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Abstract: This paper is about girth of commuting graph of semigroup.3lee a finite non-commutative semigroup, its commuting
graph, denoted bg(S), is a simple graph (which has no loops and multiple edgesy®/kets of vertices are elementSaind whose
sets of edges are those elementSwafhich commute with other elements i.e. for ayp € Ssuch thaab= bafor a # b.

In this paper, we partly solve the the problem posted by dijarainyon M. and Konieczny that for all natural numbers 3 there is

a semigroufs such that the girth o&(S) is n.
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1 Introduction

J.Araljo, Kinyon M. and Konieczny give a construction ohbda(semigroups of idempotents) in which one can find
semigroup of any knit degree , for some positive integen , exceptn = 3 [1]. The construction of such type of
semigroups also helps for finding semigroups for ewvery2 such that the diameter of commuting gra@{s) is n. On
the other hand, finding out the semigroups from a given graprery important and difficult task in the theory of
semigroups. In our paper, we construct semigr8ap large arbitrary even girth for all even natural numbets 4 such
that girth of the commuting grapB&(S) is n.

Suppose thaB(S) is commuting graph of some non-commutative semigrouf tienG(S) = (V,E) whereV is a finite
vertex set and anB is a set of edges such thatC {{u,v} : u,v eV for u## v}. If vi,vs,...v are the vertices i5(S)
then we write a patih from vy to v asA = vy —vo — ...\ of lengthk — 1. A cycle is a path thats starts and ends on the
same vertex. The girth of the graph is the length of shortgdedn the graph.If the graph does not contain any cycle
then its grith defined to be infinity.

Let S be a finite non-commutative semigroup whose centre is defisetS) = {a€ S:ab=ba V be S}. The
commuting graph of a finite non-commutative semigroup isvg# graph whose sets of vertices are fr8mZ(S) and
whose sets of edges are the elementSwhich commute with other elements.i.e for amy € S such thatb = bafor

a # b. This paper is actually the construction of band (of course commutative) from given graph such that we can
find the even girth of the commuting gra@{S) of semigroupS.For the construction of such type of semigroups, our
main focus will be on semigroup of full transformatiohéX) for a finite setX.

Let T(X) be a semigroup of full transformations for a finite $étunder the composition of function.Actually the
semigroupd (X) is the set of all functions from a finite s¥tto X. In this paper we consider transformatiab € T (X)
and define composition of functions gb)(x) = a(b(x)) from right instead of left i.€x)(ab) = ((x)a)b for x € X.
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Fora e T(X) we write image of a bym(a) and kernel ofis defined as,
ker(a) = {(x,y) e Xx X :a(x) =a(y)}
and rank of a asank(a) = |im(a)|. Also T (X) hasnidealsly ,I,...ln where 1<r <n
I ={aeT(X):rank(a) <r}.

Clearly the ideal; is of rank 1 i.e a constant transformation and hence its catmgngraph will be isolated vertices.

2 ldempotents and zeros elements in semigroups

In this section, we describe about the notation of idempotmd constant transformations,bands,commuting
transformations and left as well as right zero semigroups.

Definition 1. Let S be a semigroup andeS is an idempotent i’e= e.Also we define the sets of idempotents in S to be
E(S) = {ec S: € = e} Now,ES) may be empty or it may be(E) = S.If E(S) = S then S is a band.We construct band in
our construction in the monoid(K).

Definition 2. Let ec T(X) be an idempotent anfiA, Ay, ....A¢} be a partition of X and unique elements&x Ap,x; €
Ay, .. X € A¢ such that for every i we havaed= {x;}. Then the sefxi, xp,...xc} is the image set of e.We use the following
notation for e,

e= (A1, X1)(A2,%2) ... (A, %)

If e is a constant transformation with image $et then we write(X, x) [1].

Definition 3. Let e= (A1, x1) (A2, %2) ... (A, %) an idempotent in TX) and let be T (X) then b commutes with e if and
only if for every i€ {1,2...k} there is a je {1,2...k} such that bx= x; and bA C A; [1].

Definition 4. Let e f € I, be idempotents and suppose there &X such that e im(e)im(f) then e— (X,x) — f [1].

Definition 5. Let S be a semi group with some binary operatiam it. A zero element is an element z in S such that for
all sin S, we have,#s=sxz=z An element in S is called left zero, if all s in S, we hays,z z and an element is
called right zero, if all s in S, we havesg= z.

Definition 6. A semigroup in which every element is a left zero elementliscca left zero semigroup.For example, the
semigroup S= {a,b,c} is a left zero semigroup. Then the Cayley table for S is andietow,

O T QT
O T 90

a
ala
b|b
c|lc

Definition 7. A semigroup in which every element is a right zero elemeralled a right zero semigroup.For example,
The semi group S {a,b,c} is a right zero semigroup. Then the Cayley table for S is asrgbelow,

a
ala
b|a
cla

O T T|T
O O oo
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Lemma 1.Let g, cy,e € T(X) such that e is an idempotent,then
(1) cxe= eq if and only if xe im(e).
(2) cxe=cye if and only if(x,y) € ker(e).

Proof. (1) Considercie = ec. As ¢y ande commute with each other,therefore,there should be at westelement
common in the images @ ande butcx has only one element in the image setdia im(cx). Sox € im(cx)im(e) or
x € {x}Nim(e). This implies tha € im(e). Conversely, suppose that im(e).We can write it ax € {x} Nim(e). This
implies thatx € im(cx) Nim(e). Thus we havexe = eg.

(2) Considercce = cye. As ker(e) is defined aker(e) = {(x,y) € X x X : xe= ye}.Considercye = ¢, andcye = ¢ for
somet andzinX. Thusc; = ¢ = z=t and hencee=te. Thereforgx,y) € ker(e). Conversely,lefx,y) € ker(e) then by
def. ofker(e) we havexe= ye, impliescye = cye.

3 Construction of the girth of semigroup

Definition 8. Let k> 2 be an integer.Let %= {y1,¥2,Ys...Ya}.We define idempotents,ay,as. .. az as follows.
Forie {1,2...3k},letn= @,there will be three kernel classes of eagh a

class— 1= {y1,¥2...Yn}

class—2 = {Yni1,Yn12..-Yon}

class—3 = {Yzni1,Y2n42---Yan}

Let X = AjJA2UA; be the partition of X.Thus we ha\¥| = |A1| + |Az| + |As| such that
class—1={y1,¥2...yn} CAs

class— 2= {Yn+1,Yn2.--Yon} C A2

class—3= {yani1,Y2ns2...Yan} C Az
For even n,there will béé—‘ + 1,0dd number of right-zero semigroups generators and evenbeu (2times of odd) of

constant generators.For example,for=X12 we have n= 4,s0 there will be five right-zero semigroups generators a&md t
(2 times of 5) constant generators whose images sets aredef#)

Im@1) | Y1 Yni1  Yonia
Im(az) [ Y1 Yni2  Yoni2
Im(@g) | Y2 Yni2  Yoni3
Im(a4) | Y2 Yni3  Yonisa
Im(as) | Y3 Yni3  Yoni1

Table 1: Images of the generators when n is even

For odd n,there will be@ + 1,even number of right-zero semigroups generators and euverbar (2times of even ) of
constant generators.For example,for=X9 we have n= 3,there will be four right-zero semigroups generators arghei
(2times of even) whose images sets are defined as;

) [ Y1 Yni1 Yong1
) [ Y1 Yni2 Yoni2
) 1 Y2 Yni2  Yonis
) 1 Y2 Yniz Yenia

Table 2: Images of the generators when n is odd
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Letie {1,2...n} we define the constant transformations as-éX,y;) = cy; i.e all the elements of X maps on the single
element y The semigroup S generated by:-S a;,€1,a2,€...an11,€n11 > iS our required semigroup of girtﬁ(@ +1)
i.e 2(no. of generators;alt is easy to see that(®B) = ¢.

Lemma2.Letl<i<j,

(1) aiai =4 a8 = a), 66 =€), €6 =&
(2) aaj=aj, qja =g

(3) ae =e,ae =¢

(4) aje =& , ajej = €

(5) aa =&, ea = ¢

(6) eej=¢ej,eje =g

Proof. (1) Proofis obvious by definition 2 thai , a; , ¢; andc; are idempotents.
(2) Since the element of the image setepproperly lies in eacldy of a;,thereforea; maps all the elements ah(a;) to
im(a;),thusajaj = a; forming it right zero semigroup.Similag;a; = a;. Other proof are similar.

Lemma 3.Foreachij € {1,2...n},for the adjacent transformations and a1 , there will be constant transformation
such that a— ej — a;+1 and there will be no path betweenand g.1.

Proof. Since from Lemma 2,we haveje; = e; and eja = € also aje; = ¢ and eja; = €j.This implies
a —ej —ai+1.Similarlygja; = aj andaja; = &.This implies there will be no path betweananda; ;.

Lemma4.Foreachij e {1,2...n},the cyclelT = & —ej — a1 — € — a2 — €j...€j — & iS unique and minimal cycle
in G(S) of length2n.

Proof.Suppose that there is another cyklen G(S) whose length is2+1 more that Bsuch thail =a —ej —a;,1—€j —
Qii2—€...6j—€j41—&.0rA =3 —€j—aj 11— € —a;2—€j...6j —a_1—a. We claim that length oA is greater than
the length off7. Consider the case-1 whén=a; —ej — a1 —€j — a2 —€j...€j —€j — &. Fromlemma &jej; 1 = €1
andej, 1€ = ej thusejej 1 # €j,1€j i.e two constant transformations never commute with eabkrdtherefore,there
will be no path betweer; andej;.Thus there will be no cycle whose length is more tfizu$oA = 1. Now consider
that case-A = a — e — &4+1— € — a2 —€j...€j —g_1 — a. From lemma 3, there will be no path betwesnand
i—1.Therefore,such type of cycle does not exist.This impliegx = 1. So our claim in both cases is wrong.Thus,the
cyclel =a —ej—aj+1— € —aj12—€j...€ — & is unique and minimal cycle iG(S) of length 2.

Now the only case left for the girth of four which is presenttie following proposition.

Proposition 1. For all even natural numbers k 4,there is a semigroup S of such that girth afSpis n.

Proof.Letn = 4.ConsideX = {y1,Y2,V¥3,Ya,Ys,Ys }. Define the idempotenty anda, as;

im(a1) = {y1,¥s,¥5} andim(az) = {y1,Ys,¥s}.So there will be three kernel classes of eacbuch that,

class— 1= {y1,y»}

class— 2= {ys,ya}

class—3={ys,ys}

By lemma 21 = a1 ,828; = a2 , 4@ = & ,aa = & andaiCys = Cy1 , aCy1 = Cy3 , ACY3 = CY3 , ACY3 = CY3

, CY181 = CYy1, CY18, = CY1 ,CY3d1 = CY3, CY3d = CY3 , CY1CY3 = CY3,CY3Cy1 = CY1, CY1CYi = CY1, CYsCy3 = Cy3. Thus
S=< a1,€e1,ap, €3 > is the semigroup in which unique and minimal length of cyale- e; —a, — e3 — a3 is 4.So girth of
Sis 4.

Example 1.Let X = {y1,¥2,¥3,Ya,Vs, Y6 }.By definition 8, Sincen = @ is even so there will bé’é—‘ + 1 three right zero
semigroups generators hamaly ap, az and three constant generators nangglg,, es whose sets of images are defined
as;

(© 2018 BISKA Bilisim Technology
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Im(ag) [y1 y3 ¥s
Im@2) [y1 Ya Ye
Im@z) [ Y2 Ya ¥s

Table 3: Images of the generators.

Kernel classes of ea@q, ay, az is defined as,

class— 1= {y1,y2}

class—2={ys,ya}

class— 3= {ys,Ys}

The products defined in lemma 2,we h&e < aj,e1,ay,€4,az,65 > is the semigroup in which the unique and minimal
cyclea;—e—ay—e,—az—es—a isoflength 6i.e 2@ +1).Thus girth ofS= 6. The Table 4 presents the Cayley’s
table forS.

PPPHLPHLE

SPPHLOPL2 LD
SLPHLLPER R
PLPLPRLPER RS
L 1 1 R
TN G O O G G R G T
L P
Qe 0000000
PREPRPRRLLRL
PLPRPLPERLL PP

Table 4: Cayley table foiS

Conjecturel. There are no semigroups of a circle and stréigh
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