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Abstract: In this paper, we obtaifp,q) —analogues of Opial integral inequality, involvilig, g) —derivatives of functions. We derive
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1 Introduction

In 1960 Opial established an integral inequality involvingegrals of a function and its derivative which is stated as

Theorem 1.[20]Let f be continuous function o, h] with f(0) = f (h) =0, and f(t) > 0int € (0,h). Then

/ If(t) /()| dt < h/Oh[f’(t)]zdt )

where the constant/M is the best possible.

Opial type inequalities play an important role in ordinandaartial differential equations for establishing thesgamce

and uniqueness of initial and boundary value problems. dentyears, there have been numerous study deals with the
simple proofs, various generalizations, discrete andtifraal analogues of Opial inequality and some of its
generalizations. InZ9], the authors consideregi-analogues of some Opial type inequalities and2§] fthe authors
prove some Opial type inequalities for conformable frawdilantegrals. See alsdl]f[ 7], [11]-[ 23], [2€], [30]], [31].

The object of this paper is to fing, ) —analogues of Opial inequality and some of its generalizeti$o Now, we give
some theorems of generalization of Opial inequality whighuse in the sequel.

Theorem 2. [26]Let w be a nonnegative and continuous function@ya]. Let u be an absolutely continuous function on
[0,2] with u(0) = u(a) = 0. Then the following inequalities hold:

/Oaw(t)IU(t)lzdtg %‘ </Oaw(t)dt) </Oa\f’(t)|2dt> @)
/Oaw(t)|u(t)u’(t)|2dt§ (g/oawz(t)dt)% (/Oa\f/(t)fdt), 3)
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2 Preliminaries

In this section, we recall some previously known concepthtEsic results. Thep, g)—integers were introduced in order
to generalize or unify several forms gf-oscillator algebras well known in the earlier physics tteire related to the
representation theory of single parameter quantum algefpay) —calculus is a generalization gf-calculus with the
rule 0< q < p< 1. The(p,q) —integersn}, , are defined by

k 0 N—Kpq! Kl pg!
Definition 1. Let f: R — R. The(p,q) —derivative of the function f is defined as

f(px) — f(ax)

(p—a)x X720 )

Dpgf (X) =

provided that B 4 f (0) = f/(0).

(p,q) —derivative of a function is a linear operator. For any contsta andb,
Dpg[af(x) +bg(x)] = abpgf (x) +bDpgf (x).
The(p,q) —derivative of a product is given as

Dpglf (X)g(X)] = f (px)Dpqg(X) +9(ax) Dpqf (X),
=9g(pX)Dpgf (X) + f (4X) Dp,gg(X).

The(p,q) —derivative fulfills the following product rules

D {f (X)} ~ 9(ax)Dpqf (X) — f (qx) Dpqg(X)
Pa a0 a(pX)g(ax)
_ 9(PX)Dpgf (x) = f (PX) Dpq9 (%)
g(px)g(ax)

The (p,q) —power basis is defined by

n

(x@a)p = (x@a) (pxe ga) (p’x@ g?a) - (p" xe " a)

and

n—1

(xoa) = (xoa)(pxo ga) (p’xo d?a) - (p" xo " a)
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The following statements hold true:
Dp,q (X@ a)l;,q - [n] p,q (pX@ a)g;ql (5)
Dpg(axsa)),=a(n, (apxea)ytacC
Dpq(@0x)pq=—[N,q (@04
Definition 2. Let f:C[0,a] — R (a > 0) then the(p, q) —integration of f defined by
b c P (P )P
/0 f0dat=(a-pay £t (gmma) if o) <1 ©6)
b c a NilP
./0 f(t)dpyqt(pq)anz)wf<pn+la) if ‘a}>1. (7)
The(p,q) —integral on an interval defined as
b b -a
/ £ (t) dpt = / £ (t) dpt — / £ (t) dpt. ®)
Ja 0 JO
If F is an antiderivative of the functiohandf is continuous at =0
b
et =F (b)—F (@) ©
and for any function off, we have
X
Dp,q/a f(t)dpat = (). (10)
The formula of(p, g) —integration by parts is given by
b b b
[ F(PXDpag () doct = () 9(XI2~ | 9(@ Dpaf (X dpt. 11

For more details, seél[5,8,9,24,27,28] and [12]-[19]. All notions written above reduce to tlip-analogs whemp =1,

see [L0.

3 Main results

Theorem 3. Let f be an absolutely continuous and non-increasing fenctn [0,a], , with f(0) = f (a) = 0 and

0<g<p<lThen
a a a 2
/o |f(pt)Dpyqf(t)|dpyqt§2/O [Dpgf (t)]dpt-

Proof. Assume that

t -a

Itis easy to see that
Dpqy(t) = [Dpgf ()] = —Dpqz(t)

and|f (t)| <y(t), | (t)| < z(t). So, we have

a/2 a/2
/o \f(pt)Dp,qf(t)\dp,th/o y(pt) Dp,gy (t) dp gt

(12)

(13)
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Under the assumptions and with integration by parts, weimbta

a/2 a/2
V(P Dpay(1)dpat =¥ (3) = [ ¥(@) Dpay(®)doat
-a/2
gyz(g) = y(pt) Dpgy (t) dpgt
0

Analogously, we have

1, (i‘) , (15)
If we combine (4) and (L5), we get

/Oa‘ f (pt)Dpgf (t)|dpqt < %yz (g) + %22 (g) :

From the definition of/(t) and Cauchy-Schwarz integral inequality, we have
a a/2 2 4 ra2 2
Y (5) = </0 [Dpaf (t)‘dp,qt> < 5/0 [Dpaf (t)] dpgt
a a 2 a2 2
22 (E) = (/%Z‘Dp’qf (t)|dpqt) S é/‘evz‘Dpﬁqf (t)| dp,qt.

With adding these inequalities, we complete the proof.
RemarkWhenp =1, (12) reduces to
a a /a )
/0 |f (t)Dgf ()] dgt < ‘—1/0 [Dgf (t)]"dgt
which is stated as Theorem 8 iR9). If both p=1 andq — 1 (12) reduces toX).

Theorem 4. Let r(t) be nonnegative and continuous fnh], .. Let f be(p, q) —differentiable on0,a], , with f(0) =
f (a) =0and0 < g < p < 1. Then the following inequalities hold:

[rotorda < ( [rordoa) ([ ot 6 dous) a6)
a a % ra
/Or(t)yf(t)Dp,qf(t)ydp,qtg%‘(/O rz(t)dp,qt) (/0 \Dp,qf(s)yzdp,qs). 17)
Proof. Assume that ]
y(t)=./0 ]Dp,qf(s)\dp,qsandz(t):/t |Dpaf (s)|dpas. (18)
Itis easy to see that
DpaY(t) = |Dpgf (t)| = —Dpqz(t) (19)
and
O <y(),[fH)]<z(t). (20)

(© 2018 BISKA Bilisim Technology
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So, we have

ft) < L;Lz(t) = %/O.a’Dpyqf (s)|dpgs.

From Cauchy-Schwarz inequality, we have

Lro1oPdat <

\

</ [Dpaf (5) |dpqs>2dpqt
/Oar(t)dp,qt) </O dp’qt> (/O Dpat (S)|2dp,qs)
/O.ar(t)dpyqt) </Oa’Dp,qf (s)\zdp,qs)

from which we obtain 16). Now, by using 16) and Cauchy-Schwarz inequality, we have

L7011 0Daat 0ot = ( [[P011 0P ) [10maf 0Pt )

IN
MO M D

N N

<

Mo

:%</Oa dpqt) (/ |Dpgf s)]zdp,qs>.

Thus, the proof is completed.

Corollary 1. Under the assumptions of Theordirwhen p=1in (16) and (17), we have

[ronorass([roa) ([70pf o7 ds)

and

./O'ar(t)yf(t)Dp,qf (t)] dgt < %‘ (./o‘arZ(t)dqt)% (/O"",Dp,qf (s)‘qus)

which is the g-analogue of the formulad ) and (L7).

RemarkAlso if we take bothp = 1 andg — 1, (16) and (L7) reduce to 2) and Q).

Theorem 5. Letm>0,n> 1andA > 1be real numbers. Let f big, q) —differentiable or{0,a], , with f (0) =

and0O<g< p<1Then

men _ qminy A " a
/|f t<<(%) R(/\)) /0|f(s)|Am|Dp,qf(s)|A”dp,qs

and

where

</Oar2 (t)dpyqt) ; (/a‘Dpyqf (Sﬂzdp,qs> ; (/:1 Dpgf (t)lzdp,qt> ;

f(a)=0

(21)

(22)

(23)
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Proof. From the Definition of p, q) —integral, we have

m+n _ pm+n m+n—1
f (t)_ﬁ f (s)Dpgf (s)dpgs (24)
and
P — g™ 2 i
fmn(t):_ﬁ/ 072 (s) Dpgf () dpgs (25)
- t
fort € [0,a]. Applying Holder integral inequality with the indicés A%l in (24) and @5), we obtain
) pmn— g\ A 4
()™ < (W) (/ ‘fmnl(S)Dp,qf(S)‘dp,qs) (26)

mn _ ~M+n A
(L (o (o

mn _ gmen
_ A
(ppiq) th" 1/ £ ™ " [Dpgf (5)] dpgs

Similarly, we get
m+n mny A A
o™ < (E=TE) (1m0 9t 9 dues) (27)

MHN MmNy A A-1 a
§<p q ) < dp,qs) (/ |f(S)|Mm+n1)‘Dp,qf(5)‘/\dpyqs>

pmn _ gmen A
< q ) 0 1/ If(s m+nfl)|Dp,qf(3)|)\drmS

Multiplying (26) by t** and @7) by (a—t)l”\ and adding these inequalities, we have

pren _ gmn
(tlmat>“)lf<t>|“"‘*”’é< ) / (£ ™ YDyt (5)|" dpgs.

Therefore, we get
mn _ qmny A -1 a B A
[ O™ < (%) (87 +@=0"") " [IF O™ Dpaf (9] dps (28)

MmN _ qmny A -1 a
(Pomd) (e @um2) o [0 Dpat 9 191 ™Ay

Integrating £8) on [0,a], and appliying Holder integral inequality with the indgag -1, we obtain

MmN _ qmny A -a
/ If(t pat < (%) R(A) x /O |f(S)|Am/n‘Dp,qf (S)‘)\ It (S)|Mm+n71)7)\m/ndp’qs (29)
n-1

m+n _ qminy A 0l
S(%) R(A (/ f(s Am’quf Andpqs) (/ If(s r])dp.,qs) :

(21) is true if [2|f ()™M d, os= 0. On the other hand if2|f (s)|*™™ d, s is not equal to zero, by dividing both
sides of g9) by &|f (s)|“m+”) dpgs and taking theith power on both sides of resulting inequality, we get theuiregl

(© 2018 BISKA Bilisim Technology
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inequality @1).

For proving @2), we apply the Holder integral inequality t81) with the indices™, 0 and we have

'/()af(t)A(Wn)dp’qtg[(W) } (/ I (s dpqs) (/ IDpaf (9) dpqs)$4 (30)

m

Dividing both sides ofg0) by ( [2|f (s ™) ghgs) ™, and taking thé™="th power on both sides, we obtain the required inequality
0 p.a
(22).

Theorem 6. Letm>0,n>1, k>0, A > 1 be real numbers. Let f bgp,q) —differentiable on[0,a], , with f(0) =
f(a)=0and0O<q< p<1 Then

a men _ qmny A " oa
/O|f(t)|A(m+n)‘Dp,qf(s)’/\kdp,qtS<(%) R(")) /O|f(t)|/\m’Dp,qf( ’ "9 dp it (31)

and

m+n
a Ak N _ gy A a A K
/o O™ Dpgf (9] “dpgt < <<%) R(/\)> /0 IDpgf (8] ™Y dpgt (32)

where RA) defined by23).

Proof. Applying Holder inequality with the indice%?;—k, %‘ and by using?1), we have

2 Ak Ak -
L@ 1Dpaf (9 dpat = [ 1 OF ™9 [Dyqf (9] ()P M4 g

k

a AR AR
< (/0 |f(t)|/\m’Dp,qf(3)’ (0 dpqt) ' (/ [f ()Mt g qt) '
n+k

< (/Oa|f(t)|Am|Dp,qf(s)| 0+ dpqt>$k y K(W)ARW) ( Oa|f(U'Am‘Dp’qf(S)‘)\(n+k)dp,qt)] i

k n
a Ak R N _ g A a Ak 2
ACTR R IC Ty ((%) RO ) (1@ Daaf (9" e

from which we obtain the desired inequaliBaj.

In order to prove §2), we apply Holder integral inequality with the indic8%", ™ to the integral on the rigth hand
side of 81), we obtain

a Ak
1@ ™ [Dpgf (9] dpt

m+n __ ~m+n
§<<%) ) /“ O™ [Dpqf ("™ Dt (1AM (33)

pm+n_qm+n a Ak mn ra A K ﬁ
< <(ﬁ R(A) /o |f(t)|A(m+n)‘Dp,qf(S)’ dp gt X /o Dpaf (9)] (m+n+)dp.,qt :

(© 2018 BISKA Bilisim Technology
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_m_
mn

Dividing both sides of §3) by (fg‘|f O™ Dy g f (s)|“dp,qt)
obtain the required inequalit®).

, and taking thé™'th power on both sides, we

Corollary 2. Under the assumptions of Theor&uand Theoren, when p=1in (31) and 32), we have

a _Amny A N oa
LI 0P ™ oyt (9ot < ((%) R<A>> LIt 0P gt (9 ¥ o 34)
and
a MmN A mne o
/0|f(t)|“m+”>|qu(s)|“‘dqtg<<11+q) R(/\)) /0 IDgf (9) ™ gt (35)

which is the g-analogue of the formula8() and (32).

RemarkAlso if we take bothp = 1 andq — 1, (31) and 32) reduce to the results given i@7).
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