Definition 2. [6] Let X be a BE-algebra. If there exists an element0 satisfying0≤ x (or 0∗ x= 1) for all x ∈ X, then the

element0 is called unit of X. A BE-algebra with unit is called a bounded BE-algebra.

In a bounded BE-algebra,x∗0 is denoted byxN.

Definition 3. Let (X;∗,1) be a BE-algebra and let A be a non-empty subset of X. Then A is called a filter of X (see [14])

if

(A1) 1∈ A;

(A2) x∈ A,x∗ y∈ A⇒ y∈ A, for all x,y∈ X.

A soft set theory is introduced by Molodtsov [17].

Definition 4. Let U be an initial universe set and E be a set of parameters. Let P(U) denote the power set of U and A be

a subset of E. A pair(F,A) is called a soft set over U, where F is a mapping given by F: A−→ P(U).

Let (F,A) and(G,B) be two soft sets over a common universeU . The intersection of the soft sets(F,A) and(G,B) is

defined to be the soft set(H,C) satisfying the following conditions:

(i) C= A∩B,

(ii) H(x) = F(x) or G(x) for all x∈C, (as both are same sets ).

In this case, we write(F,A)
∼
∩ (G,B) = (H,C). The union of the soft sets(F,A) and(G,B) is defined to be the soft set

(H,C) satisfying the following conditions:

(i) C= A∪B.

(ii) H(x) =











F(x), if x∈ ArB,

G(x), if x∈ BrA,

F(x)∪G(x), if x∈ A∩B

for all x∈C.

In this case, we write(F,A)
∼
∪ (G,B) = (H,C). ”(F,A) AND (G,B)” is denoted by(F,A)

∼
∧ (G,B) and defined by

(F,A)
∼
∧ (G,B) = (H,A× B)
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whereH(a,b) = F(a)∩G(b) for all (a,b) ∈ A×B andA×B is the Cartesian product of the setsA andB. ”(F,A) OR

(G,B)” is denoted by(F,A)
∼
∨ (G,B) and defined by

(F,A)
∼
∨ (G,B) = (H,A× B),

whereH(a,b) = F(a)∪G(b) for all (a,b) ∈ A×B.

3 Main part

In what follows, we takeX as a BE-algebra and a set of parameters unless otherwise specified.

Definition 5. Let S be a subalgebra of X and A be a subset of X. Then A is called a S-filter of X if

(S1) 1∈ A;

(S2) x∈ A,x∗ y∈ A⇒ y∈ A, for all y ∈ S and x∈ X.

If A is a subset ofX containsS, thenA is aS-filter of X. Every filter ofX is aS-filter of X. But, generally, everyS-filter of

X is not a filter ofX.

Example 1.Consider the setX = {1,a,b,c,d} with the following table:

∗ 1 a b c d

1 1 a b c d

a 1 1 b c d

b 1 a 1 c c

c 1 1 b 1 b

d 1 1 1 1 1

.

ThenX is a BE-algebra [11]. The setA= {1,b,c} is not a filter ofX becauseb∈ A,b∗d = c∈ A but d /∈ A. The setA is

a S-filter whereS= {1,b} .

Definition 6. Let X be a bounded BE-algebra with unit 0 and D be a nonempty subset of X.Then D is called a dual filter

of X if

(D1) 0∈ D,

(D2) x∈ D,(xN∗ yN)N ∈ D =⇒ y∈ D, for any x,y∈ X.

Definition 7. Let X be a bounded BE-algebra with unit 0, S be a subalgebra of Xand D be a nonempty subset of X.Then

D is called a dual S-filter of X if

(DS1) 0∈ D,

(DS2) x∈ D,(xN∗ yN)N ∈ D =⇒ y∈ D, for any y∈ S and x∈ X.

If D is a subset ofX containsS, thenD is a dualS-filter of X. Every dual filter ofX is a dualS-filter of X. But, generally,

every dualS-filter of X is not a dual filter ofX.

Example 2. In Example 1,X is a bounded BE-algebra with unit elementd. The setD = {1,d} is not a dual filter ofX

becaused ∈ D,(dN∗aN)N = ((d∗d)∗ (a∗d))∗d= (1∗d)∗d = d∗d = 1∈ D but a /∈ D.The setD is a dualS-filter of

X whereS= {1,d} . The setD1 = {b,d} is a dual filter ofX.

Definition 8. Let E be a set of parameters and A a subset of E. A pair(F,A) is called a soft set over X where F is a

mapping given by F: A−→ P(X).
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Definition 9. Let (F,A) be a soft set over X. (F,A) is called a soft BE-algebra over X if F(x) is a subalgebra of X for all

x∈ A.

Example 3.Consider the BE-algebra in Example 3.1. Then(F,X) is a soft BE-algebra overX with the following mapping:

F : X −→ P(X),F(1) = {1} ,F(a) = {1,a} ,F(b) = {1,b} ,F(c) = {1,c} ,F(d) = {1,d} .

Definition 10. Let (F,A) be a soft set over X. (F,A) is called a soft filter over X if F(x) is a filter of X for all x∈ A.

Example 4.Consider the BE-algebra in Example 3.1 and the mapping defined by F : X −→ P(X), F(1) = {1} ,F(a) =

{1,a} ,F(b) = {1,b} ,F(c) = {1,a,c} ,F(d) = X. Since{1} ,{1,a} ,{1,b} ,{1,a,c} andX are filters ofX, the soft set

(F,X) is a soft filter overX.

Definition 11. Let (F,A) be a soft BE-algebra and(G,B) be a soft set over X.(G,B) is called a soft F-filter over X if

(i) B⊆ A,

(ii) G(x) is a F(x)-filter of X for all x∈ B.

Example 5.Consider the setX = {1,a,b,c} with the following table:

∗ 1 a b c

1 1 a b c

a 1 1 a a

b 1 1 1 a

c 1 a a 1

.

ThenX is a BE-algebra [13]. The soft set(F,X) defined byF : X −→ P(X), F(1) = {1} , F(a) = {1,a} , F(b) = {1,b} ,

F(c) = {1,a,c} is a soft BE-algebra. Consider the setB= {1,a,b} and the mapping defined byG : B−→ P(X),G(1) =

{1},G(a)= {1,a,b},G(b)= {1,a,c}.Then(G,B) is a soft set overX. It is easily seen thatB⊆X andG(1) is aF(1)-filter,

G(a) is aF(a)-filter, G(b) is aF(b)-filter. Hence(G,B) is a softF-filter overX.

If F(x) is a subset ofG(x) for all x∈ B, then (G,B) is a softF-filter overX. Every soft filter is a softF-filter overX. But,

generally, every softF-filter is not a soft filter overX.

Example 6. In Example 5, (G,B) is a softF-filter but is not a soft filter overX becauseG(a) is not a filter ofX since

a∈ B,a∗ c= a∈ B butc /∈ B.

Definition 12. Let X be a bounded BE-algebra and(F,A) be a soft set over X. Then(F,A) is called a soft dual filter over

X if F(x) is a dual filter of X for all x∈ A.

Definition 13. Let X be a bounded BE-algebra,(F,A) be a soft BE-algebra and(G,B) be a soft set over X. Then(G,B)

is called a soft dual F-filter over X if

(i) B⊆ A,

(ii) G(x) is a soft dual F(x)−filter over X for all x∈ B.

Example 7.Consider the BE-algebra in Example 1. Then(F,X) is a soft set overX with the following mapping:

F : X −→ P(X),F(1) = F(a) = X,F(b) = {b,d} ,F(c) = {d,c} ,F(d) = {d} .

We see thatF(x) is a dual filter overX for all x∈ X. Hence,(F,A) is a soft dual filter overX.
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Example 8.Consider the BE-algebra in Example 1. Then(F,X) is a soft BE-algebra overX with the following mapping:

F : X −→ P(X),F(1) = {1},F(a) = {1,a},F(b) = {1,b} ,F(c) = {1,c} ,F(d) = {1,d} .

Now let B= {1,a,d} and consider the mappingG : B−→ P(X) whereG(1) = G(d) = {1,d},G(a) = {d}. ThenG(1) is

a soft dualF(1)-filter, G(a) is a soft dualF(a)-filter andG(d) is a soft dualF(d)-filter overX. Therefore(G,B) is a soft

dualF-filter overX.

If F(x) ⊆ B(x) for all x∈ B, (G,B) is a soft dualF-filter overX. Every soft dual filter is a soft dualF-filter overX. But,

generally, every soft dualF-filter is not a soft dual filter overX.

Example 9. In Example 8, (G,B) is a soft dualF-filter but not a soft dual filter overX. BecauseG(1) = {1,d} is not a

dual filter ofX sinced ∈ G(1),(dN∗aN)N = 1∈ G(1) buta /∈ G(1).

Theorem 1. (i) Let (F,A) be a soft BE-algebra (soft filter) over X. If C is a subset of A,(F |C,C) is a soft BE-algebra

(soft filter) over X.

(ii) Let (F,A) be a soft BE-algebra and(G,B) be a soft F-filter over X. If C is a subset of B,(G |C,C) is a soft F-filter

over X.

(iii) Let X be a bounded BE-algebra and (F,A) be a soft dual filter. If C is a subset of A,(F |C,C) is a soft dual filter

over X.

(iv) Let X be a bounded BE-algebra,(F,A) be a soft BE-algebra and(G,B) be a soft dual F-filter over X. If C is a

subset of B,(G |C,C) is a soft dual F-filter over X.

Proof.Straightforward.

Although (F,A) is not a soft filter overX, there can be a subsetC of A such that(F |C,C) is a soft filter overX. Furthermore,

although (F,A) is not a soft dual filter overX, there can be a subsetC of A such that(F |C,C) is a soft dual filter overX.

Example 10.(1) Consider the BE-algebra in Example 1. Let(F,X) be a soft set overX with the following mapping:

F : X −→ P(X), F(1) = {1}, F(a) = {1,a}, F(b) = {1,b,c} , F(c) = {1,a,c} ,F(d) = X. Then(F,A) is not a soft

filter. For the subsetC= {1,a,c} of A, the soft set (F |C,C) is a soft filter.

(2) Consider the BE-algebra in Example 1. Let(F,X) be a soft set overX with the following mapping:

F : X −→ P(X), F(1) = {d}, F(a) = {a,d}, F(b) = {b,d} , F(c) = {c,d} ,F(d) = {d} . Then(F,A) is not a soft

dual filter. For the subsetC= {b,c,d} of A, the soft set (F |C,C) is a soft dual filter.

Theorem 2. Let (F,A) and (G,B) be two soft BE-algebra (soft filter, soft dual filter) over X. If A∩B 6= ∅, then the

intersection(F ;A)
∼
∩ (G;B) is a soft BE-algebra (resp. soft filter, soft dual filter) overX.

Proof. Let (F ;A)
∼
∩ (G;B) = (H,C), whereC = A∩B and H(x) = F(x) or G(x) for all x ∈ C. Note that (H,C) is a

soft set overX whereH : C −→ P(X). Since (F,A) and (G,B) are soft BE-algebras (resp. soft filter, soft dual filter)

overX, for all x ∈ C, H(x) = F(x) or H(x) = G(x) is a subalgebra (resp. soft filter, soft dual filter) overX. Therefore

(H,C) = (F,A)
∼
∩G(B) is a soft BE-algebra (resp. soft filter, soft dual filter) overX.

Theorem 3.Let (F,A) be a soft BE-algebra over X. If (G,B) and(H,C) are two soft F-filter (soft dual F-filter where X

is bounded) over X and B∩C 6=∅, then (G,B)
∼
∩ (H,C) is soft F-filter (soft dual F-filter) over X.

Proof. It can be done easily similar to proof of the the Theorem 2.

Theorem 4.Let(F ;A) and (G,B) be two soft BE-algebra (soft filter, soft dual filter for bounded BE-algebra X) over X. If

A∩B=∅ then(F ;A)
∼
∪ (G;B) is a soft BE-algebra (resp. soft filter, soft dual filter) overX.
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Proof.Let (F ;A)
∼
∪ (G;B) = (H;C), whereC= A∪B and for allx∈C,

H(x) =











F(x), if x∈ ArB,

G(x), if x∈ BrA,

F(x)∪G(x), if x∈ A∩B.

If x∈A\B or x∈B\A, thenH(x) = F(x) or H(x) = G(x) are subalgebra (resp.

soft filter, soft dual filter) overX since(F ;A) and (G,B) soft BE-algebras (soft filters, soft dual filters) overX. Since

A∩B=∅, there do not exists another case. Hence(H;C) = (F ;A)
∼
∪ (G;B) is a soft BE-algebra (resp. soft filter, soft dual

filter) overX.

If A∩B 6=∅, then generally, Theorem 4 is not valid.

Example 11.Consider the BE-algebra in Example 1.

(1) Let A= {1,a} andF : A−→ P(X) be a mapping such thatF(1) = {1,d},F(a) = {1,a}. Then (F,A) is a soft BE-

algebra. LetB= {1,b} andG : B−→ P(X) be a mapping such thatG(1) = {1,c},G(b) = {1,b}. Then (G,B) is a

soft BE-algebra. Now, we getA∪B= {1,a,b}=C, H : C−→P(X), H(1) = F(1)∪G(1) = {1,c,d},H(a)= F(a) =

{1,a} andH(b) = G(b) = {1,b}. The setH(1) = {1,c,d} is not a subalgebra sincec∗d= b /∈ H(1).

(2) Let A = {1,a,c} andF : A −→ P(X) be a mapping such thatF(1) = {1,b},F(a) = {1,a},F(c) = {1,a,c}. Then

(F,A) is a soft filter overX. LetB= {1,b} andG : B−→P(X) be a mapping such thatG(1) = {1,a,c},G(b)= {1,b}.

Then (G,B) is a soft filter overX. We see thatA∪B = {1,a,b,c} = C, H : C −→ P(X), H(1) = F(1)∪G(1) =

{1,a,b,c}. Also we see that the setH(1) is not a filter ofX becausec∈ H(1),c∗d= b∈ H(1) but d /∈ H(1).

(3) Let A = {b,d} andF : A −→ P(X) be a mapping such thatF(b) = F(d) = {b,d}. Then(F,A) is a soft dual filter

overX. Let B= {c,d} andG : B−→ P(X) be a mapping such thatG(c) = G(d) = {c,d}. Then (G,B) is a soft dual

filter overX. We see thatA∪B= {b,c,d}=C, H : C−→ P(X), H(d) = F(d)∪G(d) = {b,c,d}. Also we see that

the setH(d) is not a soft dual filter overX becausec∈ H(d),(cN∗1N)N = (b∗d)∗d= b∈ H(d) but 1 /∈ H(d).

Theorem 5.Let (F,A) be a soft BE-algebra over X. If (G,B) and(H,C) are two soft F-filter (soft dual F-filter where X

is bounded) over X and B∩C=∅, then (G,B)
∼
∪ (H,C) is soft F-filter (soft dual F-filter) over X.

Proof.Similar to the Proof of the Theorem 4.

Theorem 6.Let (F ;A) and (G,B) be two soft BE-algebra (soft filter, soft dual filter for bounded BE-algebra X) over X.

Then(F ;A)
∼
∧ (G;B) is a soft BE-algebra (resp. soft filter, soft dual filter) overX.

Proof.We know that(F ;A)
∼
∧(G;B)= (H,A×B)whereH(x,y) =F(x)∩G(y) for all (x,y)∈A×B.For allx∈A andy∈B,

sinceF(x) andG(y) are subalgebras (resp.soft filter, soft dual filter for bounded BE-algebraX), H(x,y) is a subalgebra

(soft filter, soft dual filter). Therefore(H,A×B) = (F ;A)
∼
∧ (G;B) is a subalgebra (soft filter, soft dual filter).

Example 12.In Example 11 (1), (2) and (3), for the setsA andB, Theorem 15 is true.

Theorem 7.Let (F,A) be a soft BE-algebra over X. If (G,B) and(H,C) are two soft F-filter (soft dual F-filter where X

is bounded) over X, then (G,B)
∼
∧ (H,C) is soft F-filter (soft dual F-filter) over X.

Proof.Similar to the Proof of the Theorem 6.

Let f : X −→ Y be a mapping of BE-algebras. For a soft set(F,A) overX, ( f (F),A) is a soft set overY where f (F) :

A−→ P(Y) is defined byf (F)(x) = f (F(x)) for all x∈ A.

Lemma 1.Let f : X −→Y be a BE-algebra homomorphism.

(i) If A is a subalgebra of X then f(A) is a subalgebra of Y.

(ii) Let f be one to one and onto. If A is a filter of X then f(A) is a filter of Y.

(iii) If f is onto and X be a bounded BE-algebras then Y is a bounded BE-algebra.
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(iv) Let X be a bounded BE-algebra, f be one to one and onto. If A is a dual filter of X then f(A) is a dual filter of Y.

Proof. (i) Let A be a subalgebra ofX andu,v be any two elements off (A). There existx,y∈ A such thatf (x) = u and

f (y) = v. Then we haveu∗ v= f (x)∗ f (y) = f (x∗ y) ∈ f (A) sincex∗ y∈ A.

(ii) Let A be a filter ofX and f be one to one and onto. We have 1X ∈ A and f (1X) = f (1X ∗1X) = f (1X)∗ f (1X) = 1Y.

Hence 1Y ∈ f (A). Now, letu∈ f (A) andu∗v∈ f (A) for v∈Y. There existx∈ A andy∈ X such thatf (x) = u and

f (y) = v. Thenx∗ y∈ A sinceu∗ v= f (x)∗ f (y) = f (x∗ y) ∈ f (A). Hence we getx∈ A andx∗ y∈ A. SinceA is a

filter of X, we gety∈ A. So f (y) = v∈ f (A). That is, f (A) is a filter ofY.

(iii) Let 0X be the unit ofX. Then 0X ∗ x= 1X for all x∈ X. There existy∈ X such thatf (y) = v for all v∈Y since f

is onto. In this case, we havef (0X ∗ y) = f (0X) ∗ f (y) or f (1X) = f (0X) ∗ v. Hence we get 1Y = f (0X) ∗ v for all

v∈Y. So f (0X) = 0Y is the unit ofY.

(iv) Since 0X ∈ A, we havef (0X) = 0Y ∈ f (A). Now letu∈ f (A) and (uN∗ vN)N ∈ f (A) for v∈Y. There existx∈ A

andy∈ X such thatf (x) = u and f (y) = v. Then since
(uN∗ vN)N = ((u∗0Y)∗ (v∗0Y))∗0Y

= (( f (x)∗ f (0X))∗ ( f (y)∗ f (0X)))∗ f (0X)

= f ((xN∗ yN)N) ∈ f (A),
we see that(xN∗ yN)N ∈ A. So we gety∈ A since A is a dual filter. Hencef (y) = v∈ f (A).

Theorem 8.Let f : X −→Y be a BE-algebra homomorphism.

(i) If (F,A) is a soft BE-algebra over X, then( f (F),A) is a soft BE-algebra over Y .

(ii) Let f be one to one and onto. If (F,A) is a soft filter over X then ( f(F),A) is a soft filter over Y.

(iii) Let X be a bounded BE-algebra, f be one to one and onto. If (F,A) is a soft dual filter over X then ( f(F),A) is a

soft dual filter over Y .

Proof. It is clear by using the Lemma 1.

Theorem 9.Let f : X −→Y be a BE-algebra isomorphism.

(i) Let (F,A) be a soft BE-algebra. If the soft set(G,B) is a soft F-filter over X then( f (G),B) is a soft f(F)-filter over

Y .

(ii) Let X be a bounded BE-algebra,(F,A) be a soft BE-algebra over X. If(G,B) is a soft dual F-filter over X then

( f (G),B) is a soft dual f(F)-filter over Y .

Proof. It is clear by using the Lemma 1.
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[3] H. Aktaş and N. Çağman, “Soft sets and soft groups,” Information Sciences, vol. 177, no. 13, pp. 2726–2735, 2007.

[4] D. Chen, E. C. C. Tsang, D. S. Yeung, and X. Wang, “The parameterization reduction of soft sets and its applications,” Computers

& Mathematics with Applications, vol. 49, no. 5-6, pp. 757–763, 2005.
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