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Abstract: We consider the inital value problem for the Klein-Gordom&tipn in anti-de Sitter spacetime. We derive the pointwise
decay estimate by using the fundamental solution to thatiKéein-Gordon equation in anti-de Sitter spacetime wittrse term.
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1 Introduction

In this article, we consider the decay estimate for the siubf the following Klein-Gordon equation in anti-de Sitte
spacetime:
dPu—Au+M?u=f(xt), (xt)eR"xR,
(1)
®(x,00=0, a&®d(x,00=0, xeR",

wheref € C*(R"1). The curved masM is defined as followsM? := n? — n?/4 wherem > 0 represents the physical
mass. We briefly review how the equation i) (s deduced. The line element in de Sitter spacetime is diyen

-1
d52:_<1_;_22) dt2+<1_;_22> dr? +r?(d6? + sir’ 6d¢?) )

whereR s the radius of the universe. By using the Lemaitre-Robartsansformation in€],

’_ r —t/R . R _ ﬁ r_ _
rfiil,rZ/Rze , tt+2In(1 = ) =06, ¢=o0o
the line element has the following form
dg = —dt? 4 /R (dr? 4 r2d0"2 + r2sir? 6'd¢/?). ®3)

Changing the coordinate as
t=t', xy=r'sin@ cosy/, xp=r'sind’sing, x3=r'cosH’,

we get
ds? = —dt?+ M (A + dg + dxg) , @)
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where we puH = 1/R. We may write the line element in the general spatial dimamsas
d = —dt? + M (A + ...+ dx3) .

For simplicity, we seH = 1. Thus the corresponding metric is
(Gik)o<iken := diag(—1,€*, ..., e*).

Letg:=det(gik)o<i k<n and(gik)ogi,kgn be the inverse matrix dbix)o<i k<n- Then the scalar fiel@ in de Sitter spacetime
is described by the following equation:

— — | =mr®+f,
9] ox (VIglg %

wherexg :=t. More explicitly, we get the following equation
RO +nty—e2Ad+nfd=1f (xt) cR"xR. (5)

If we introduce the new unknown functian= egtcv, the equationf) takes the form of the linear Klein-Gordon equation
in de Sitter spacetime
d2u—e 2Au+M2u=f. (6)

The time inversion transformatidn— —t reduces the equatioB)(to the equation inX)
d2u—Au+M2u= 1,

that is regarded as the equation in anti-de Sitter space time

In Minkowski spacetime, the initial value problem for thersknear Klein-Gordon equation
Wt — Au+mlu = [u|9u,

has been extensively investigated. The existence of glebak solutions has been obtained by Jorg&hsHecher 7],
Brenner ], Ginibre and Velo 8,4]. In order that the total energy is well-defined in the enesggce, one needs the
assumptiorr < 4/(n—1).

Turning back to the initial value problem)( the following theorem obtained by Galstig®] Etates the estimate in the
Sobolev spacelS(R").

Theorem 1. Let u= u(x,t) be the solution of the initial value problem
U —€?Au+M2u=f, u(x0) =0, wu(x0)=0

for (x,t) € R" x (0,»), where fe C*(R™?1). Let | be a nonnegative integer, mn/2 and n> 2. Then there exists a
constant C> 0 such that

t
H(*A)fsu(-vt)||w|,q(Rn) SCet(Zsfn(%fé)) A [ 0) lwi.p(rny (1+t—b)t=9™dp (7)
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forallt > 0, provided that $> 0, 1< p<2, £+ =1, 3(n+1)(5 — §) < 2s<n(5 — ¢) < 25+ 1. Here we have set

M=/me—

The decay estimate is an important tool to prove the globiatexce for nonlinear partial differential equations. @a t
other hand, we are interested in the pointwise decay etifoathe solution of{). The limiting casey= (i.e. p=1)
for the decay estimate is excluded in TheorkriVe remark that the decay rate for the pointwise decay etgimmdaster
than the decay rate for the decay estimate. Therefore, by using the pointwise decayaist, we prove the following
theorem.

Theorem 2. Let u= u(x,t) be the solution of the initial value problem
W —erAu+M2u=f, u(x,00=0, w(x,0)=0

for (x,t) € R" x (0,), where fe C*(R"1). Let m>n/2 and n> 2. Then there exists a constantC0 such that
t
UG ny <€ 17 B) i sany (14— D)™ a (®)

for allt > 0. Here we have set M= /m? — “742.

Here, WXP(R") = {u€ LP(R"): D% LP(R"), |a| <k}, denotes a Sobolev space with the norm

1/p
(Ul lwikp(rny = ( z /n|DaU|p> , (1<p<o),
la|<k R

[[Ullwker ey = Z esssupDu|.
la[<k RO

2 Preliminary

Throughout this paper, the positive constants which maygbaare denoted by the same lett€rsWe prepare the
inequality for proving Theorera. First of all, we introduce the hypergeometric functffa, b; ¢; {) and study its property.
Itis defined by the power series

Fabed) -5 GUREL <1

wherea,b,c € Cwithc#0,—1,—2,..., and we denoted

(a)0:17
(@n=r(a+n)/l(a)=a(a+1)..(a+n-1), n=123, ...

Herel is the gamma function (see e.d])}

Lemma 1. Assume that M> 0. Then, for z> 1,

N2 \2
F(%HM%MML%)’dVSC(lJr'nZ)lSgw(z—l)(2+1)l- ©)

/0271<<2+ 12-y?) 3

Proof. First, we consideM > 0. From the formulas 13.6 and 153.10 of chapter 15 in]], we get

1.1
F(Z+iM,Z+iM;1;€ )| <
‘ (2+I ,2+| , ,E)‘_C7
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forall £ € [0,1). Hence we have

./(;Zil((erl)zfyz)*1 F<;+|M VPPt i )

2 (z+1)2-

dy<c;/ (z+1)2—y?)~3dy

<C(z—1)(z+1)1

Next, we consideM = 0. If 1 < z< N with some constant N, then the argument of hypergeometniction is bounded,

(Z-17-y _ (z- 17 _ (N-1)
7=y = 1P S e =C

forally € (0,z— 1), and

/021((2—#1)2—)’2)%':(} LTy )‘dy“/ (1)) Ry

<C(z—1)(z+1)1

Then, we consider the cage> N. In particular, we choosl > 6 and split the integral into two parts:

JANCIEVS

22 Zr 12— y?
\/ (z+1)2-82 . 11 47
_ 2\ 2\-3 Ll
[ o i (53 )|
z—1 1 11 47
z 12_ T2 F _)_1111_ d
+/ (z+1)278z(( 1Y) (2 2 (z4+1)2 yz)‘ y
For the second integral, > /(z+ 1)2 — 8z, then
(z+12-y> "2 (z+1)—y> ~ 2
implies
11 4z
e T I <c
F (33t Grapy) | <
Hence, we get
21 z-1
2 _1 11 4z / 5 B
- 55 - < —
‘/(HDL&«Z+D Y2 F(Z,Zlﬂ.(z+nzw)’dy_c [ (z+12 -y 2dy

<C(z—1)(z+1)?
For the first integraly < \/(z+ 1)2— 8zandz> N > 6 imply 82 < (z+ 1)® — y?. It follows

11 4z 4z
F (3 3w | =9n (@) | scano
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Hence, we get
(z+1)%-82 1 11 4z z-1 1
27 —5 - ~--1-1_ < 27 -2
A (Z+1% -y |F <2, L 1)2_y2> ‘ dy<C(1+n2) [* (@+ 12—y by
<C(1+Inz)(z—-1)(z+1)?
This completes the proof.
3 Fundamental solution of the Klein-Gordon equation
It was shown in 8] that the solutioru = u(x,t) of the initial value problem
w —eXAu+M2u="f, u(x,0)=0, w(x0) =0, (xt)ecR"x(0,), (10)
with f € C*(R") is given by
I 2_ 2
+yiM 2 2\ 2 M_ (1 1 Gl
u(x.t) 2/ db/ drvx D)4 )M (@ +e)?—r?) P T F <2+|M,2+|M Ligrar) @
wherev(x,t; b) is the solution to the following initial value problem forawave equation
Vit —Av= 07 V(X,O;b) = f(Xv b)v Wt (X,O,b) = Oa (th) € Rn X (Oa 00)7 (12)
whereb > 0.
4 Proof of theorem 2
The solutionv(x,t) of the initial value problem2) satisfies
_n1
IV, 15D [[Leqrny < C(L+1)" 2 [[ £, B)in/2+1.2my (13)
forallr > 0, if n> 2 (see e.g.10). By using (L3), we have
t
U fuogem <€ [ f<.,b>|\w[n/a+1.l(Rn)db
d—e e (eb é)2—r2
<C/ (., 0) [z 11 Rn)db
é-e ! 1 (eb é)2—r2
If we change the variable by= €y, then we obtain
() lmgamy < c/ (.0 lyiv2is1.2(zm
(14)

b _
x/oé l((eI*bJrl)Z—yz)*% F(%+iM,3+iM;1;w)‘dy

2 (8P4 1)2—y2
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Then, we apply Lemma with z= &P to the second integrand of the right-hand side of the inétyu@l4);
t
() eny <€ D) sy (€= 1)@+ 2) X2t — byl

and we obtaing). This completes the proof of Theoren
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