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Abstract: In this study, we analyse the generators of the Peiffer idealJM,MK of a pre-R-algebroid M in a precrossed moduleM =
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in the coproduct construction of two crossed A-modules ofR-algebroids.

Keywords: Algebroid, crossed module, Peiffer ideal, coproduct.

1 Introduction

Crossed modules which are algebraic models of 2-types were firstly introduced by Whitehead, [16,17], in his study on

homotopy groups. Then for many areas of mathematics they’vebecome an essential algebraic structure. To get a crossed

module from a precrossed module we mostly use Peiffer subgroups or Peiffer ideals generated by Peiffer elements which

are also named as Peiffer commutators. The term ‘Peiffer element’ has firstly used by R. Brown and J. Huebschmann in

[8] to mark the substantial contribution of R. Peiffer in [15] and Peiffer commutator calculus has especially been

developed by H. J. Baues and D. Conduché, [7]. R. Brown, P. J. Higgins and R. Sivera have used Peiffer subgroup to

obtain crossed modules of groups in [9] and N. M. Shammu has used Peiffer commutators to get crossedmodules of

algebras in [14].

In [4], to construct a crossed module from a given precrossed module M = (µ : M −→ A) of R-algebroids, we’ve

introduced the Peiffer idealJM,MK of the pre-R-algebroid M where the procedure has given the functor(−)cr from the

category of precrossed to the category of crossed modules ofR-algebroids. In [6], on the other hand, we’ve constructed

the coproduct of given two crossed A-modulesM = (µ : M −→ A) andN =(η : N −→ A) of R-algebroids in two

ways one of which depends basicly on dividing the free product M ∗N of pre-R-algebroids M and N with the idealIM∗N

and the other on dividing their semidirect product M⋉N with the idealIM⋉N.

In this study, we analyse the generators ofJM,MK to determine their relations with the generators of M for further using

and apply the outcomes to find the generators of the Peiffer ideals of pre-R-algebroids M∗N and M⋉N, in [6], to reach

the unsurprising result that IM∗N and IM⋉N are in fact their Peiffer ideals, respectively. Throughoutthe paperR is a

commutative ring.
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2 Preliminaries

R-algebroids, as the basic tool of this study, were especially studied by B. Mitchell in [10,11,12], and by S. M. Amgott in

[3]. G.H. Mosa has defined crossed modules ofR-algebroids in [13] where he proved the equivalence of crossed modules

of algebroids and special double algebroids with connections. M. Alp has constructed the pullback and pushout crossed

modules of algebroids in [1] and [2], respectively. In [5], we’ve studied the adjointness between pullback and induced

crossed modules ofR-algebroids. Most of the following data can be found in [3,10,11,12] and [13].

Definition 1. A category of which each homset has an R-module structure andof which composition is R-bilinear is called

an R-category, and a small R-category is called an R-algebroid. Moreover if we omit the requirement of the existence of

identities from an R-algebroid structure then the remaining structure is called apre-R-algebroid.

Remark.Given any (pre-)R-algebroid A

(1) A0(= Ob(A)) and Mor(A) are the object and the morphism sets of A, respectively, and Ais said to be over A0,

(2) s, t : Mor(A) −→ A0 are the source and target functions, respectively, and anya∈ Mor(A) is said to be fromsa to

ta which are its source and target, respectively.

Remark.Throughout the papera∈A will mean thata is a morphism of A and the composition of anya,b∈A with ta= sb

will be denoted byab. The identity morphism on anyx∈ A0 will be denoted by 1x and the zero morphism of eachhomset

A (x,y), the set of all morphisms fromx to y, will be denoted by 0A(x,y) or only by 0 if there is no ambiguity.

Definition 2. An R-linear functor between two R-categories is called an R-functor and an R-functor between two R-

algebroids is called an R-algebroid morphism. Moreover an assignment between two pre-R-algebroids which has the same

conditions as an R-algebroid morphism except for the identity preservation axiom is called apre-R-algebroid morphism.

Note that anR-algebroid is a pre-R-algebroid and anR-algebroid morphism is a pre-R-algebroid morphism.

Definition 3. A two-sided idealof a pre-R-algebroidA is a familyI of R-submodules ofA such that a′a,aa′′ ∈ I for all

a′,a′′ ∈ A and a∈ I with ta′ = sa and ta= sa′′.

Definition 4. Let A andM be two pre-R-algebroids withA0 = M0. A family of maps defined for all x,y,z∈ A0 as

M (x,y)×A (y,z) −→ M (x,z)

(m,a) 7−→ ma

is called aright actionof A on M if for all r ∈ R, a,a′,a1,a2 ∈ A, m,m′,m1,m2 ∈ M with compatible sources and targets

the conditions

1. (ma)a′ = maa′ , 3. (m′m)a = m′ma, 5. (r ·m)a = r ·ma = mr·a

2. ma1+a2 = ma1 +ma2 , 4. (m1+m2)
a = ma

1+ma
2 ,

and the condition m1tm = m whenever1tm exists are satisfied.

A left actionof A onM is defined similarly. Moreover ifA has a right and a left action onM and if the condition

(am)a′ = a
(

ma′
)

is satisfied for all m∈ M, a,a′ ∈ A with ta= sm, tm= sa′ thenA is said to have anassociative actionon M or to act on

M associatively. Furthermore, ifA is an R-algebroid and has anassociative actiononM thenM is called anA-module.
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Definition 5. Let A be an R-algebroid,M be a pre-R-algebroid,A0 = M0 and A have an associative action onM. A

pre-R-algebroid morphismµ : M −→ A is called acrossed(A-)module ofR-algebroidsif the conditions

CM1) µ (am) = a(µm) and µ
(

ma′
)
= (µm)a′

CM2) mµm′
= mm′ = µmm′

are satisfied for all a,a′ ∈ A and m,m′ ∈ M with ta= sm, tm= sa′ = sm′. µ : M −→ A is called aprecrossed(A-)module

of R-algebroidsif it satisfiesCM1. So a crossed module is a precrossed module satisfyingCM2.

Note from the definition that ifµ : M −→ A is a precrossed module then it’s identity on A0.

Definition 6. Given two (pre)crossed modulesM = (µ : M −→ A) andN = (η : N −→ B) of R-algebroids, a pre-R-

algebroid morphism f: M −→ N and an R-algebroid morphism g: A −→ B if the conditions

(1) f (am) = ga( f m) and f
(

ma′
)
= ( f m)ga′ ,

(2) η f = gµ .

are satisfied for all a,a′ ∈ A, m∈ M with ta= sm, tm= sa′ then the pair( f ,g) : M −→ N is called a (pre)crossed

module morphism.

Example 1.Let A be anR-algebroid and I be a two-sided ideal of A. Then the inclusionmorphismi : I −→ A is a crossed

module where A acts on I asab= abandba′ = ba′ for all a,a′ ∈ A, b∈ I with ta= sb, tb= sa′.

Proposition 1.

(1) If f : A −→ B and f′ : B −→ C are (pre-)R-algebroid morphisms then their composition f′ f : A −→ C defined as

( f ′ f ) (x) = f ′ ( f x) onA0 and( f ′ f ) (a) = f ′ ( f a) onMor(A) is a (pre-)R-algebroid morphism,

(2) If ( f ,g) : M −→ N and( f ′,g′) : N −→ K are (pre)crossed module morphisms then( f ′ f ,g′g) : M −→ K is a

(pre)crossed module morphism.

Remark.All precrossed modules ofR-algebroids with their morphisms form a category denoted byPXAlg(R). Similarly

all crossed modules ofR-algebroids form the category XAlg(R). Moreover for a fixedR-algebroid A all precrossed and

crossed A-modules ofR-algebroids with the identity morphism on A form the subcategory PXAlg(R)/A of PXAlg (R)

and the subcategory XAlg(R)/A of XAlg (R), respectively. It can also clearly be seen that XAlg(R) and XAlg(R)/A are

full subcategories of PXAlg(R) and PXAlg(R)/A, respectively.

3 Generators of Peiffer ideal of a pre-R-algebroid in a precrossed module

In [4], given a precrossed moduleM =(µ : M −→ A), to get a crossed module we’ve divided the pre-R-algebroid M

with its Peiffer idealJM,MK generated by all Peiffer commutators which are of the formsJm,m′K1 = mµm′
−mm′ and

Jm,m′K2 =
µmm′−mm′. Then we’ve obtained the crossed moduleM cr = (µcr : Mcr −→ A) where Mcr = M

JM,MK andµcr

is defined asµcrm= µm for all m∈ Mcr, with m being the coset ofm∈ M, and this procedure has given the functor

(−)cr : PXAlg(R)−→ XAlg (R) assigningM cr to each precrossed moduleM and( f ,g)cr = ( f cr,g) to each precrossed

module morphisms( f ,g) where f crm= f m for all m∈ M.

In some cases, however, we may need to simplify and minimize the generator family of Peiffer ideal. This is because

dealing with the whole family of Peiffer commutators may sometimes be challenging. In this context, we aimed to prove

in this section that if V is a family of subsets of M which generates M as a pre-R-algebroid and is closed under the

actions ofR and A then the Peiffer idealJM,MK is generated by the family of all Peiffer commutators formedby

elements of V.
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The group version of this notion can be found in [9]. It’s proved there that ifµ : M −→ P is a precrossed module of

groups and V is a subset of M which generates M as a group and is P-invariant thenJM,MK is the normal closure in M of

the set{ Ja,bK|a,b∈ V} of Peiffer commutators. Here, to prove theorem1 we use a similar way to that used in [9].

Before going on, we need to prove the following lemma.

Lemma 1. If M = (µ : M −→ A) is a precrossed module of R-algebroids then

(1)
(
0A(x,sa)

)a
= 0A(x,ta) and a′

(
0A(ta′,y)

)
= 0A(sa′,y)

(2) (−m)a =−ma and a′ (−m) =−a′m.

for all x,y∈ A0, m∈ M and a,a′ ∈ A with tm= sa, ta′ = sm.

Proof.

(1)
(
0A(x,sa)

)a
+ 0A(x,ta) =

(
0A(x,sa)

)a
=

(
0A(x,sa)+0A(x,sa)

)a
=

(
0A(x,sa)

)a
+
(
0A(x,sa)

)a
resulting in that

(
0A(x,sa)

)a
=

0A(x,ta). A similar calculation gives the equalitya
′ (

0A(ta′,y)

)
= 0A(sa′,y) as required.

(2) 0A(sm,ta) =
(
0A(sm,tm)

)a
= (m+(−m))a =ma+(−m)a resulting in that(−m)a =−ma, and similarlya′ (−m) =−a′m.

In fact, for the equations in lemma1 we don’t need to be given a precrossed module. The equations
(
0A(x,sa)

)a
= 0A(x,ta)

and(−m)a =−ma are satisfied whenever A has a right action on M and the equationsa′
(
0A(ta′ ,y)

)
= 0A(sa′,y) anda′ (−m)=

−a′m are satisfied whenever A has a left action on M.

Theorem 1. LetM = (µ : M −→ A) be a precrossed module of R-algebroids andV = {V (x,y)⊆ M (x,y) : x,y∈ A0} be

a family of subsets ofM which generatesM as a pre-R-algebroid and is closed under the actions of R andA. The Peiffer

ideal JM,MK of M is the ideal generated by the familyJV,VKg=
{

JV,VKg (x,y)
∣∣x,y∈ A0

}
of Peiffer commutators where

JV,VKg (x,y)=
{
Jv,v′K1,Jv,v

′K2 : v,v′ ∈ V, x= sv, tv′ = y
}

for all x,y∈ A0.

Proof. Let JV,VK = {JV,VK(x,y) : x,y∈ A0} be the two-sided ideal generated byJV,VKg and let

JM,MKg =
{

JM,MKg (x,y)
∣∣ : x,y∈ A0

}
be such thatJM,MKg (x,y) = {Jm,m′K1,Jm,m′K2 : m,m′ ∈ M, x= sm, tm′ = y}.

Note firstly that JV,VK(x,y) ⊆ JM,MK(x,y) ⊆ Kerµ (x,y) since JV,VK and JM,MK are generated byJV,VKg and

JM,MKg, respectively, and sinceJV,VKg (x,y) ⊆ JM,MKg (x,y) for all x,y ∈ A0. Secondly note thatJV,VKg andJV,VK

are closed under the actions ofR and A since V is so. So each quotient groupMJV,VK (x,y) =
M(x,y)

JV,VK(x,y) becomes an

R-module with the addition andR-action defined, respectively, asm1+m2 = m1+m2 andr ·m= r ·m on cosets, and the

family M
JV,VK =

{
M

JV,VK (x,y) : x,y∈ A0

}
of R-modules becomes a pre-R-algebroid and an A-module with the

composition and A-action defined, respectively, asmm′ = mm′ andam= am, ma′ = ma′ on cosets having compatible

sources and targets with each other and witha,a′ ∈ A.

Moreover, sinceJV,VK(x,y) ⊆ Kerµ (x,y) for all x,y ∈ A0, µ reduces a pre-R-algebroid morphismµ : M
JV,VK −→ A

defined asµ m= µm, andµ is a precrossed module sinceµ is so. Now, let’s see thatµ is a crossed module in three steps.

(I) Define the familyV =
{

V (x,y) : x,y∈ A0

}
where

V (x,y) = {v= v+ JV,VK(x,y) : v∈ V (x,y)}

for all x,y ∈ A0 . ObviouslyV is a generator family of the pre-R-algebroid M
JV,VK and for allw,x,y,z∈ A0, v′ ∈

V (w,x) , v∈ V (x,y) andv′′ ∈ V (y,z)

µv′v= µv′v= µv′v= v′v= v′v
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and

vµv′′ = vµv′′ = vµv′′ = vv′′ = vv′′

sinceJv′,vK2 =
µv′v− v′v∈ JV,VK(w,y) andJv,v′′K1 = vµv′′ − vv′′ ∈ JV,VK(x,z).

(II) For eachx,y∈A0 fix avxy∈V (x,y) and define P(x,y) as the set of allm∈ M
JV,VK (x,y) satisfying for allw,x,y,z∈A0

the equalitiesµ vwxm= vwx m andmµ vyz = m vyz.

(1) ClearlyV (x,y)⊆ P(x,y)⊆ M
JV,VK (x,y) for all x,y∈ A0.

(2) For allw,x,y,z∈ A0 andm,m1,m2 ∈ P(x,y)

µ vwx
(m1+m2) =

µ vwx
m1+

µ vwx m2 = vwx m1+ vwx m2 = vwx(m1+m2) ,
µ vwx (−m) =−

(µ vwxm
)
=−(vwx m) = vwx(−m)

thanks to lemma1 and the clear equalities−(vwx m) = vwx(−m) and−m=−m in the pre-R-algebroid M
JV,VK .

Similarly it can be shown that(m1+m2)
µ vyz = (m1+m2)vyz and (−m)µ vyz = (−m)vyz. Thusm1 +m2 ∈

P(x,y) and−m∈ P(x,y) for all m,m1,m2 ∈ P(x,y) giving rise to P(x,y) to be a subgroup of M
JV,VK (x,y).

Obviously P(x,y) is abelian since M(x,y) and M
JV,VK (x,y) is so.

(3) For allw,x,y,z∈ A0, m∈ P(x,y) andr ∈ R

µ mwx
(r ·m) = r ·

(
µ mwx

m
)
= r · (mwx m) = mwx(r ·m)

and similarly(r ·m)
µ myz

= (r ·m)myz. Sor ·m∈ P(x,y) for all m∈ P(x,y) andr ∈ R, and this causes P(x,y)

to be anR-submodule of M
JV,VK (x,y).

(4) For allw,x,y,z, t ∈ A0, m∈ P(x,y) andm′′ ∈ P(y,z)

µ mwx
(
mm′′

)
=
(

µ mwxm
)

m′′ = (mwx m)m′′ = mwx
(
mm′′

)

and similarly
(
mm′′

)µ mzt
=

(
mm′′

)
mzt. That is,mm′′ ∈ P(x,z) for all m∈ P(x,y), m′′ ∈ P(y,z) and so the

family P={P(x,y) : x,y∈ A0} is a pre-R-algebroid.

Thus, sinceV =
{

V (x,y) : x,y∈ A0

}
is a generator family of the pre-R-algebroid M

JV,VK it must be the case

that M
JV,VK (x,y)⊆ P(x,y) for all x,y∈ A0 which means P(x,y) = M

JV,VK (x,y) and P= M
JV,VK .

The result we get from II is that for allv,v′ ∈ V and m∈ M
JV,VK with tv = sm and tm= sv′ the equalities

µ vm= v mandmµ v = m v hold.

(III) For all x,y ∈ A0 let Q(x,y) be the set of allm ∈ M
JV,VK (x,y) satisfying the equalitiesµ mm′′ = mm′′ and m′

µ m = m′m for all w,z ∈ A0, m′ ∈ M
JV,VK (w,x) and m′′ ∈ M

JV,VK (y,z). From II the inclusion

V (x,y) ⊆ Q(x,y) ⊆ M
JV,VK (x,y) is clear. In addition, a similar procedure to that of II showsthat Q(x,y) is an

R-submodule of M
JV,VK (x,y) for all x,y ∈ A0 and the family Q={Q(x,y) : x,y∈ A0} is a pre-R-algebroid. Thus,

sinceV =
{

V (x,y) : x,y∈ A0

}
is a generator family of the pre-R-algebroid M

JV,VK we get M
JV,VK (x,y) ⊆ Q(x,y)

for all x,y∈ A0 which means Q(x,y) = M
JV,VK (x,y) and Q= M

JV,VK .

So the equalitiesµ m m′′ = m m′′ andm′ µ m = m′ m hold for all m′, m, m′′ ∈ M
JV,VK having compatible sources and

targets. That is,µ : M
JV,VK −→ A is a crossed module.
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As a result, for allx,y,z∈ A0, m∈ M (x,z) andm′ ∈ M (z,y) the equality

mµm′ = mµm′
= mµm′

= mm′ = mm′

and similarly the equalityµmm′ = mm′ hold in M
JV,VK which meansmµm′

− mm′, µmm′ − mm′ ∈ JV,VK(x,y), i.e.

Jm,m′K1,Jm,m′K2 ∈ JV,VK(x,y) . That is, JM,MK(x,y) ⊆ JV,VK(x,y) for all x,y ∈ A0. But we know that

JV,VK(x,y)⊆ JM,MK(x,y). SoJV,VK(x,y) = JM,MK(x,y) for all x,y∈ A0 andJV,VK = JM,MK.

4 Applications to coproduct of crossed modules ofR-algebroids

In [6], we’ve constructed in XAlg(R)/A the coproduct of given two crossed A-modulesM =(µ : M −→ A) and

N =(η : N −→ A) of R-algebroids by two different methods.

In the first method to get the coproductM ◦∗ N = (µ ◦∗ η : M ◦∗ N −→ A) firstly we’ve constructed the free product

M ∗N of pre-R-algebroids M and N, using reduced words, and secondly the precrossed moduleµ ∗η : M ∗N −→ A

which is defined as identity on A0 and as(µ ∗η)
(

∑
i
ŵi

)
= ∑

i
(µ ∗η)(ŵi) on morphisms such that

(µ ∗η)(ŵi) = (µ ∗η)
(

k̂i1...kin

)
= (µ ∗η)

(
k̂i1...k̂in

)
= (µ ∗η)

(
k̂i1

)
...(µ ∗η)

(
k̂in

)

where(µ ∗η)
(

k̂iα

)
= µkiα if kiα ∈ M and (µ ∗η)

(
k̂iα

)
= ηkiα if kiα ∈ N for eachα ∈ {1,2, ...,n}. After that we’ve

divided M∗N by its two-sided idealIM∗N generated by all elements of the forms

m̂n−mn, m̂n−mn, ̂n′m−n′m, ̂n′m−n′m (1)

to get the quotient pre-R-algebroid M◦∗ N = M∗N
IM∗N

, where the elementsmn, mn, n′m andn′m stands respectively formηn,
µmn, n′µm andηn′m. Then we’ve definedµ ◦∗ η as induced fromµ ∗η .

In the second method to get the coproductM ◦⋉N = (µ ◦⋉ η : M ◦⋉ N −→ A) firstly we’ve constructed the semidirect

product M⋉N of M and N viaµ , and secondly the precrossed moduleµ ⋉η : M ⋉N −→ A which is defined on A0 as

identity and on M⋉N as(µ ⋉η)(m,n) = µm+ηn. Then we’ve divided M⋉N by its two-sided idealIM⋉N generated

by all elements of the forms

(mn,−mn) ,
(

n′m,−n′m
)

(2)

to get the quotient pre-R-algebroid M◦⋉ N = M⋉N
IM⋉N

and definedµ ◦⋉ η as induced fromµ ⋉η .

Now we claim that the idealsIM∗N andIM⋉N are both Peiffer ideals:

Proposition 2. IM∗N is the Peiffer ideal of the pre-R-algebroidM ∗N of the precrossed moduleµ ∗η : M ∗N −→ A.

Proof. Clearly M ∗ N is generated as a pre-R-algebroid by the family

M̂ ∪N =
{

M̂ ∪N(x,y) = M̂ (x,y)∪ N̂(x,y) : x,y∈ A0

}
whereM̂ (x,y) = { m̂|m∈ M (x,y)} , N̂(x,y) = { n̂|n∈ N(x,y)}

andM̂ ∪N is closed under the actions ofR and A. Then from Theorem1 the Peiffer idealJM ∗N,M ∗NK of M ∗N is

generated by the familyJM̂ ∪N,M̂ ∪NKg =
{

JM̂ ∪N,M̂ ∪NKg (x,y)
∣∣∣x,y∈ A0

}
of Peiffer commutators where

JM̂ ∪N,M̂ ∪NKg (x,y) =
{
Jk̂, k̂′K1,Jk̂, k̂′K2 : k̂, k̂′ ∈ M ∪N, x= sk, tk′ = y

}
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for all x,y ∈ A0. Replacing eachk andk′ with m or n according to their belongings we see that the generators ofJM ∗

N,M ∗NK are in fact of the forms

Jm̂, n̂K1, Jm̂, n̂K2, Jn̂′,m̂K1, Jn̂′,m̂K2, Jm̂,m̂′K1, Jm̂,m̂′K2, Jn̂′′, n̂K1, Jn̂′′, n̂K2

for all m,m′ ∈ M, n,n′,n′′ ∈ N with tm= tn′′ = sn= sm′, tn′ = sm. But

Jm̂, n̂K1 = m̂(µ∗η)(n̂)− m̂n̂= m̂ηn− m̂n= m̂ηn− m̂n= m̂n−mn,

Jm̂, n̂K2 =
(µ∗η)(m̂)n̂− m̂n̂= µmn̂− m̂n= µ̂mn− m̂n= m̂n−mn,

Jn̂′,m̂K1 = n̂′
(µ∗η)(m̂)

− n̂′m̂= n̂′
µm

− n̂′m= n̂′µm− n̂′m= ̂n′m−n′m,

Jn̂′,m̂K2 =
(µ∗η)

(
n̂′
)
m̂− n̂′m̂= ηn′m̂− n̂′m= η̂n′m− n̂′m= ̂n′m−n′m

and

Jm̂,m̂′K1 = m̂
(µ∗η)

(
m̂′

)
− m̂m̂′ = m̂µm′

− m̂m′ = m̂µm′
− m̂m′ = m̂m′− m̂m′ = 0,

Jm̂,m̂′K2 =
(µ∗η)(m̂)m̂′− m̂m̂′ = µmm̂′− m̂m′ = µ̂mm′− m̂m′ = m̂m′− m̂m′ = 0.

Similarly it can be shown thatJn̂′′, n̂K1 = Jn̂′′, n̂K2 = 0. As a resultJM ∗N,M ∗NK is generated by the elements of the forms

m̂n−mn, m̂n−mn, ̂n′m−n′m, ̂n′m−n′m

which are the same as those in (1). That is,JM ∗N,M ∗NK and IM∗N have exactly the same generators meaning that

IM∗N = JM ∗N,M ∗NK as required.

Corollary 1. M ◦∗ N = (M ∗N )cr .

Proof.M ◦∗ N = M∗N
IM∗N

= M∗N
JM∗N,M∗NK = (M ∗N)cr from proposition2 andµ ◦∗ η = (µ ∗η)cr since they are both defined as

induced fromµ ∗η .

Proposition 3. IM⋉N is the Peiffer ideal ofM ⋉N.

Proof. The Peiffer idealJM ⋉N,M ⋉NK of M ⋉N is generated by the elements of the formsJ(m,n) ,(m′,n′)K1 and

J(m,n) ,(m′,n′)K2. But

J(m,n) ,
(
m′,n′

)
K1 = (m,n)(µ⋉η)(m′,n′)− (m,n)

(
m′,n′

)
=
(

mµm′+ηn′ ,nµm′+ηn′
)
−
(

mm′,nm′
+mn′+nn′

)

=
(

mm′+mn′ −mm′,nm′
+nn′−nm′

−mn′−nn′
)
=
(

mn′ ,−mn′
)
,

J(m,n) ,
(
m′,n′

)
K2 =

(µ⋉η)(m,n) (m′,n′
)
− (m,n)

(
m′,n′

)
=
(µm+ηnm′, µm+ηnn′

)
−
(

mm′,nm′
+mn′+nn′

)

=
(

mm′+ nm′−mm′,mn′+nn′−nm′
−mn′−nn′

)
=
(

nm′,−nm′
)

,

i.e. JM ⋉N,M ⋉NK is generated by elements of the forms
(

mn′ ,−mn′
)

and
(

nm′,−nm′
)

which are the same as those

in (2). That isJM ⋉N,M ⋉NK and IM⋉N have exactly the same generators which meansIM⋉N = JM ⋉N,M ⋉NK as

required.

Corollary 2. M ◦⋉ N = (M ⋉N )cr.

Proof.M ◦⋉N = M⋉N
IM⋉N

= M⋉N
JM⋉N,M⋉NK = (M ⋉N)cr from proposition3 andµ ◦⋉ η = (µ ⋉η)cr since they are both defined

as induced fromµ ⋉η .
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[15] R. Peiffer, ‘Über Identitäten zwischen Relationen’, Math. Ann. 121 (1949) 67–99.

[16] J.H.C. Whitehead, On adding relations to homotopy groups, Annals of Mathematics 42 (2) (1941) 409–428.

[17] J.H.C. Whitehead, Note on a previous paper entitled ”Onadding relations to homotopy groups.”, Annals of Mathematics 47 (4)

(1946) 806–810.

c© 2017 BISKA Bilisim Technology


	Introduction
	Preliminaries
	Generators of Peiffer ideal of a pre-R-algebroid in a precrossed module
	Applications to coproduct of crossed modules of R-algebroids

