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Abstract: In the present paper, a notion of type-2 soft topology isouiticed and some of its important properties are studied. For
this we have defined product of type-2 soft sets, type-2 gofiyxt spaces, type-2 soft continuous mappings etc. airddipelogical
behaviours are examined.
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1 Introduction

In natural occurance of events, uncertainty is the mostgbeew aspect and several theories were developed to déal wit
it. Probability theory deals with the uncertainties causgthe randomness of a situation but it can not handle otper ty
of situations where the uncertainties evolving out of ing®e informations, limitations of computability and
perceptibility etc. L. A. Zadeh1[g], in 1965 introduced fuzzy set theory (FST) and attemptddmalize this grey area.
Afterwards many generalizations, modifications and exterssof FST came up with different perspectives and several
research works were published on fuzzy subgroups, fuzzglaggal spaces, fuzzy topological groups etc. In 1975,
Zadeh [L9] coined the notion of type-2 fuzzy sets which are charapgeriby fuzzy membership functions that are
themselves type-1 fuzzy in nature. In the theory of fuzzyesatvell as type-2 fuzzy sets, membership function play the
main role and this function depends on various factors amds®e of this many complexities are encountered while
dealing with it. In 1999, D. Molodtsovil] proposed soft set as an alternative way. He took parametefamily of sets
instead of membership function. He also proved that Zadieizgy sets were spacial types of soft sets. Therefore, it
might be stated that in the field of applications in real lifelfgems the parameterization approach of soft set theory is
better user friendly as compared to the membership funejpgmoach of fuzzy set theory. Since then research actvitie
are going on with all these theories in their pure form as aslin their hybridizations. Currently research on soft set
theory are progressing at a very fast pace and in areas ingadoft groups I], soft mappingsT, 9], soft topology B, 5,
6,17], soft topological groups 13,14] etc. which are applied to decision making problems inctgditexture
classification, data analysis etc.

Recently in 2015, Rajashi Chatterjee et dJ. proposed a parameterized structure for type-2 fuzzy sedsnamed it
type-2 soft sets. As a continuation and observing a hugenpateof soft set theory, it is natural to investigate the
behaviour of the topological structures in type-2 soft s#iisgs. In this paper, we have introduced a notion of tygef
topologies and investigate some of its important propgrtie
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2 Preliminaries

In this section, following7,8,11,15,16], some definitions and results of soft sets, soft mappindsype-2 soft mappings
are given. Unless otherwise statXdyill be assumed to be an initial universal geyill be taken to be a set of parameters,
P(X) denote the power set &f.

Definition 1. [11,8] A pair (F,A) where F is a mapping from & E to P(X), is called a soft set or type 1 soft set
over X Let §(X,E) denotes the set of all soft sets or type-1 soft sets over Xrtimelparameter E

Definition 2. Let (F,A), (G,B) € Si(X,E). Then
(i) (F,A) is said to be soft subset ¢6,B) if AC B and Ha) C G(a), V a € A. This relation is denoted by
(F.A) C (G,B) [11,8].
(i) The complement of a soft & A) is defined agF,A)® = (F¢ A), where F(a) = (F(a))*=X—F(a), Va € A
[11,8].
(i) (F,A) is said to be a null soft sefan absolute soft sgtif F (a) = ¢ (F(a) =X), V a € A. This is denoted by
(@.A) (X.A)) [10.

Definition 3.[11,8] Let (F,A), (G,B) € S(X,E). Then their
(a) Union, is a soft setH,AUB) € S;(X,E), denoted byF,A) U (G,B) = (H,AUB), is defined by a € (AUB)

F(a) if o € (A—B)
H(a) =< G(a) ifae(B-A)
F(a)uG(a) if a € (ANB)

(b) Intersection, is a soft se€tH,ANB) € S;(X,E), denoted by(F,A) N (G,B) = (H,ANB), is defined by KHa) =
F(a)NnG(a), ¥ a e (ANB).

(c) AND, is a soft setH,A x B) € S(X,E x E), denoted by(F,A) A (G,B) = (H,A x B), is defined by Ha,3) =
F(a)nG(B), ¥ (a,B) € (AxB).

(d) OR, is a soft sefH,A x B) € S(X,E x E), denoted byF,A) V (G,B) = (H,A x B), is defined by Ha,8) = F(a) U
G(B), V (a,B) € (AxB).

Remark[10Q] Forany(F,A) € Si(X,E), construct a soft séH,E) € S (X,E), whereV a € E,

_JF(a)ifaecA
H(a)_{(p if a cE/A

Thus the soft set§F,A) and (H,E) are equivalent to each other and the usual set operatiome afoft setgF,A;) €
Si(X,E), i € A is the same as the corresponding soft §efsE) € S, (X,E), i € A.
So, in this paper we have considered the soft sets over the garameter set.

Definition 4. [7] Let S (X,A) and S(Y,B) be the families of all soft sets over X and Y respectively. fiipping
fp 1 S1(X,A) = Si(Y,B) is called a soft mapping from X tq Where f: X — Y and¢ : A— B are two mappings. Also

(i) the image of a soft s¢F,A) € S(X,A) under the mapping,fis denoted by #[(F,A)] = (f4 (F),B), and is defined
byVv B € B,
~ J Uaep1ip) [FIF(@)]] if 971(B) # @
Lfa (FIR) = { ® otherwise

(i) the inverse image of a soft s@, B) € S(Y, B) under the mappingyfis denoted byq‘,fl[(G,B)] = (f(;l(G),A),
and is defined byf;1(G)(a) = f2[G[p(a)]], V a € A.
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(i) The soft mappingyfis called injective (surjective) if f andl are both injcetive (surjective).
(iv) The soft mappingyfis identity soft mapping, if f andl are both clasical identity mappings.

Proposition 1. [7] LetX andY be two nonempty sets agd & (X,A) — Si(Y,B) be a soft mapping. [fF,A), (F,A) €
Si(X,A) and(G,B), (Gj,B) € Si(Y,B), i € A then
(i) (F,A)C fdjl[fd,(F,A)], the equality holds if § is injective.
(i) f¢[f¢jl(G, B)] C (G, B), the equality holds if § is surjective.
(iii) ] f¢~[UieA(FlvA)] = Uiealfs (F,A)], and 51 [Uiea(Gi,A)] = UieA[f({l(GivA)]L
(v) fo[Nica(Fi,A)] C Nicalfo (F,A)], the equality holds if § is injective and §F1Nica(Gi,A)| = ﬂ.eA[f¢ YGi,A).

Definition 5. [14] A soft set(F,A) in S (X,A) is said to be a

(i) constantsoft setif fa) = Xo C X, V a € A Itis denoted byXp, A).
(i) pseudo constant soft set if &) = X or @, V a € A. The set of all pseudo constant soft set over X is denoted by
CS(X,A).

Proposition 2.[14] Let X and Y be two nonempty sets agd §;(X,A) — S;(Y,B) be a soft mapping. IfF, A) € S;(X,A)
and(G,B) € S(Y,B) then
()(G,B) €C§(Y,B) = 13 [(G,B)] € CS(X,A);
(i) (F,A) e CS(X,A) and f is surjective= fy[(F,A)] € CS(Y,B).
Definition 6. [15] A soft set(E,A) # (@,A) over X is called a

() generalized soft element (or briefly g-soft element) af K(a) = ¢ or 3x € X suchthat Ea) = {x}, Va € A
(i) constant g-soft element of Xif 3x € X suchthat Ea) = {x}, Va € A.
(iii) pseudo constantgsoft element of Xif 3x € X suchthatEa) =@or {x}, Va € A

We denotes E the constant soft element defined = {x}, V a € Aand E/, the soft element defined byd) = {x}
and E(B) = ¢, V B(+# a) €A.

Definition 7. [15] The soft mapping4: Si(X,A) — Si(Y,B) is called constant ifl a soft elementE, B) € S(Y,B) such
that f [(F,A)] = (E,B), ¥V (F,A)[# (¢,A)] € Si(X,A).

Proposition 3.[15] The soft mapping4 : $1(X,A) — Si(Y,B) is a constant if f the mappings: X — Y and¢ : A— B
are constant.

Proposition 4. [15 Let fy : §(X,A) — S(Y,B) be a soft mapping. If the mappiny: A — B be constant then,
f4 *[(G,B)] is a constant soft s&t (G,B) € Si(Y,B).

Definition 8. [2] Let (F,A) € Si(X,A) and(G,B) € S(Y,B). The Cartesian product F, A) and (G, B) is denoted by
(F,A)x(G,B) = (FxG,Ax B) € S(X x Y,Ax B) and defined a¥ (a,8) € Ax B, (FxG)(a,B) =F(a) x G(B).

Proposition 5. Let (F,A), (F1,A), (F2,A) € S1(X,A) and(G,B), (G1,B), (G2,B), (H,B) € Si(Y,B). Then

AA\/

(
(i) (F,A) X [(G,B)U (H,B)] =[(F,A) x (G,B)] U[(F,A) x (H,B)];
(i) (F,A) x (G, B) N (H,B)] = [(F,A) x (G,B)] N [(F, ) (H,B)J;
(iii) 1[(F1,A) x (G1,B)] N [(F2,A) X (G2,B)] = [(F1,A) N (F2,A)] X [(G1,B) N (G, BY)].

Proof. (i) Since,

(F,A) X [(G,B) U (H,B)] = (F,A) X [GUH,B]=[F x (GUH),AxB].
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So, for eacHa, ) € Ax B,

[F < (GUH)|(a,B) =F(a) x [G(B)UH(B)]

= [F(a) x G(B)JU[F(a) x H(B)]
[(F,A) x ( B)l(a,B) U [(F,A) x (H.B)](a.B)

= [[(F,A) x (G,B)] U[(F.A) x (H.B)]](a.B).

Thus[F x (GUH),AxB]=[(F,A) x (G,B)] U [(F,A) x (H,B)]
Thereforg(F,A) x [(G,B) U (H,B)] =

(ii) Proofis similar to part (i).

(i) Forany(a,B) € Ax B, we have

[[(F1,A) X (G1,B)]N[(F2,A) x (Gz, B)l] (a,B)

= [(F1,A) X (G1,B)](a,B) N [(F2,A) x (Gz,B))(a,B)
=[Fa(a) x Gi(B)] N [Fa(a) x Ga(B)]
[Fa(a) N R(a)] x [Gi(B) N G2(B)]
[FLNF(a) x [G1NG(B)
Fi 0 Fz A) (Gl NGy, B)|(a,B)
F1,A) 1 (F2,A)] x [(G1,B) N (G2,B)]] (a, B)

Therefore{(F1,A) X (G1,B)] A [(F2,A) X (G,B)] = [(F1,A) 7 (o, A)] % [(G1,B) 7 (Go, B,

It
It

Type-2 soft sets:Following [4], the definition and operations of Type-2 soft sets are gifiest and then we have
introduced type-2 soft mappings and study some of its ptigser

Definition 9. [4] The pair[.%,A] where.# is a mapping from A to$X,A) is called type-2 soft set ov€K,A). In this
case, corresponding to each parametee A, 3 a type-1 soft setFy,A) (say) over(X,A) such thatZ (a) = (Fg,A)
where i : A — P(X). Also, $(X,A) denotes the set of all type-2 soft sets dU€rA).

Definition 10.[4] Let [#,A], [¢,A] € S(X,A). Then

(i) [#,Ais said to be soft subset (., A] if Z(a)C¥(a), ¥V a € A. This relation is denoted by A C [¢,A].
(i) the complement of a type-2 soft §&&, A is defined a$%,A|¢ = [#¢ A, where%#°(a) = [#(a)]®, V a € A.
(iii) [#7,A]is said to be a type-2 null soft séabsolute soft s¢tif 7 (a) = (¢,A) (Z(a) = (X,A)), ¥ a € A Thisis
denoted by®,A] ([27,A]).

Definition 11.[4] Let [#,A], [¢,A] € $(X,A). Then their

(a) Union (Intersection), is a type-2 soft sgt#’, A}, denoted by.7 , A|LI ¥, A = [, A] ([F,A 1 [4,A = [#,A),
is defined by#’(a) = Z(a) U¥(a) (#(a) = F(a) Ng(a)),Va A

(b) AND (OR), is atype-2 soft sét#’, Ax A, denoted by.7  A] A [¢,A] = [, AxA] ([Z, A V [¢,A = [#,AxA]),
is defined by#(a,B) = Z(a) N4 (B) (A (a,B)=F(a) U4 (B)), V (a,B) € (AxA).

Definition 12.[16] Let $(X,A) and $(Y,B) be the families of all type-2 soft sets oygt, A) and (Y, B) respectively.
The mapping Jw 1S (X,A) = S(Y,B) is called a type-2 soft mapping, wherg :fS;(X,A) — Si(Y,B) is a type-1 soft
mapping andp : A — B is a mapping. Also
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(i) the image of a type-2 soft sg¥,A] € $(X,A) under the mappingyf, is denoted byqfw[[gé‘,A]] = [f¢w(35),B],
and is defined by 8 € B,

Jacy-1(p) [TolZ ()] i Y~(B) # ¢

(9,B) otherwise

[t ())(B) = {

(i) the inverse image of a type-2 soft s&7,B) € Sy(Y,B) under the mapping ¢fw is denoted by
fwl[[g, B]] = [fy @1(£¢),A], and is defined bj/fwl(g)](a) = fat9[W(a)]], Va eA

(i) The soft mapping¢fw is called injective (surjective) if;fand ¢ are both injcetive (surjective).

(iv) The soft mapping¢fw is identity soft mapping, ifsf and s are both identity mappings.

Proposition 6. [16] Let X and Y be two nonempty sets ang, f $(X,A) — $(Y,B) be a type-2 soft mapping. If
[Z,A], [#,A € S(X,A) and[¥4,B], [4,B] € $(Y,B), i € A. Then

() [Z1.A C[F, ]équ([c/l, A)) T fo, ([F2,A);

(i) [%1,B] C [%2,B] = f4,/([%1,B]) C 15, ([%2,B]);

(i) [#,AC f(;wl(fw([/ A))), the equality holds if §, is injective.

(iv) f¢w(f¢jw ([¢,8B])) C [¢,B], the equality holds if §, is surjective.

v) f¢w [UIGA Zi, A ] |_||eA [f¢w([</laA]>]

(Vi) fo, [MicalZi,A ,A])], the equality holds if £, is injective.
(vii) f¢w (Llical#,B]] :
(viii) f¢w [I‘I|€A 4 Bﬂ

Definition 13. [16] A type-2 soft sei&, A] [, A] over(X,A) is called a

(i) type—2soft element of Xif &£(a) is a type-1 g-soft element or simply a soft element,0f X € A.
(i) constant type-2soft element of Xif 3 a g-soft elementE, A) such thats’(a) = (E,A), V a € A
(i) pseudo constant type2soft element of Xif 3 a g-soft elemen(tE, A) such thats'(a) = (@, A) or (E,A), V a € A.

We denotegE, the constant type-2 soft element definedsiyr) = (E,A), V a € A and&Z, the type-2 soft element
defined bys'(a) = (E,A) and&(B) = (¢,A), V B(# a) € A

Definition 14. [16] The type-2 soft mappingyf : S(X,A) — S(Y,B) is called constant i a type-2 soft element
€,B] € S(Y,B) such that §, ([#,A]) = [£,B], ¥ [Z,Al[# (¢,A)] € Su(X,A).

Proposition 7. [16] The type-2 soft mappingf : $(X,A) — $(Y, B) is constantif f the mappings:X —Y, ¢ :A— B
andy : A — B are constant.

Definition 15. Let [Z,A] € $(X,A) and [4,B] € $(Y,B). The Cartesian product df%#,A] and [¢,B] is denoted by
[Z A x [¥4,B] = [F x¥,Ax B] € (X xY,Ax B) and defined a¥ (a,3) € Ax B, [.Z x¥](a,B) =.Z(a) x 4(B).

Proposition 8. Let[.#,A], [#1,A], [#2,A] € S(X,A) and[¥,B], [41,B], [%,B], [7¢,B] € $(Y,B). Then

(i) [7.Ax [[¢,B]U Bl U[[Z,A x [7,B]];
(i) [Z.Ax[[9.BN = A:la [ x [#,B]];
(iii) [[Jl, Al x [gl,B]] N [[ﬂ Al x| %2, } [55 Jz, ]] [[gl, ]ﬂ[%z,B]].

Proof. Proofs are follows from Propositidn

Definition 16. [5] Let 1 be a family of soft sets ovéK,A). Definer(e) = {F(e): F € 7} foree A. Ther is said to be
a topology of soft subsets ovef, A) if T(e) is a crisp topology on XV e€ A.

(© 2017 BISKA Bilisim Technology


www.ntmsci.com

=
187 BISKA Sk. Nazmul: On type-2 soft topologies

Definition 17. [5] Let (X,A) be the universe. L&t : A — P(P(X)*) be a soft set ovefP(X)* A). NowT is said to be
a soft topology ove(X,A) if for each ec A, T(e) is a topology of soft subsets ovet,A).

Definition 18. [17] A subcollectiort of S, (X, A) is said to be a soft topology on X if the following prperties aatisfied:
(i) (®,A), (X,A) €1, whered(a) = pandX(a) =X,V a €A,
(ii) the intersection of any two soft setstifbelongs tor;
(iii) the union of any number of soft setsribelongs tor.

Remark. If T be a Naz type soft topology defined in Definitid8 thent(a) = {F(a): (F,A) € 1} is a crisp topology
on X and hence is a topology of soft subsets, defined by Hazra et3l.But the converse is not true in general which
is shown in [L2]. Also if T be a topology of soft subsets, then we can define a topologyfb$sbsets™ which is a Naz
type soft topology withr (a) = 7*(a), a € A[12].

3 Type-2 soft topologies

In this section, we have introduced type-2 soft topology studly some of its important properties. Unless otherwise
stated, leiX be a non empty sef be the set of parameters a8 X, A) be the family of all type-2 soft sets oveX,A).

Definition 19. A subcollection7 of $(X,A) is said to be a type-2 soft topology on X if the following ptjesr are
satisfied:

() [®.A], [2,A € 7, where®(a) = (¢,A) and 2 (a) = (X,A), V a € A;
(ii) the intersection of any two type-2 soft sets/nbelongs ta7;
(iii) the union of any number of type-2 soft setg’irbelongs to7 .

The triplet[X,A, 7] is called a type-2 soft topological space over X
Example 1. Let X be a non-empty set amilbe a set of parameters. Thel = {[®,A], [3&7,A]}, T =(X,A) and

T3={|®,A], [7,A, [3&7, Al}, where[.Z,A] (+ [®,A]) be any type-2 soft set are the examples of type-2 soft tojesog
T, J are called type-2 indiscrete soft topology and type-2 éigcsoft toplogy oiX respectively.

Proposition 9. Let.71, 7% be any two type-2 soft topologies onThen their intersectiows N.% = {[.7,A] : [F#,A] €
T and[Z Al € %} is a type-2 soft toplogy on X

Proof. Proof is straightforward.

Remark. The union of any two type-2 soft topologies &hmay not be a type-2 soft topology ofiin general, which
shows the following example.

Example 2. Let X be a nonempty se¥, is a proper subset of andA = {a, B}. Let [Z1,A] = {(Y,A),(9,A)} and
[Z2,A] = {(@,A), (Y,A)} be two type-2 soft set. Thefi = {[®,A], [Z1,A], [2 A}, % ={[®.A], [%2.A], [2,A]}
are type-2 soft topologies o but their union7; L1 % = {[5,A], [#1,A], [#2,A], [Z,A]} is not a type-2 soft topology
onX.

Proposition 10. Let [X,A, 7] be a type-2 soft topological space over Rhen for eacho € A, the collection.7? =
{Z(a): [#,A € 7} defines a soft topology of Shabir and Naz][on X.

Proof. Let [X,A, 7] be a type-2 soft topological space oveanda be any member oA. Since[®, A, [ﬁf,A] €7, it
follows that(g,A), (X,A) € 7.

Again let (F1,A), (F2,A) be any two members o7 ?. Then3 two type-2 soft set$.#1,A], [#1,A] in 7 such that
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F1(a) = (F,A) and %#(a) = (R, A). Thus [Z1,A] 11 [F1,A] = [F111.%2, Al is a member of7 and hence,
(F1N.%)(a) = F1(a) N Fr(a) = (F,A) N (F,A) is a member of79.

Next let (F,A), i € A be any collection of members of ?. Then3 type-2 soft setd.%,A], i € A in 7 such that
Fi(a) = (R,A), i € A. Thus Ucal%,Al = [Uiea#1,A] is a member of 7 and hence,
(UicaZi)(a) = UicaZ1(a) = Uiea (Fi,A) is a member of7 . Therefore,7 % is a soft topology of Shabir and Naz over

X, VaeA

Remark. From PropositiorL0, it can be seen that [X,A,.7] is a type-2 soft topological space owérthen there is a
mappinga — .7 (a) from the parameter sé to the collection of all soft topologies ofX,A). Thus, the question is
whether the converse of the above is true or not. In the neytdaition, we get an affirmative answer to this question, and
a relation between the two representations of the typet2aodlogy is obtained.

Proposition 11. Let X be a non empty set and A be a set of parametef8.:IA — P(S;(X,A)) be a mapping defined by
7 (a) is a soft topology over XV a € A, then3 a type-2 soft topology * over X such that7*|? = 7 (a), Va € A.

Proof. Define 7% = {[Z,A € S(XA) Fa) € J(a), ¥ a € A}. Since
®(a)=(pA) € T(a),VacA= [® A c T and2 (a)=(X,A) € T(a),VacA= [Z A c.T*

Again let[.91,A], [%2,A] € 7. ThenZ1(a), F2(a) € T(a), Va €A
Thus,Z1(a) N Fy(a) = [F1NF)(a) € T(a), Va € A
Therefore[.71, AN [.F2,A] = [F1 NS, Al € T*.

Also let [#,A] € 7% ¥V i € A. Then %(a) € J(a), V a € A V i € A. Thus,
UieaZi(a) = [UieaZil(a) € T (a), ¥ a € A. Therefore [Uica i, Al = Uica[Fi, Al € 7*. Therefore7* is a type-2
soft topology onX.

Next let (U,A) € 7 (a). Now we can define a type-2 soft §e¥,A] by .#(a) = (U,A) and.#(B) = (¢,A) V B # Q.
Then[.# Al € 7% and(U,A) = Z(a) € [7*]9. Therefore,7 (a) C [T*]%......... (1). Also let (V,A) € [7*]?. Then
3 [#,A € 7% such thatV,A) = Z(a) € J(a). Therefore[.7*] C 7 (a)......... (2). Therefore, from (1) and (2) we
getJ (a) =[], VaeA

Remark.If .7 be a type-2 soft topology od and.7* be the type-2 soft topology oX constructed by using Proposition
11 Then these two type-2 soft topologies may be differentctving shown by the following example.

Example 3. Let X be a non-empty set amdl= {a, B}. Let.7 = {[5,A], [ﬁA]} be a type-2 soft topology oM. Then
7%= TP ={(p.A), X.A)}.

Let [ylaA] = {(X,A)/UL ((~va)/B} and [f?ZaA] = {((~0,A)/U, (>~(7A)/B} Thus
T ={[®,A], [Z1,A], [Z2,A], [2,A]}. So,.7* is different from7 but[7*] = [7]9, V a € A.

Remark. If .7 be a type-2 soft topology, then from Propositidd, it can be seen tha? is a Hazra et al. type soft
topology onX. But the converse is not true in general which is shown by thleviing example. Also for any Hazra et
al. type soft topologyl, we can constract a Hazra et al. type soft topoldgyvhich is a type-2 soft topology and for all

acA [T (a)l(B) =[T(a](B), VB €A

Example 4. Let X be a non-empty set andh = {a, B}. Define a soft setT : A — P(P(X)*) by
T(a) ={(FA),(GA)}, T(B) ={(F,A), (GA)}, whereF(a) = @, F(B) =X, G(a) =X, G(B) = @. ThenT is a
Hazra et al. type soft topology o, butT is not a type-2 soft topology oX sinceT (a) = {(F,A), (G,A)} is not a Naz
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type soft topology orX.

Again we define a soft s@t* : A — P(P(X)A) by T*(a) = {(F,A): F(B) € [T(a)](B), VB € A}, Va € A. ThenT* is
a Hazra et al. type soft topology as well as a type-2 soft tagpobnd for alla € A, [T*(a)](B) =[T(a](B), VB € A. of
Hazra et al.,a type-2 soft topology afitt (a)](B8) = [T (a](B), V a, B € A

Definition 20. Let X and Y be two non-empty set8, % be two type-2 soft topologies on, X respectively and
fo, - [X,A 7] — [Y,B,%] be a type-2 soft mapping. The image®fand the preimage o/ under §,, are denoted by
fs,(7) and f¢w( ) respectively, defined by

(i) f4,(7)={[¢,B] € S(Y,B): fdjwl([g,B]) = [fq;wl(g),A] € 7} and
(ii) fdjwl(?/) = {fdjwl([%,B]) = [fdjwl(%),A] . [9,B] e %}.

Proposition 12. Let X and Y be two non-empty set8, %/ be two type-2 soft topologies on X respectively and
fo, 1 [X,A 7] — [Y,B, %] be a type-2 soft mapping. Then

() f(;w (%) is a type-2 soft topology on and
(i) f,(7) is atype-2 soft topology on'Y

Proof. Proofs follows from Propositiof.

Proposmon 13. Let[X, A, .7] be a type-2 soft topological space andX. ThenZg = {[Z, AN ¥, A : [#,Al € T},
whereg( ) = (G,A), YV o € Ais atype-2 soft topology on.G

Proof. (i) Since[®,A] and[2",A] € 7 = [®,A] and[¥,A € Z&.

(i) Let [2A,A], [#3,A € To.
Thend [#1,A], [%2,A] € 7 suchthals4, A = [71,A| N9, A and[7#%, A = [F2, AN 4, Al.
Since.7 is a type-2 soft topology, it follows th&t, A M [.72,A] € T and[JA4,A| N[, A = [F1, AN [T, AT
[4.A € T

(iii) Nextlet [74,A € T, i € A.
Thend [%,A] € 7 such tha{. %, Al = [%, AN [Z,A], i € A.
Since.7 is a type-2 soft topology, it implies that 5 [%i, Al € 7 and
Lica [ A = Uica ([71, AN[Z,A) = [Lica[ 7, A N9, A € T6.

Therefore7; is a type-2 soft topology 06.

Definition 21. Let [X,A,.Z] and [Y,B,%] be two type-2 soft topological spaces. The type-2 soft mappi
fo, 1 X,A ] — [Y,A %] is said to be

(i) type-2 soft continuous |f¢*JJ (¢.B)e 7, V¥4,Bec%«.
(i) type-2 soft openif, ([#,A]) € 02/ VI[Z,A€T.

Proposition 14. Let [X,A,.7] and [Y,B,%] be two type-2 soft topological spaces. A type-2 soft mapping
fo, X, A T] — [Y,B, %] is type-2 soft continuous iff type-2 soft elemerjt’, A] of X andV [¢,B] € % such that
fo, ((€,A) C [4,B], 3[#,Al € 7 suchtha{& Al C [# Al and §,, ([7,A]) C [¢,B].

Proof. Let fy,, : [X,A, 7] — [Y,B, %] be type-2 soft continuous. Lef, A] be any type-2 soft element¥and(¥,B] € %
such thatfy, ([€,A]) C [¢,B]. Then|[fs, ([&,A)](B) C¥(B),V B €B.

Since g, is type-2 soft continuous, it follows thdj ' ([¢,B]) = [f5,/(¥),Al € 7. Let [#,A] = [f5,(¥),A]. Now for
eacha € A,

F(a) = [fo,/(@)] (@) = T3 [% (w(@))] 2 T3 [[fa, (16 AN (W(a))]
= o [[Toy (6. ADI(@)] = [f5,[Fa, (16 AD]} (@) 2 6. Al(a)
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Thus[&, Al C [7,A and g, ([7,A) = f, (s, ([4,B])) C [4,B]. Therefore the given condition is satisfied.

Conversely let the given condition be satisfied.

Let [¢,B] € . We are to show than‘djwl([%,B]) € 7. Let [£,A] be any type-2 soft element of such that
[6,A C T4, ([4,8B]). Thenfy, ([&,A) C fy, [f5,1([¢,B])] C [¢,B]. So by the given conditiof [74,A] € 7 such that
[6,A C [Fs,A andfy, ([Fs,A) C [¢,B]i.e.[Fs,A T 5t fo, ([Fe,A)] C f5,1([#,B]). Now

fo, ([4.B]) = U{[6,A]: [£,A] be any type-2 soft element &f such thaf&’, A] C f, ([, B])}
C L{[Z«,Al: [€,A] be any type-2 soft element &f such tha{&’, A] C fq;wl([g,B])}
C fp, ([4.B)).

Thus fdjwl([%,B]) = U{[Z#¢,A]} where eacl.Z¢,A] €  and hence,fq;wl([%,B]) € 7. Thereforefy, is type-2 soft
continuous.

Proposition 15. Let[X,A, 7] be a type-2 soft topological space. Then the identity typefPmapping §, : [X,A, 7] —
[X,A, 7] is type-2 soft continuous.

Proof. Sincefy, is an identity type-2 soft mapping, it follows thé§ and (s are identity mappings. L€t# Al € 7.
Then,[fg ([7,A)](a) = 51 [Z (@(a))] = {1 [Z ()] = F(a), ¥ a € A Thus, fs }([F,A]) = [Z,A]. Therefore,
the identity type-2 soft mappinty,, : [X,A, 7] — [X,A, 7] is type-2 soft continuous.

Proposition 16. Let[X,A, 7] and[Y, B, %] be two type-2 soft topological spacesdfcontains all those type-2 soft sets

of the form[(Xo,A), A where % be any subset of Xhen the constant type-2 soft mapping f[X,A, 7] — [Y,B, %] is
type-2 soft continuous.

Proof. Sincefy, : [X,A, 7] — [Y,B, %] is a constant type-2 soft mapping, it follows that the magpih: X — Y, ¢ :
A— Band¢ : A— Bare constant. Ley(a) = B’ and¢(a) = 8’ V a € A. Let [¢,B] be any member of/. Then for
anya € A

(@A), V a e Af [4(B)(B") = ¢

[fop(#.B])(a) = fg  [Z[w(a)] = f5 19 (B))] = { (Xo,A),whereXo C X, V a € Aif [4(B))](B") # @

Hence,fq;wl([%, B]) = [®,A] or [(Xo,A),Al. Since[®, A], [(Xo,A),A] € .7, it follows that the constant type-2 soft mapping
fo, 1 [X,A 7] — [Y,B, %] is type-2 soft continuous.

Proposition 17. Let[X,A, 7], [Y,B,%] and[Z,C,# | be type-2 soft topological spaces. §f,f [X,A, 7] — [Y,B,%] and
9, : [Y.B, %] — [2,C, ] are type-2 soft continuous, then the soft mappingds, = (9f)eq,, : [X.A, 7] = [Z,C, 7]
is type-2 soft continuous.

Proof. Proof is straightforward.

Definition 22. Let[X,A, 7] be a type-2 soft topological space. A subcolleciioof .7 is said to be an open base for
if every member of/ can be expressed as the union of some membés of

Proposition 18. Let [X,A,.7] and [Y,B, %] be type-2 soft topological spaces. THer= {[#,A] x [4,B] : [#,A] €
T, [¥4,B] €  } forms an open base of a type-2 soft topology oxn'X
Proof. We note thaf®,Ax B] = [2,A] x [®,B] = [®,A] x [#,B]. Since[®,A], [2,A| € 7 and [®,B], [#,B] €

—

% , it follows that [®,A x B, [2 x % ,Ax B] € F. Again let [%1,A] x [41,B], [%2,A] x [%,B] be any two member
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] [%, Bl € . So [#1,A|N[%,A] €  and[¥1,B]| M (%,,B] € % . Thus

of F, where[.Z1,A], [%2,A] € 7 and[#4,
= [[Z1,AIN[F2,A]] x [[%1,B]N[%,A]] € F. ThereforeF forms an open base of

[[y]_,A] X [g]_,BH [ [[/2, gz, }
the type-2 soft topology oK x Y.

Definition 23. The type-2 soft topology in XY induced by the open baBes said to be the product type-2 soft topology
of the type-2 soft topologieg and% . It is denoted by7 x % . The type-2 soft topological spafé x Y,Ax B,.7 x %]
is said to be the type-2 soft topological product of the t@®ft topological spacdX,A, 7| and[Y,B, %].

Proposition 19. Let [X,A, 7] and [Y,B, %] be two type-2 soft topological spaces. Then the projectafhraappings

[I'I>(]¢AA XXY,AXB, T x U] — [X,A, T and[l‘lY]¢BB (X xY,AxB, 7 x %] — [Y,B,%] are type-2 soft continuous
W "

and type-2 soft open whef@* : X xY — X, ¢ : Ax B — B andy/” : Ax B — A are mappings defined By* (x,y) =

x, ¢A(a,B) = a and ¢ (a,B) = a. Also.7 x % is the smallest type-2 soft topology in-X¥ for which the projection

soft mappings are type-2 soft continuous.

Proof. [#,A € 7 = [I'IX]¢A (I#,A) = [#,A] x [#,B] is a basic open set itV x %. So %,

continuous.

¢ is type-2 soft

Again let[.Z ,Ax B] € .7 x % . Then there exists a subfamily of F such thaf.#, A x BJ is the union of the members of
F'. So,

"’¢A ([7.AxB]) :u{ngA [9.A x [,B]] : [4,A] x [#,B] €F'}
,_pA
={¥9,A: [9,Ax[#,BlcF}ec.T(sincel¢,AcT).
Thereforen;fA is type-2 soft open.
WA

Similarly it can be shown tha’t;B is also type-2 soft continuous and type-2 soft open.
wB

Next let’” be any type-2 soft topology oX x Y such that the soft mappings

[I‘I><]¢AA X xY,AxB,.7 x %] — [X,A,.7] and [nY]¢BB "X xY,AxB,7 x %] — [Y,B,%] are type-2 soft
continwuous. Y

Let [[.7,A] x [¢,B]] be any basic open type-2 soft set#ix % . Now,

[[7,A x [4,B]] = [[Z,AN[2,A] x [#,B|N%,8]]
= [[Z7, A x [#,B]|N[[2 A x [4,8]]
=(”;‘A )7 AN (ﬂ¢a ) @Bl e

(since(rfs )7H[Z7,A], (n¢58)*1[[f¢,s]} ew).

¢A
Thus.7 x % is a subcollection of#. Therefore7 x % is the smallest type-2 soft topology ¥ x Y for which the
projection soft mappings are type-2 soft continuous.

Proposition 20. Let [X x Y,Ax B,.7 x %] be the product space of two type-2 soft topological spd¥es, 7] and
[Y,B,%] and n;jA X xY,AxB,7 x %] — [X,A,.7] and ng’B X xY,AxB,7 x %] — [Y,B,%] be the soft
yA yB

projection mappings. If [Z,C,#] be any type-2 soft topological space, then the soft mapping
fo, © [ZC#] — [X x Y,A x B,7 x %] is soft type-2 continuous iff the soft mappings

n;fA ofg, 1 [Z2,C, 7] — [X,A.T]and nYB ofy, 1 [Z,C, %] — [Y,B,%] are type-2 soft continuous.
YA
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Proof. First let the soft mappindy,, : [Z,C, 7] — [X xY,Ax B,7 x %] be type-2 soft continuous. Also the soft
mappingsl‘l;fA X xY,AxB,.7 x %] — [X,A 7] and ngB X xY,AxB,.7 x %] — [Y,B,%] are type-2 soft
pA wB

continuous.Then by Propositiati7, we have the composition soft mapping§A ofy, 1 [Z,C, 7] — [X,A, 7] and
wA
My o f, 1 [Z,C, 7] — [Y,B, %] are type-2 soft continuous.

$,8
Conversely let the soft mappings I‘I;fA X x Y,A x B x %] — [X,AZ] and
w/—\
ng’B D X xY,AxB,7 x %] — [Y,B,%] are type-2 soft continuous. Lef# A x B] € (7 x %) and
B

F= {4 Ax[#B8: [4Ac7, [#Bcu)
Then3 a subfamilyF’ = {[%A] x [#.B] : k€ A} of F such thaf.#, A x B] = | ca [[%. Al x [#,B]]. Thus,

[foy] M7, Ax B]] = fo.! [ Lkea [[% Al x [, B]]]

= 5, Lhca [T, )15 AT ()14, 8]
= Ukea [(Ta © f,) 7 ([%A) N(Mge_o Tp,) " (74 B])] € 7.
YA yB
Thereforefy,, : [Z,C, 7] — [X xY,Ax B, 7 x %] is type-2 soft continuous.

Proposition 21. Let [X x Y,Ax B,.7 x %] be the product space of two type-2 soft topological spg¥e8, 7] and

[Y,B, %], where% contains all those type-2 soft sets of the fd(iy, B), B] where ¥} be any subset of.YThen for fixed
X0 € X, 0o, a1 € A, the type-2 soft mappingf : [Y,B, %] — [X xY,Ax B, 7 x %], defined by fy) = (xo,Y), ¢(B) =
(ao,B) andy(B) = (a1,B), VY €Y, V B € Bis type-2 soft continuous.

Proof. Let I'I;fA X xY,AxB,7 x %] — [X,A,.7] and ngB X xY,AxB,7 x %] — [Y,B,%] be the soft
wA ,_pB

projection mappings. Thenn(’p*A o fy, : IY,B,%] — [X,A7] is a type-2 soft mapping such that
wA
[0 f](y) =X, Yy €Y, [$*0$](B) = a0 and[y o y] = a1, ¥ B € B.

e~

So, H%A o fy,, is a constant type-2 soft mapping awd contains all those type-2 soft sets of the faiivh, B), B], Yo be
any subset of. Hence by Propositiof6, the soft mapping1$A o g, is type-2 soft continuous.
wA

Again ngB o fy, 1 [Y,B, %] — [Y,B,%] is a type-2 soft mapping such tha® o f](y) =y, Vy e, [0 ¢](B) =B and
]

[WBoy] =B, VB eB. So, ngB o fy, is an identity type-2 soft mapping. Hence by Propositiénthe soft mapping
¥B

n‘l?f,s o s, is type-2 soft continuous.
Therefore, by Proposition 20, for fixed x € X, ag, o1 € A the type-2 soft mapping
fo, = [Y.B,#] — [X x Y,A x B, x %], defined by f(y) = (x,y), ¢(B) = (a,B) and
Y(B)=(01,B), VY€eY, VB € Bis type-2 soft continuous.

Proposition 22. Let [X x Y,Ax B,.7 x %] be the product space of two type-2 soft topological spg¥es, 7] and

[Y,B, %, where.7 contains all those type-2 soft sets of the fdf¥y, A), A where X% be any subset of XThen for fixed
Yo €Y, Bo, B1 € B, the type-2 soft mappingf : [X,A, 7] — [X xY,Ax B, 7 x %], defined by {x) = (x,Yo), ¢(a) =
(a,Bo) andy(a) = (a,B1), VXe X, V a € Ais type-2 soft continuous.

Proof. Proof is similar to that of Propositio?il.
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Proposition 23. Let fy, : [X,A, 7] — [X,AT] and &, : [Y,B, %] — [Y,B, %] be two type-2 soft continuous mappings.
Then the type-2 soft mapping ph: [X x Y,A x B,.7 x %] — [X x Y,A x B, x %], where
h(x.y) = (f(x).9(y)), p(a.B) = (¢(a),&(B)) and{(a,B) = (¥(a),n(B)) is type-2 soft continuous.

Proof. Let [#,AXx B] € (7 x %). Then there exist|(4,Al €  and [J4,B] € %, i € A such that
[J Ax B| =Llica [[4,A] x [74,B]]. Sincefy, andgg, are type-2 soft continuous, it follows th&;wl[[%A]] € 7 and
9, L[[/4.B]] € %.NowV (a,B) € (Ax B), we have

1 [(GiA) % (Hi,B)] | (a.8) =

Thereforeh;2[(Gi,A)x (H;,B)] = (f;1(Gi),A) X (ggl(H-

93]
~
_|
=0
c
(7]

(a2 [14, Al x 1946,8]] | (0, B) =

f
~[fg ;[{%Am >} [gf [[%,B]](B)]
(T3 [1%,A] x G [14,B]) | (a.B).

Therefore,
hoy (140, A] x [, B]] = T4, [[%,Al] x g [[74,B]] € (T x %)

and hence
o (17, Ax Bl = ot || | [14,A < [4.B]] | = || [14.A x [74.B]] € (7 x ).
ieA ieA
Therefore, the type-2 soft mappindy,, @ [X x YA x B,.7 x %] — [X x Y,A x B,7 x %], where
h(x,y) = (f(x),9(y)). p(a,B) = (¢(a),&(B)) and{(a,B) = (Y(a),n(B)) is type-2 soft continuous.

4 Conclusion and future work

In this paper, concepts of type-2 soft topology is introdlaed studied some of its important properties. There is dB wi
scope for further research to extend it in topological grthgory which have many applications in abstract integnatio
theory viz. Haar measure, Haar integral etc. and also infoldrtheory through the development of Lie groups.
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