(_/
NTMSCI 6, No. 1, 91-98 (2018) BISKA 91

.~ NewTrendsinWathematcal Science:

http://dx.doi.org/10.20852/ntmsci.2018.249

On soft filters of soft BE-algebras

Yilmaz Ceven and Zekiye Ciloglu Sahin

Department of Mathematics, Faculty of Arts and Sciencelgy@&an Demirel University, Isparta, Turkey

Received: 8 February 2017, Accepted: 8 SEptember 2017
Published online: 17 February 2018.
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1 Introduction

Imai and Iséki [8 ] and Iséki [9 ] introduced BCK-algebrasdaBCl-algebras in 1966. As a generalization of a
BCK-algebra, H. S. Kim and Y. H. Kim [14] introduced the natiof a BE-algebra and investigated some properties.
Ahn and So introduced the notion of ideals in BE-algebrasgave some properties of ideals in BE-algebras in [2].

Many problems in system identification involve charactariswhich are essentially nonprobabilistic in nature [19]
Zadeh [20] introduced fuzzy set theory as an alternativedbability theory. The approach to uncertainty is outlitgd
Zadeh in [21]. Uncertainties can not be handled using it mathematical tools but may be dealt with some theories
such as probability theory, theories of (intuitionistiogty sets, vague sets, interval mathematics and roughTdeise
theories have some difficulties which are pointed out in [17]16] and [17], Maji et al. and Molodtsov suggested that
one reason for these difficulties may be due to the inadeqofthe parametrization tool of the theory. To overcome
those difficulties, Molodtsov [17] introduced the conceptsoft set as a new mathematical tool for dealing with
uncertainties and pointed out several directions for thgliegtions of soft sets. Maji et al. [15,16] described the
application of soft set theory to a decision-making probbemd studied several operations on the theory of soft sets. In
[4], Chen et al. presented a new definition of soft set parana¢ibn reduction and compared this definition to the
related concept of attributes reduction in rough set the@agman et al. introduced fuzzy parameterized (FP) sét s
and their related properties in [5]. Feng [7] worked the agpion of soft rough approximations in multicriteria gpu
decision-making problems. In [3], Aktas and Cagmanisttithe basic concepts of soft set theory, compared softsets
fuzzy and rough sets providing examples to clarify theifed#nces and discussed the notion of soft groups. Jun [10]
introduced the notion of soft BCK/BCl-algebras and derittegir basic properties. In [12], Jun and Park introduced the
notion of soft ideals and idealistic soft BCK/BCl-algebeawd investigated some related properties. In [18], Park et a
introduced the notion of soft ws-algebras, soft subalgehral soft deductive systems and derived their basic piepert
In[1,11,13], researchers studied on applications of &ift ;1 BE-algebras.

In this paper, we apply the notion of soft sets by Molodtsothtotheory of BE-algebras. For this purpose, we introduced
the notions of dual filter, S-filter and dual S-filter in BE-alga and also introduced the notions of soft filter, soft tesfil
soft dual filter and soft dual F-filter in a soft BE-algebraehtwe derive their basic properties.
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2 Preliminaries

We recall some definitions and results.

Definition 1. An algebra(X; x,1) of type(2,0) is called a BE-algebra ([14]) if

(BE1) x*xx=1,
(BE2) xx1=1
(BE3) 1xx=x,

(BE4) xx (yxz) =yx (xx2), forall x,y,ze X.
A relation “<” on X is defined by
X<y xxy=1

forall x,y € X.
A non-empty subseA of a BE-algebra& is said to be a subalgebraXfif xxy e Aforall x,y € A.

Let X andY be two BE-algebra. If the mappinig: X — Y satisfies the conditiofi(xxy) = f(x) x f(y) for all x,y € X,
f is called a BE-algebra homomorphism.

Definition 2. [6] Let X be a BE-algebra. If there exists an elem@&satisfying0 < x (or 0« x = 1) for all x € X, then the
elemen is called unit of X A BE-algebra with unit is called a bounded BE-algebra.

In a bounded BE-algebrax 0 is denoted byxN.

Definition 3. Let (X;x*,1) be a BE-algebra and let A be a non-empty subset of X. Then Alésl@filter of X (see [14])
if

(A1) 1eA;

(A2) xe Axxye A=ye A forallx,y e X.

A soft set theory is introduced by Molodtsov [17].

Definition 4. Let U be an initial universe set and E be a set of parametersPllé ) denote the power set of U and A be
a subset of E. A paifF, A) is called a soft set over U, where F is a mapping given hyA—— P(U).

Let (F,A) and(G,B) be two soft sets over a common univet$eThe intersection of the soft seff,A) and(G,B) is
defined to be the soft s@tl,C) satisfying the following conditions:

(i) C=ANB,

(i) H(x) =F(x) or G(x) for all x € C, (as both are same sets ).
In this case, we writéF, A) N (G,B) = (H,C). The union of the soft setd~,A) and (G, B) is defined to be the soft set
(H,C) satisfying the following conditions:

() C=AUB.
F(x), if xe ANB,

(i) HXX) =< G(x), if xe B\A, forallxeC.
F(x)UG(x), if xe ANB

In this case, we writéF, A) U (G,B)=(H,C)."(F,A) AND (G,B)" is denoted by(F,A) A (G,B) and defined by

(F,A)A(G,B) = (H,Ax B)
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whereH (a,b) = F(a) N G(b) for all (a,b) € Ax B andA x B is the Cartesian product of the sé&=andB. "(F,A) OR
(G,B)” is denoted by(F,A) v (G, B) and defined by

(F,A)V (G,B) = (H,Ax B),

whereH (a,b) = F(a) UG(b) for all (a,b) € Ax B.

3 Main part

In what follows, we takeX as a BE-algebra and a set of parameters unless otherwiséegpec
Definition 5. Let S be a subalgebra of X and A be a subset.often A is called a S-filter of X if

(S1) 1e A;
(S2) xe Axxye A=yec A forally € Sandxe X.

If Ais a subset oK containsS, thenA is aSHilter of X. Every filter ofX is aSHilter of X. But, generally, evergfilter of
X is not a filter ofX.

Example 1.Consider the seX = {1,a,b, ¢c,d} with the following table:

x 1 a b ¢ d
1 1 a b ¢ d
a1 1 b ¢ d
b 1 a 1 ¢ ¢
ci 1 1 b 1 b
d 1 1 1 1 1

ThenX is a BE-algebra [11]. The sét= {1,b,c} is not a filter ofX becausd € A,bxd=c < Abutd ¢ A. The setAis
a Silter whereS= {1,b}.

Definition 6. Let X be a bounded BE-algebra with unit 0 and D be a nonemptyetudi XThen D is called a dual filter
of X if

(D1) 0eD,
(D2) xe D, (xNxyN)N € D=y € D, forany xy € X.

Definition 7. Let X be a bounded BE-algebra with unit 0, S be a subalgebraaiXD be a nonempty subset offken
D is called a dual S-filter of X if

(DS1) 0e D,
(DS2) xe D,(xN+xyN)N € D=y e D, forany ye S and x¢ X.

If D is a subset oK containsS, thenD is a dualSHilter of X. Every dual filter ofX is a dualSilter of X. But, generally,
every dualSHilter of X is not a dual filter oiX.

Example 2.In Example 1X is a bounded BE-algebra with unit elemehtThe setD = {1,d} is not a dual filter ofX
because € D, (dN*xaN)N = ((d*d) * (axd))*d= (1xd)*d=dxd = 1< D buta¢ D.The seD is a dualSilter of
X whereS={1,d}. The setD; = {b,d} is a dual filter ofX.

Definition 8. Let E be a set of parameters and A a subset of E. A (lgiA) is called a soft set over X where F is a
mapping given by FA — P(X).
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Definition 9. Let (F,A) be a soft set over X(F,A) is called a soft BE-algebra over X if(i) is a subalgebra of X for all
xeA.

Example 3.Consider the BE-algebra in Example 3.1. THENX) is a soft BE-algebra ovet with the following mapping:
F:X — P(X),F(1) = {1},F(a) = {L.a} ,F (b) = {L,b},F(c) = {L,c} ,F(d) = {1.d}.
Definition 10. Let (F,A) be a soft set over X F,A) is called a soft filter over X if Ex) is a filter of X for all xe A.

Example 4.Consider the BE-algebra in Example 3.1 and the mapping akfig& : X — P(X), F(1) = {1} ,F(a) =
{1,a},F(b) = {1,b},F(c) = {1,a,c},F(d) = X. Since{1},{1,a},{1,b},{1,a,c} andX are filters ofX, the soft set
(F, X) is a soft filter overX.

Definition 11. Let (F,A) be a soft BE-algebra an@5, B) be a soft set over X G, B) is called a soft F-filter over X if

(i) BSA,
(i) G(x) is a F(x)-filter of X for all x€ B.

Example 5.Consider the seX = {1,a,b,c} with the following table:

a

0O T o B

N e e
D R 2D
L = D T|T
R Y 9 o|lo

ThenX is a BE-algebra [13]. The soft séft, X) defined byF : X — P(X), F(1) = {1}, F(a) = {1,a}, F(b) = {1,b},
F(c) ={1,a,c} is a soft BE-algebra. Consider the et {1,a,b} and the mapping defined Iy: B — P(X),G(1) =
{1},G(a) ={1,a,b},G(b) = {1,a,c}.Then(G,B) is a soft set oveX. Itis easily seen thd C X andG(1) is aF (1)-filter,
G(a) is aF (a)-filter, G(b) is aF (b)-filter. Hence(G, B) is a softF-filter overX.

If F(x) is a subset o5(x) for all x € B, then G, B) is a softF-filter overX. Every soft filter is a sofE-filter overX. But,
generally, every soft -filter is not a soft filter ovek.

Example 6.In Example 5, G,B) is a softF-filter but is not a soft filter oveK becauseés(a) is not a filter ofX since
acB,axc=aecBbutc¢B.

Definition 12. Let X be a bounded BE-algebra afig A) be a soft set over XThen(F, A) is called a soft dual filter over
X if F(x) is a dual filter of X for all xe A.

Definition 13. Let X be a bounded BE-algebrd;, A) be a soft BE-algebra an(i5, B) be a soft set over XThen(G,B)
is called a soft dual F-filter over X if

(i) BCA,
(i) G(x) is a soft dual Kx)—filter over X for all xe B.

Example 7.Consider the BE-algebra in Example 1. TH&nX) is a soft set oveK with the following mapping:
F:X—P(X),F(1) = F(a) = X,F(b) = {b,d} ,F(c) = {d,c} ,F(d) = {d}.

We see thaF (x) is a dual filter oveiX for all x € X. Hence(F,A) is a soft dual filter oveK.

(© 2018 BISKA Bilisim Technology
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Example 8.Consider the BE-algebra in Example 1. THEnNX) is a soft BE-algebra ovet with the following mapping:
F :X — P(X),F(1) = {1},F(a) = {1,a},F(b) = {1,b} ,F(c) = {L,c} ,F(d) = {L,d}.

Now letB = {1,a,d} and consider the mappir®: B— P(X) whereG(1) = G(d) = {1,d},G(a) = {d}. ThenG(1) is
a soft duaF (1)-filter, G(a) is a soft duaF (a)-filter andG(d) is a soft duaF (d)-filter overX. Thereforg(G, B) is a soft
dualF-filter overX.

If F(x) C B(x) for all x € B, (G, B) is a soft duaF-filter overX. Every soft dual filter is a soft du&l-filter overX. But,
generally, every soft dudl-filter is not a soft dual filter ovex.

Example 9.In Example 8, G,B) is a soft duaF-filter but not a soft dual filter oveX. Because5(1) = {1,d} is not a
dual filter of X sinced € G(1), (dN«xaN)N = 1 € G(1) buta ¢ G(1).

Theorem 1. (i) Let(F,A) be a soft BE-algebra (soft filter) over. Xf C is a subset of A(F |c,C) is a soft BE-algebra

(soft filter) over X

(i) Let(F,A) be a soft BE-algebra an(l5, B) be a soft F-filter over X. If C is a subset of & |c,C) is a soft F-filter
over X.

(i) Let X be a bounded BE-algebra and & be a soft dual filter. If C is a subset of & |c,C) is a soft dual filter
over X.

(iv) Let X be a bounded BE-algebré;, A) be a soft BE-algebra an@iG, B) be a soft dual F-filter over XIf C is a
subset of B(G |c,C) is a soft dual F-filter over X.

Proof. Straightforward.

Although (F,A) is not a soft filter ovekK, there can be a subgebf A such thatF |c,C) is a soft filter oveiX. Furthermore,
although F, A) is not a soft dual filter oveX, there can be a subgetbf A such tha{F |c,C) is a soft dual filter ovekK.

Example 10.(1) Consider the BE-algebra in Example 1. [EtX) be a soft set oveX with the following mapping:
F:X—P(X), F(1)={1}, F(a) ={1,a}, F(b) = {1,b,c}, F(c) = {1,a,c},F(d) = X. Then(F,A) is not a soft
filter. For the subse€ = {1,a,c} of A, the soft setF |c,C) is a soft filter.

(2) Consider the BE-algebra in Example 1. EtX) be a soft set oveX with the following mapping:

F: X — P(X), F(1) = {d}, F(a) = {a,d}, F(b) = {b,d}, F(c) = {c,d},F(d) = {d}. Then(F,A) is not a soft
dual filter. For the subs& = {b,c,d} of A, the soft setF |c,C) is a soft dual filter.

Theorem 2. Let (F,A) and (GB) be two soft BE-algebra (soft filter, soft dual filter) over KANB # &, then the
intersection(F; A) N (G; B) is a soft BE-algebra (resp. soft filter, soft dual filter) over

Proof. Let (F;A) N (G;B) = (H,C), whereC = AnB andH(x) = F(x) or G(x) for all x € C. Note that H,C) is a
soft set overX whereH : C — P(X). Since F,A) and (G,B) are soft BE-algebras (resp. soft filter, soft dual filter)
overX, for all x € C, H(x) = F(x) or H(x) = G(x) is a subalgebra (resp. soft filter, soft dual filter) oXerTherefore
(H,C) = (F,A) N G(B) is a soft BE-algebra (resp. soft filter, soft dual filter) oXer

Theorem 3.Let (F,A) be a soft BE-algebra over X. If (B) and (H,C) are two soft F-filter (soft dual F-filter where X
is bounded) over X andBC # &, then (GB) N (H,C) is soft F-filter (soft dual F-filter) over X

Proof. It can be done easily similar to proof of the the Theorem 2.

Theorem 4.Let (F;A) and (G B) be two soft BE-algebra (soft filter, soft dual filter for bowdBE-algebra X over X If
ANB= g then(F;A)U(G;B) is a soft BE-algebra (resp. soft filter, soft dual filter) over

(© 2018 BISKA Bilisim Technology
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Proof.Let (F; A) U (G;B) = (H;C), whereC = AuB and for allx e C,
F(x), if xe A\ B,

(X), if xe BNA, If xe A\BorxeB\A, thenH(x) = F(x) or H(x) = G(x) are subalgebra (resp.
F(x)UG(x), if xe ANB.

soft filter, soft dual filter) oveiX since(F;A) and G,B) soft BE-algebras (soft filters, soft dual filters) ovér Since

ANB = @, there do not exists another case. HeftdeC) = (F; A) U (G;B) is a soft BE-algebra (resp. soft filter, soft dual

filter) overX.

H(x) =

®

If ANB# @, then generally, Theorem 4 is not valid.

Example 11.Consider the BE-algebra in Example 1.

(1) LetA={1,a} andF : A— P(X) be a mapping such th&t(1) = {1,d},F(a) = {1,a}. Then §,A) is a soft BE-
algebra. LeB = {1,b} andG: B— P(X) be a mapping such th&(1) = {1,c},G(b) = {1,b}. Then G,B) is a
soft BE-algebra. Now, we gé&tUB = {1,a,b} =C,H:C— P(X),H(1) =F(1)UG(1) = {1,c,d},H(a) =F(a) =
{1,a} andH (b) = G(b) = {1,b}. The setH(1) = {1,c,d} is not a subalgebra sincecd =b ¢ H(1).

(2) LetA={1,a,c} andF : A— P(X) be a mapping such th&(1) = {1,b},F(a) = {1,a},F(c) = {1,a,c}. Then
(F,A) is asoftfilter ovelX. LetB= {1,b} andG: B— P(X) be a mapping such th&{1) = {1,a,c},G(b) = {1,b}.
Then G,B) is a soft filter overX. We see thaAUB = {1,a,b,c} =C, H:C — P(X), H(1) = F(1) UG(1) =
{1,a,b,c}. Also we see that the sét(1) is not a filter ofX because € H(1),cxd =b e H(1) butd ¢ H(1).

(3) LetA= {b,d} andF : A— P(X) be a mapping such th&t(b) = F(d) = {b,d}. Then(F,A) is a soft dual filter
overX. LetB={c,d} andG: B — P(X) be a mapping such th&(c) = G(d) = {c,d}. Then G,B) is a soft dual
filter overX. We see thahUB = {b,c,d} =C, H:C — P(X), H(d) = F(d)uG(d) = {b,c,d}. Also we see that
the setH (d) is not a soft dual filter oveX because € H(d), (cN*IN)N = (b« d)«+d=b e H(d) but 1¢ H(d).

Theorem 5.Let (F,A) be a soft BE-algebra over X. If (B) and (H,C) are two soft F-filter (soft dual F-filter where X
is bounded) over X andBC = &, then (GB) U (H,C) is soft F-filter (soft dual F-filter) over X.

Proof. Similar to the Proof of the Theorem 4.

Theorem 6.Let (F;A) and (GB) be two soft BE-algebra (soft filter, soft dual filter for boeddBE-algebra X over X
Then(F;A) A (G;B) is a soft BE-algebra (resp. soft filter, soft dual filter) over

Proof.We know tha(F; A) A (G;B) = (H,Ax B)whereH (x,y) = F(x)NG(y) for all (x,y) € Ax B. For allxe Aandy € B,
sinceF (x) andG(y) are subalgebras (resp.soft filter, soft dual filter for bahBE-algebra), H(x,y) is a subalgebra
(soft filter, soft dual filtey. Thereforg(H,A x B) = (F;A) A (G;B) is a subalgebra (soft filter, soft dual filjer

Example 12.In Example 11 (1), (2) and (3), for the s&sandB, Theorem 15 is true.

Theorem 7.Let (F,A) be a soft BE-algebra over X. If (B) and (H,C) are two soft F-filter (soft dual F-filter where X
is bounded) over Xthen (GB) A (H,C) is soft F-filter (soft dual F-filter) over X.

Proof. Similar to the Proof of the Theorem 6.

Let f : X — Y be a mapping of BE-algebras. For a soft getA) over X, (f(F),A) is a soft set oveY wheref(F) :
A — P(Y) is defined byf (F)(x) = f(F(x)) forall xe A.

Lemma 1.Let f: X — Y be a BE-algebra homomorphism.

() If Ais a subalgebra of X then(#) is a subalgebra of Y.
(i) Let f be oneto one and onto. If Ais a filter of X the@\f is a filter of Y .
(iii) If f is onto and X be a bounded BE-algebras then Y is a bounded|&&bra.
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(iv) Let X be a bounded BE-algebra, f be one to one and onto. If A isaéfidter of X then fA) is a dual filter of Y.

Proof. (i) Let Abe a subalgebra of andu,v be any two elements df(A). There exisk,y € A such thatf (x) = uand
f(y) =v. Then we haveixv= f(x)x f(y) = f(xxy) € f(A) sincexxy € A.

(i) Let Abe afilter ofX andf be one to one and onto. We haved Aandf(1x) = f(1x *1x) = f(1x) * f(1x) = 1y.
Hence ¥ € f(A). Now, letu € f(A) anduxv e f(A) for ve Y. There exisk € Aandy € X such thatf (x) = uand
f(y) =v. Thenxxy € Asinceuxv= f(x)x f(y) = f(xxy) € f(A). Hence we gex € Aandxxy € A. SinceAis a
filter of X, we gety € A. Sof(y) =ve f(A). Thatis,f(A) is afilter ofY.

(iii) Let Ox be the unit ofX. Then & xx = 1x for all x € X. There existy € X such thatf (y) = v for all ve Y sincef
is onto. In this case, we havdOx xy) = f(0x) * f(y) or f(1x) = f(0x) *v. Hence we get\l= f(Ox) = v for all
veY.Sof(0x) =0y is the unit ofY.

(iv) Since & € A, we havef(0x) = Oy € f(A). Now letu € f(A) and UN«VvN)N € f(A) forv e Y. There exisk € A
andy € X such thatf (x) = uandf(y) = v. Then since
(UN«VN)N = ((u*x0y) * (vx0y)) x Oy

= (£ * £(0x)) * (F(y) * £(0x))) * f(0)
= f((xNxyN)N) € f(A),
we see thatxN«yN)N € A. So we gey € Asince A is a dual filter. Hencé(y) =v € f(A).

Theorem 8.Let f: X — Y be a BE-algebra homomorphism.

(i) If (F,A)is a soft BE-algebra over X, theri (F),A) is a soft BE-algebra overY.
(i) Let f be one to one and onto. If (&) is a soft filter over X then (F),A) is a soft filter over Y.
(i) Let X be a bounded BE-algebra, f be one to one and onto. K)(I5 a soft dual filter over X then (F),A) is a
soft dual filter overY .

Proof. It is clear by using the Lemma 1.

Theorem 9.Let f: X — Y be a BE-algebra isomorphism.

(i) Let(F,A) be a soft BE-algebra. If the soft §&, B) is a soft F-filter over X theff (G),B) is a soft f{F)-filter over
Y.

(i) Let X be a bounded BE-algebrés, A) be a soft BE-algebra over X. (G, B) is a soft dual F-filter over X then
(f(G),B) is a soft dual {F)-filter overY.

Proof. It is clear by using the Lemma 1.
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