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Abstract: We investigate the problem of pointwise convergence of the family of non-linear integral operators:

Lλ ( f ,x) =

b
∫

a

N

∑
m=1

f m(t)Kλ ,m(x, t)dt,x∈ (a,b) ,

whereN ≥ 1 is a finite natural number,λ is a non-negative real parameter,Kλ ,m(x, t) is a non-negative kernel andf is the function in
L1(a,b). We consider two cases such that(a,b) denotes finite interval ofR and(a,b) denotes the whole real axis.
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1 Introduction

In [6] the concept of singularity was studied by including the caseof nonlinear integral operators such that

Tw f (s) =
∫

G
Kw(t − s, f (t))dt,s∈ G,

and the assumption of linearity of the operators was replaced by an assumption of Lipschitz condition forKw with

respect to the second variable. Later on, Swiderski and Wachnicki [9] investigated the pointwise convergence of the

operatorsTw f in Lp(−π ,π) andLp(R) at a point of continuity and a Lebesgue point off .

In [3], Karsli studied both the pointwise convergence and the rate of pointwise convergence of above operators at a

µ − generalizedLebesgue point off ∈ L1 〈a,b〉 as (x,λ ) → (x0,λ0). In [4], the rate of convergence for the same

operators is studied at a pointx, where the being approximated functionf has a discontinuity of the first kind, asλ → λ0.

For general analysis on non-linear integral operators in different spaces and settings the book [1] is recommended. Also,

for some recent works, we refer the reader to see [2,5] and [7]. Recently, Esen Almali investigated the problem of

pointwise convergence at lebesgue points of functions for the family of singular integrals involving infinitive sum in [8].

The aim of this article is to obtain pointwise convergence results for a family of non-linear operators of the form:

Lλ ( f ,x) =
N

∑
m=1

b
∫

a

f m(t)Kλ ,m(x, t)dt, x∈ (a,b) , (1)
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whereKλ ,m(x, t) is a family of kernels depending onλ .We study convergence of the family (1) at every Lebesgue point

of the functionf in the spaces ofL1(a,b) andL1(−∞,∞). Here, the numberN ≥ 1 is finite arbitrary natural number.

Now, we give the following definition:

Definition 1. (Class A) Let m= 1,2, ...,N. We take a family(Kλ )λ∈Λ of functions Kλ ,m(x, t) : R×R → R. We will say

that the function Kλ (x, t) belongs the class A, if the following conditions are satisfied:

(a) For everym, Kλ ,m(x, t) is a non-negative function defined for allt on (a,b) andλ ∈ Λ .

(b) For everym, as function oft, Kλ ,m(x, t) is non-decreasing on[a,x] and non-increasing on[x,b] for any fixedx.

(c) For everymand for any fixedx, lim
λ→∞

b
∫

a
Kλ ,m(x, t)dt =Cm, whereCm are finite non-negative real numbers.

(d) For everymand lim
λ→∞

Kλ ,m(x,y) = 0 whenevery 6= x.

2 Main results

We are going to prove the family of non-linear integral operators (1) with the positive kernel convergence to the functions

f ∈ L1(a,b)

Theorem 1. Suppose that f∈ L1(a,b) and f is bounded on(a,b). If Kλ ,m belongs to Class A then, for the operator

Lλ ( f ,x) which is defined in (1) the relation

lim
λ→∞

Lλ ( f ,x) =
N

∑
m=1

Cm f m(x)

holds at every Lebesgue point x∈ (a,b) of f .

Proof.For integral (1), we can write

Lλ ( f ,x)−
N

∑
m=1

Cm f m(x) =
N

∑
m=1

b
∫

a

f m(t)− f m(x)Kλ ,m(x, t)dt+
N

∑
m=1

f m(x)





b
∫

a

Kλ ,m(x, t)dt−Cm



 ,

and in view of (a), we may write

∣

∣

∣

∣

∣

Lλ ( f ,x)−
N

∑
m=1

Cm f m(x)

∣

∣

∣

∣

∣

≤
N

∑
m=1

b
∫

a

| f m(t)− f m(x)|Kλ ,m(x, t)dt+
N

∑
m=1

| f m(x)|

∣

∣

∣

∣

∣

∣

b
∫

a

Kλ ,m(x, t)dt−Cm

∣

∣

∣

∣

∣

∣

= I1(x,λ )+ I2(x,λ ).

It is sufficient to show that terms on right hand side of the last inequality tend to zero asλ → ∞.By property (c) ,it is

clear thatI2(x,λ ) tends to zero asλ → ∞.

Now, we considerI1(x,λ ). For any fixedδ > 0, we can writeI1(x,λ ) as follows:

I1(x,λ ) =
N

∑
m=1





x−δ
∫

a

+

x
∫

x−δ

+

x+δ
∫

x

+

b
∫

x+δ



 | f m(t)− f m(x)|Kλ ,m(x, t)dt (1)

= I11(x,λ ,m)+ I12(x,λ ,m)+ I13(x,λ ,m)+ I14(x,λ ,m).
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Firstly, we shall calculateI11(x,λ ,m), that is

I11(x,λ ,m) =
N

∑
m=1

x−δ
∫

a

| f m(t)− f m(x)|Kλ ,m(x, t)dt.

By the condition (b), we have

I11(x,λ ,m)≤
N

∑
m=1

Kλ ,m(x,x− δ )







x−δ
∫

a

| f m(t)|dt+ x

x−δ
∫

a

| f m(x)|dt







,

and

≤
N

∑
m=1

Kλ ,m(x,x− δ )
{

‖ f m‖L1(a,b)
+ | f m(x)| (b−a)

}

(3)

In the same way, we can estimateI14(x,λ ,m). From property (b)

I14(x,λ ,m) ≤
N

∑
m=1

Kλ ,m(x,x+ δ )







b
∫

x+δ

| f m(t)|dt+

b
∫

x+δ

| f m(x)|dt







≤
N

∑
m=1

Kλ ,m(x,x+ δ )
{

‖ f m‖L1(a,b)
+ | f m(x)| (b−a)

}

. (2)

On the other hand, Sincex is a Lebesgue point off , for everyε > 0, there exists aδ > 0 such that

x+h
∫

x

| f (t)− f (x)|dt < εh (5)

and
x

∫

x−h

| f (t)− f (x)|dt < εh (6)

for all 0< h≤ δ . Now let us define a new function as follows

F(t) =

t
∫

x

| f (u)− f (x)|du.

Then from (5), fort − x≤ δ we have

F(t)≤ ε(t − x).

Also, sincef is bounded, there existsM > 0 such that

| f m(t)− f m(x)| ≤ M | f (t)− f (x)| .

is satisfied. Therefore, we can estimateI13(x,λ ,m) as follows

I13(x,λ ,m)≤ M
N

∑
m=1

x+δ
∫

x

| f (t)− f (x)|Kλ ,m(x, t)dt ≤ M
N

∑
m=1

x+δ
∫

x

Kλ ,m(x, t)dF(t).

c© 2017 BISKA Bilisim Technology

www.ntmsci.com


126 S. Esen Almali: On approximation properties for non-linearintegral operators

We apply integration by parts, then we obtain the following result

|I13(x,λ ,m)| ≤ M
N

∑
m=1







F(x+ δ ,x)Kλ ,m(x+ δ ,x)+
x+δ
∫

x

F(t)d
(

−Kλ ,m(x, t)
)







.

SinceKλ ,m is decreasing on[x,b], it is clear that−Kλ ,m is increasing. Therefore, we can write

|I13(x,λ ,m)| ≤ M
N

∑
m=1







εδKλ ,m(x+ δ ,x)+ ε
x+δ
∫

x

(t − x)d
(

−Kλ ,m(x, t)
)







.

Using integration by parts again, we have the following inequality

|I13(x,λ ,m)| ≤ εM
N

∑
m=1

x+δ
∫

x

Kλ ,m(x, t)dt ≤ εM
N

∑
m=1

b
∫

a

Kλ ,m(x, t)dt.

Now, we can use similar method for evaluationI12(x,λ ,m). Let

G(t) =
∫ x

t
| f (y)− f (x)|dy.

Then, the statement

dG(t) =−| f (t)− f (x)|dt.

is satisfied. Forx− t ≤ δ , by using (6), it can be written as follows:

G(t)≤ ε |x− t| .

Hence, we get

I12(x,λ ,m) ≤ M
N

∑
m=1

x
∫

x−δ

| f (t)− f (x)|Kλ ,m(x, t)dt.

Then, we shall write

|I12(x,λ ,m)| ≤ M
N

∑
m=1



−

x
∫

x−δ

Kλ ,m(x, t)dG(t)



 .

By using integration by parts, we have

|I12(x,λ ,m)| ≤ M
N

∑
m=1







G(x− δKλ ,m(x− δ ,x)+
x

∫

x−δ

G(t)dt(Kλ ,m(x, t))







.

From (6), we obtain

|I12(x,λ ,m)| ≤ M
N

∑
m=1







εδKλ ,m(x,x− δ )+ ε
x

∫

x−δ

(x− t)dt(Kλ ,m(x, t))







.
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By using integration by parts again, we see that

|I12(x,λ ,m)| ≤ εM
N

∑
m=1

b
∫

a

Kλ ,m(x, t)dt. (8)

Combining (7) and (8), we get

|I12(x,λ ,m)|+ |I13(x,λ ,m)| ≤ 2εM
N

∑
m=1

b
∫

a

Kλ ,m(x, t)dt. (9)

Hence from (3), (4) and (9), the terms on right hand side of these inequalities tend to 0 asλ → ∞. That is

lim
λ→∞

Lλ ( f ,x) =
N

∑
m=1

Cm f m(x).

Thus, the proof is completed.

In this theorem, specifically we takea=−∞ andb= ∞. In this case, we can give the following theorem:

Theorem 2.Let f ∈ L1(−∞,∞) and f is bounded onR. If Kλ ,m belongs to Class A and satisfy also the following properties

for every m= 1, ...,N:

lim
λ→∞

x−δ
∫

−∞

Kλ ,m(t,x)dt = 0, (10)

and

lim
λ→∞

∞
∫

x+δ

Kλ ,m(t,x)dt = 0. (11)

Then,

lim
λ→∞

Lλ ( f ,x) =
N

∑
m=1

Cm f m(x)

holds at every Lebesgue point x∈R of f.

Proof.Easily, we can write

∣

∣

∣

∣

∣

Lλ ( f ,x)−
N

∑
m=1

Cm f m(x)

∣

∣

∣

∣

∣

≤
N

∑
m=1

∞
∫

−∞

| f m(t)− f m(x)|Kλ ,m(x, t)dt+
N

∑
m=1

| f m(x)|

∣

∣

∣

∣

∣

∣

∞
∫

−∞

Kλ ,m(x, t)dt−Cm

∣

∣

∣

∣

∣

∣

= A1(x,λ )+A2(x,λ ).

It is clear thatA2(x,λ )→ 0 asλ → ∞.

For a fixedδ > 0, we divide the integralA1(x,λ ) such that

A1(x,λ ) =
N

∑
m=1





x−δ
∫

−∞

+

x
∫

x−δ

+

x+δ
∫

x

+

∞
∫

x+δ



 | f m(t)− f m(x)|Kλ ,m(x, t)dt

= A11(x,λ ,m)+A12(x,λ ,m)+A13(x,λ ,m)+A14(x,λ ,m).
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The integralsA12(x,λ ,m) andA13(x,λ ,m) are calculated as in the previous proof. For the remaing integrals, we have to

to show thatA11(x,λ ,m) andA14(x,λ ,m) tend to zero asλ → ∞.

Firstly, we considerA11(x,λ ,m). Since f is bounded and by the property (b), the following expressionholds:

A11(x,λ ,m)≤ M
N

∑
m=1

x−δ
∫

−∞

| f (t)− f (x)|Kλ ,m(x, t)dt

≤ M
N

∑
m=1

Kλ ,m(x,x− δ )







x−δ
∫

−∞

| f (t)|







+M | f (x)|
N

∑
m=1

x−δ
∫

−∞

Kλ ,m(x, t)dt

≤ ‖ f‖L1(−∞,∞)M
N

∑
m=1

Kλ ,m(x,x− δ )+M | f (x)|
N

∑
m=1

x−δ
∫

−∞

Kλ ,m(x, t)dt.

In addition, we obtain the following inequality:

A14(x,λ ,m)≤ M
N

∑
m=1

∞
∫

x+δ

| f (t)− f (x)|Kλ ,m(x, t)dt

≤ ‖ f‖L1(−∞,∞)M
N

∑
m=1

Kλ ,m(x,x+ δ )+M | f (x)|
N

∑
m=1

∞
∫

x+δ

Kλ ,m(x, t)dt.

According to the conditions (d), (10) and (11), we find thatA11(x,λ ,m)+A14(x,λ ,m)→ 0 asλ → ∞. This completes the

proof.

3 Conclusions

In this paper, we obtained the pointwise convergence for thespecifically chosen family of non-linear integral operators.

For this aim, we defined a class of kernel functions calledClass A. For eachm= 1,2, ...,N, the functions from this class

satisfies the properties similar to classical approximate identities. From another point of view, the operators definedby (1)

are of type summation-integral type operators, since they include powers off . Under the hypotheses of Theorem 1 and

Theorem 2, we saw that the convergence is obtained at every Lebesgue off ∈ L1 (a,b) and f ∈ L1 (−∞,∞) , respectively.

4 Acknowledgements

The auhor wish to thank Prof. Dr. A. D. Gadjiev for the useful suggestions on the improvement of the manuscript in the

year 2008. The author also thanks to unknown referees for their valuable comments and suggestions. Part of this study

was presented to Iecmsa-2013, Sarajevo / Bosnia and Herzegouina.

Competing interests

The authors declare that they have no competing interests.

Authors’ contributions

All authors have contributed to all parts of the article. Allauthors read and approved the final manuscript.

c© 2017 BISKA Bilisim Technology



NTMSCI 5, No. 4, 123-129 (2017) /www.ntmsci.com 129

References

[1] C. Bardaro, J. Musielak and G. Vinti, Nonlinear integraloperators and applications. De Gruyter Series in NonlinearAnalysis and

Applications, 9. Walter de Gruyter & Co., Berlin, 2003. xii+201 pp.

[2] G. Uysal, V. N. Mishra, O. O. Guller and E. Ibikli, A generic research on nonlinear non-convolution type singular integral operators.

Korean J. Math. 24 (2016), no. 3, 545–565.

[3] H. Karsli, Convergence and rate of convergence by nonlinear singular integral operators depending on two parameters. Appl. Anal.

85 (2006), no. 6-7, 781–791.

[4] H. Karsli and V. Gupta, Rate of convergence of nonlinear integral operators for functions of bounded variation. Calcolo 45 (2008),

no. 2, 87–98.

[5] H. Karsli, On approximation properties of non-convolution type nonlinear integral operators. Anal. Theory Appl. 26 (2010), no. 2,

140–152.

[6] J. Musielak, Approximation by nonlinear singular integral operators in generalized Orlicz spaces. Comment. Math.Prace Mat. 31

(1991), 79–88.

[7] S. E. Almali and A. D. Gadjiev, On approximation properties of certain multidimensional nonlinear integrals. J. Nonlinear Sci.

Appl. 9 (2016), no. 5, 3090–3097.

[8] S. E. Almali, Approximation of A Class of Non-linear Integral Operators. CBU.of Sci. 13 (2017), no. 2, 407-411.

[9] T. Swiderski and E. Wachnicki, Nonlinear singular integrals depending on two parameters. Comment. Math. Prace Mat.40 (2000),

181–189.

c© 2017 BISKA Bilisim Technology

www.ntmsci.com

	Introduction
	Main results
	Conclusions
	Acknowledgements

