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Abstract: In this study, we analyse the generators of the Peiffer iffélaM] of a preR-algebroid M in a precrossed modulg =
(1M — A) in terms of the generators of M for further using and use thieaues to find the generators of the Peiffer ideal obtained
in the coproduct construction of two crossed A-moduleBR-algebroids.
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1 Introduction

Crossed modules which are algebraic models of 2-types wastby fintroduced by Whitehead16,17], in his study on
homotopy groups. Then for many areas of mathematics thégeeme an essential algebraic structure. To get a crossed
module from a precrossed module we mostly use Peiffer suipgror Peiffer ideals generated by Peiffer elements which
are also named as Peiffer commutators. The term ‘Peiffene’ has firstly used by R. Brown and J. Huebschmann in
[8] to mark the substantial contribution of R. Peiffer ih5] and Peiffer commutator calculus has especially been
developed by H. J. Baues and D. Conducfig, R. Brown, P. J. Higgins and R. Sivera have used Peiffer sufjgto
obtain crossed modules of groups B} fnd N. M. Shammu has used Peiffer commutators to get crasseflles of
algebrasinl4.

In [4], to construct a crossed module from a given precrossed lodt= (1 : M — A) of R-algebroids, we've
introduced the Peiffer idegM,M] of the preR-algebroid M where the procedure has given the funttof' from the
category of precrossed to the category of crossed modulRsatifebroids. In §], on the other hand, we've constructed
the coproduct of given two crossed A-moduleg = (u: M — A) and./ =(n:N — A) of R-algebroids in two
ways one of which depends basicly on dividing the free protueN of pre-R-algebroids M and N with the ideajy.n
and the other on dividing their semidirect productdN with the ideall y -

In this study, we analyse the generator§Mf M] to determine their relations with the generators of M fotHer using
and apply the outcomes to find the generators of the Peiféaisdof preR-algebroids M«N and Mix N, in [6], to reach
the unsurprising result that,ly and kN are in fact their Peiffer ideals, respectively. Throughthg papeR is a
commutative ring.
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2 Preliminaries

R-algebroids, as the basic tool of this study, were espgaalidied by B. Mitchell in 10,11,17], and by S. M. Amgott in

[3]. G.H. Mosa has defined crossed moduleR@figebroids in 13] where he proved the equivalence of crossed modules
of algebroids and special double algebroids with connastiv. Alp has constructed the pullback and pushout crossed
modules of algebroids inl] and [2], respectively. In p], we've studied the adjointness between pullback and iaduc
crossed modules d&t-algebroids. Most of the following data can be found31[0,11,12] and [13].

Definition 1. A category of which each homset has an R-module structurefamdich composition is R-bilinear is called
an Rcategory and a small R-category is called andkgebroid Moreover if we omit the requirement of the existence of
identities from an R-algebroid structure then the remagnstructure is called greR-algebroid

RemarkGiven any (prefR-algebroid A

(1) Ao(=ODb(A)) and Mor(A) are the object and the morphism sets of A, respectively, aisdsaid to be over 4
(2) s,;t: Mor(A) — Ap are the source and target functions, respectively, anchaniylor (A) is said to be fronsato
ta which are its source and target, respectively.

RemarkThroughout the papere A will mean thatais a morphism of A and the composition of aap € A with ta=sb
will be denoted byab. The identity morphism on anye Ag will be denoted by jJland the zero morphism of eablomset
A (x,y), the set of all morphisms fromto y, will be denoted by Q) or only by 0 if there is no ambiguity.

Definition 2. An R-linear functor between two R-categories is called afuiittor and an R-functor between two R-
algebroids is called an Rigebroid morphismMoreover an assignment between two pre-R-algebroidswias the same
conditions as an R-algebroid morphism except for the idgptieservation axiom is called@re-R-algebroid morphism

Note that arR-algebroid is a prér-algebroid and aiR-algebroid morphism is a prie-algebroid morphism.

Definition 3. A two-sided ideabf a pre-R-algebroidA is a familyl of R-submodules @k such that &a,ad’ < | for alll
a,a’ € A and ac | with tal = sa and ta=sd’.

Definition 4. Let A andM be two pre-R-algebroids withg = M. A family of maps defined for allx z € Ag as

M (x,y) x A(Y,2) — M (X,2)
(m,a) —  m?

is called aright actionof AonM if forallr € R a,a',a3,a, € A, mm,m;,m, € M with compatible sources and targets
the conditions

1. (mf)? = ned, 3. (Mm)? = nn?, 5 (r-m2=r-m=m-?a
2. Mt — 1 e | 4. (mg+mp)? =md+md,

and the condition ™ = m whenevel;n, exists are satisfied.
Aleft actionof A onM is defined similarlyMoreover ifA has a right and a left action oM and if the condition
(am)a’ _a (ma’)

is satisfied for all me M, a,a’ € A with ta= sm, tm= sd thenA is said to have amassociative actioon M or to act on
M associatively Furthermore, ifA is an R-algebroid and has aassociative actioon M thenM is called anA-module
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Definition 5. Let A be an R-algebroidM be a pre-R-algebroidAg = Mg and A have an associative action dvi. A
pre-R-algebroid morphism : M — A is called acrossedA-)module ofR-algebroidsdf the conditions

CM1) p(®m)=a(um) and u (ma/) = (um)a
CM2) mH™ = mnf = KMy

are satisfied for all aa’ € A and mm' € M with ta= sm, tm=sd = sni. u: M — A is called aprecrosse@A-)module
of R-algebroidsf it satisfiesCM1. So a crossed module is a precrossed module satis€§/ng,.

Note from the definition that ift : M — A is a precrossed module then it's identity 0p.A

Definition 6. Given two (pre)crossed module# = (4 : M — A) and.#" = (n : N — B) of R-algebroids, a pre-R-
algebroid morphism f M — N and an R-algebroid morphism:gA — B if the conditions

Q) f(®m)=9%(fm) and f(ma') — (fm)¥

(2) nf=gu.

are satisfied for all aa’ € A, me M with ta= sm, tm= sd then the pair(f,g) : . # — .4 is called a pre)crossed
module morphism.

Example 1.Let A be anR-algebroid and | be a two-sided ideal of A. Then the inclugimrphismi : | — A is a crossed
module where A acts on | & = abandb® = bd for all a,a € A, b € | with ta= sb, tb = sd.

Proposition 1.

(1) If f :A— B and f : B— C are (pre-)R-algebroid morphisms then their compositiéh :fA — C defined as
(f'f)(x) = f'(fx) onAg and(f'f) (a) = f’(fa) onMor (A) is a (pre-)R-algebroid morphism,

2 If(f,9): 4 — A and(f',d): &/ — ¢ are (pre)crossed module morphisms tHéhf g'g) : .# — ¢ is a
(pre)crossed module morphism.

RemarkAll precrossed modules ¢-algebroids with their morphisms form a category denote®Xplg (R). Similarly
all crossed modules d¥-algebroids form the category XA[&). Moreover for a fixedr-algebroid A all precrossed and
crossed A-modules d®-algebroids with the identity morphism on A form the subgaiy PXAIg(R) /A of PXAlg (R)
and the subcategory XAIR) /A of XAlg (R), respectively. It can also clearly be seen that XiRgand XAlg(R) /A are
full subcategories of PXAIGR) and PXAIg(R) /A, respectively

3 Generators of Peiffer ideal of a preR-algebroid in a precrossed module

In [4], given a precrossed modul& =(u: M — A), to get a crossed module we've divided the Rralgebroid M
with its Peiffer ideal[M,M] generated by all Peiffer commutators which are of the fofmgn']; = m*™ —mni and
[m,m ]2 = ¥Mm' — mni. Then we've obtained the crossed modu#” = (u° : M — A) where M = [[N:V'—M]] andu®

is defined agu®m = um for all m e M, with m being the coset ofn € M, and this procedure has given the functor
(=) : PXAIg (R) — XAlg (R) assigning# " to each precrossed modul¢ and(f,g)" = (' g) to each precrossed

module morphisméf, g) wheref®m= fmfor allme M.

In some cases, however, we may need to simplify and mininhigegenerator family of Peiffer ideal. This is because
dealing with the whole family of Peiffer commutators may stimes be challenging. In this context, we aimed to prove
in this section that if V is a family of subsets of M which geats M as a pr&algebroid and is closed under the
actions ofR and A then the Peiffer idedM,M] is generated by the family of all Peiffer commutators fornimd
elements of V.
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The group version of this notion can be found 8).[It's proved there that ifu : M — P is a precrossed module of
groups and V is a subset of M which generates M as a group anthi@Rant therfM, M] is the normal closure in M of
the set{ [a,b]|a,b € V} of Peiffer commutators. Here, to prove theorémwe use a similar way to that used i [
Before going on, we need to prove the following lemma.

Lemmal. If # =(u:M — A)is a precrossed module of R-algebroids then

(1) (Oaxsa)® =0Oaxta) and @ (Oagary)) = Oacsay)
) (-m2=—-m* and ¥ (—m)=-¥m

for all x,y € Ag, me M and aa € A withtm=sa, td = sm.
Proof.

(1) (OA xs@)a"’ OA(xta) = (OA(X sa)) (OA(X sa) +OA(X s@) (OA(x,s@)a"’ (OA(x,s@)a reSUIting in that(OA(x,sa))a =
Oa(xta)- A similar calculation gives the equahﬁ/(OA ta, )) = Oa(say) @s required.
(2) Oa(smta) = (OA(smtm)) = (M+ (—m))® =P+ (—m)? resulting in thaf —m)? = —m?, and similarly? (—m) = —¥m.

In fact, for the equations in lemmiawe don’'t need to be given a precrossed module. The equa(mm@s@)a = Oa(xta)
and(—m)?® = —m? are satisfied whenever A has a right action on M and the eqﬁi(i)A(tagy)) =Oa(sd.y) and? (—m)=
—@mare satisfied whenever A has a left action on M.

Theorem 1. Let.# = (1 : M — A) be a precrossed module of R-algebroids &he {V (x,y) CM (X,y) : X,y € A} be
a family of subsets dfl which generateM as a pre-R-algebroid and is closed under the actions of RAanthe Peiffer
ideal [M,M] of M is the ideal generated by the famfly,V]g={ [V, V]q (X,y)|X.y € Ao} of Peiffer commutators where

IV.VIg(%y)={[vV]1,[wV]2: wV €V, x=sv tV =y}

forall x,y € Ao.

Proof. Let [V,V] = {[V,V](xy):x,yeAp} be the two-sided ideal generated bJV,V]y and let
[MM]g = {[M,M]g(x.y)| : X,y € Ao} be such thafM,M]g (x,y) = {[m m]1, [mm ]2 : mmn € M, x=sm tnf =y}.
Note firstly that[V,V](x,y) € [M,M](x,y) C Keru(x,y) since [V,V] and [M,M] are generated byV,V]y and
[M,M]g, respectively, and sincg/,V]g(x,y) C [M,M]g(x,y) for all X,y € Ag. Secondly note thdtV,V]q and[V,V]
are closed under the actions Bfand A since V is so. So each quotient groha@f'v (xy) = [[V\SW becomes an
R-module with the addition anB-action defined, respectively, &g + M = my + M, andr - M= F-mon cosets, and the
family ﬁ = {ﬁ(x,y):x,yer} of R-modules becomes a pRalgebroid and an A-module with the

composition and A-action defined, respectivelyfas = mnf and ®m = am, m¥ = m? on cosets having compatible
sources and targets with each other and ajthi € A.

Moreover, since]V,V] (x,y) C Keru (x,y) for all x,y € Ap, u reduces a pr&-algebroid morphisnyi : [[v v — A
defined agi m= um, andi is a precrossed module singds so. Now, let’s see that is a crossed module in three steps.

() Define the familyV = {V(x,y) AR Ao} where

V(xy) = {V=v+[V,V](xy) :veV(xy)}

for all x,y € Ag . ObviouslyV is a generator family of the er—aIgebrdeV i and for allw,x,y,z€ Ap, V €
V(w,x),veV(xy)andv' €V (y,z)
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and
L o
VW gt =y W =W

since[V,V]2 = Wv—Vvve [V,V] (wy) and[v,V']1 = vV —w' € [V, V] (x,2).
(1) For eacm,yefgﬁx avy eV (Xy) zirE define Px,y) as the set of afine ﬁ (x,y) satisfying for allw,x,y,z€ Ag
the equalitied' Ywxm = Vi;x M andm Y%z — myy,.
(1) ClearlyV (x,y) CP(x,y) C HV i (x,y) for all x,y € Ao.
(2) Forallw,x,y,z€ Ag andm,mg,m; € P(x,y)

thanks to lemma and the clear equalities (Vyx M) = Vipx (—) and—mM= —min the preR-algebroid 4

Similarly it can be shown thatmy + mp)H %2 = (Mg + M) vz and (—m)H W2
P(x,y) and—m € P(x,y) for all mm,m; € ( ,Y) giving rise to RXx,y)
Obviously R(x,y) is abelian since Ni,y) and 7 vy (x y) is so.
(3) Forallw,x,y,ze Ag, me P(x,y) andr € R

v.vl-
(—M) Wz Thusmg + 1y €
to be a subgroup 0% (X,y).

Hrm(r-m)Zr-(mm_ =

and similarly(r ~m)ﬁwz = (r-m)my. Sor -me P(x,y) for all me P(x,y) andr € R, and this causes(R,y)
to be anR-submodule ofgyy (X.Y).- -
(4) Forallw,x,y,zt € Ag, me P(x,y) andm’ € P(y,2)

B (mmy”) = (ﬂmm) m'’ = (Myx M) M7 = My (M)

and S|m|larly(mm”)“ ™ _ (7). That is,mm’ € P(x,2) for all me P(x,y), i € P(y,2) and so the

family P={P(x,y) : X,y € Ao} is a preR-algebroid.

v, V]] it must be the case

Thus, sinceV/ = { X,Y) I XY E Ao} is a generator family of the pre-algebroid—
y) for all x,y € Ag which means Px,y) = W (x,y) and P= [[V,V]]'

that "+ HV i (%y) C P(x,

The result we get from Il is that for att,vV € V andm ﬁ with tv = smandtm = sV the equalities
H¥m=vmandmH Y =mv hold.
() For all x,y € Ap let Q(x,y) be the set of alm € [[VMV]] (x,y) satisfying the equalitie§ ™m” = mm’ and m/
AM — mm for all wz € Ay, m € HV vp(wx) and m’ € [[VMV]] (y,2). From 1l the inclusion
V(x,y) C Q(x,y) C HV i (x,y) is clear. In addition, a similar procedure to that of Il shawat Q(x,y) is an
R-submodule ofW (x,y) for all x,y € Ap and the family Q={Q(x,y) : X,y € Ao} is a preR algebroid. Thus,

sinceV = { (x,y):xye Ao} is a generator family of the pr‘é—algebrmd v we getM V.V (x,y) € Q(x,y)

for all X,y € Ag which means @Qx,y) = (x y) and Q= [[V,V]] .
So the equalitie§ "m’ = mm’ andm’ ™ = mhold for allm’, m, m"’ € H— having compatible sources and
targets. That iy : L]] — Ais a crossed module.
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As a result, for alk,y,z€ Ag, me M (x,z) andnm' € M (z,y) the equality
me = Y — T = ot = mind

and similarly the equalit™m? = mni hold in ﬁ which meansm#™ — mnd, ™ — mnd € [V,V](x,y), i.e.

[m ], [mm]2 € [V,V](xy) . That is, [M,M](x,y) C [V,V](xy) for all x,y € Ag. But we know that
[V,V](xy) C [M,M] (x,y). So[V,V](x,y) = [M,M] (x,y) for all x,y € Ag and[V,V] = [M,M].

4 Applications to coproduct of crossed modules oR-algebroids

In [6], we've constructed in XAIgR) /A the coproduct of given two crossed A-moduleg =(u: M — A) and
A =(n:N — A) of R-algebroids by two different methods.

In the first method to get the coprodud o, .4 = (Ho.n:Mo,N— A) firstly we've constructed the free product
M x N of preR-algebroids M and N, using reduced words, and secondly teerpssed modulg «xn : MxN — A
which is defined as identity ongfand ag (= n) (zvvi) =Y (U*n) (W) on morphisms such that

I

(ko) (80) = (s ) (KoK ) = (o) (i) = (o) (3 ) (o) (K )
where(p*n) (k/.;) = ki, if ki, € M and (ux*n) (k/.;) = nki, if ki, € N for eacha € {1,2,...,n}. After that we've
divided Mx N by its two-sided idealy.n generated by all elements of the forms

—

—_— — —
m —mn "n—mn M —n/m, "m—n'm (1)

to get the quotient pr&algebroid Mo, N = m*’;‘ where the elements’, ™n, ™ and" m stands respectively fan™",

HMn, MM and™ m, Then we've definegl o,  as induced fronu 1.

In the second method to get the coprodutio, .4 = (Hox N : Mo, N — A) firstly we've constructed the semidirect
product Mx N of M and N viapu, and secondly the precrossed module n : M x N — A which is defined on A as
identity and on Mx N as(u x n) (m,n) = um+ nn. Then we've divided Mx N by its two-sided idealy N generated
by all elements of the forms

(', =mn) , (Mm,—n'™) 2)

to get the quotient pr&algebroid Mo, N = % and defineqt o, n as induced fromu x 7.

Now we claim that the ideals,.n andly N are both Peiffer ideals:
Proposition 2. Iy, is the Peiffer ideal of the pre-R-algebrdid« N of the precrossed modulexn : M« N — A.

Proof. Clearly M % N is generated as a pRalgebroid by the family
MUN = {MUN(xy) =M (xy) UN(xy) :xy € Ao} whereM (x.y) = {ime M (xy)}, N(xy) = {Alne N(xy)}

andMUN is closed under the actions Bfand A. Then from Theorerf the Peiffer ideal[M « N,M x« N] of M «N is
generated by the familjM UN,M UN]g = { [MUN,MUN]Jg (X, y)‘ X,y € Ao} of Peiffer commutators where

[MUN,MUN]q (x,y) = {[[R, K]1,[K.K]2 kK € MUN, x = sk tk = y}
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for all x,y € Ag. Replacing eacl andk’ with m or n according to their belongings we see that the generatofsef
N, M xN] are in fact of the forms

[, A1, WAz, [, @], [, @2, [ M., [/,m ]2, [0, 8], [V, A],
forallmm’ € M, n,n’,n” € N withtm=tn” = sn=sni, tn’ = sm But

—

[M,A] = MO _ @ = @1 — mn= m1" — Mn= nT — mn

P
[@,A]2 = HMMA _ R = KA — mMn= AMn — Mn="n — mn,

[, M), =n —nm=n" —n’m=n"—p'm=nm—n'm,
- ). o P —
[[n’,m]}z:(“*”)( )m—n’m:””m—n’m:n”’m—n’m:“’m—n’m

and

gy = () -

ol = @™ — mmt = me — md = m — mm = 0,
[, M, = HMMny _ fy =

MMy — mid = Amny — mif = mnd — mn = 0.

Similarly it can be shown thdn”, A, = [n”,A]> = 0. As a resulfM =N, M x N] is generated by the elements of the forms

—
—

— — /
m—mn™M-mnn™—nm™"m-nm

which are the same as those ifj.(That is,[M « N,M x N] andly.n have exactly the same generators meaning that
Im«n = [M %N, M xN] as required.

Corollary 1. A4 o, N = (M x N ).

Proof.M o, N = I":'A*';‘ = m = (M xN)® from proposition2 andpi o, n = (i * n)® since they are both defined as
induced fromu = n.

Proposition 3. Iy« is the Peiffer ideal oM x N.
Proof. The Peiffer ideal[M x N,M x N]] of M x N is generated by the elements of the forfiisy,n), (m',n")]1 and
[[(ma n) ) (ma n/)HZ- But
[(mn), (m,n")]1 = (m, n)(““’”(m{’”/) — (myn) (m,n') = (m“””””/,n“"”””/) - (mnﬁ,nm( + M+ nrf)
= (mrﬁ " — mnd,n™ =™ =M — nr{) = (m”l, —mn') ;
[(mn), (n’(,n/)]]z — (uxn)(mn) (n{m/) ~(mn) (n{,n/) _ (um+nnn.(7um+nnn/) _ (mm"nm( LMy nr{)
- (mm’+”rrffmnﬁ,mn’+nrffnm(fmn’fnr{) = (”rrf,fnm{) ,
i.e. [M x N,M x N] is generated by elements of the forr(m"', —mn’) and (”r’d, —n") which are the same as those

in (2). That is[M x N,M x N] andlyxn have exactly the same generators which mdang, = [M x N,M x N] as
required.

Corollary 2. # o N = (M x N ).

Proof. Mo, N = M=t — m = (M x N)*" from propositior8 andp o, N = (i x )" since they are both defined

as induced fronu x .
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