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Abstract: In this paper, we find a certain part of the total order of razatfon of[o(N) over its normalizeNor(N) in PSL(2R) and
determine a suitable element of PSIRRwhich o(N) is conjugate to a subgroup &for(M) by this element for some square-free
integerM.
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1 Introduction

Let PSL(2R) denote the group of all linear fractional transformations

az+b
T:z— —+, wherea,b,c,d are real anéd — bc= 1.
cz+d

This is the automorphism group of the upper half plhe= {ze C: Im(z) > 0}. I, the modular group, is the subgroup
of PSL(2RR) such thaia, b,c andd are integerslp(N) is the subgroup of with N|c. In terms of matrix representation,
the elements of PSL(R) correspond to the matrices

+ (ig) ,a,b,c,d e Randad—bc=1.

But here we omit the symbat for brevity. On the other handJor(N) will denote the normalizer ofg(N) in PSL(2R)

consists exactly of the matrices
ae b/h
1
(cN/h de) @

where all symbols represent integess the largest divisor of 24 for which?|N, e > 0 is an exact divisor okl /h? and
the determinat of matrix is > 0. (We say thak is an exact divisor of, denoted by | y, if x| y and(x,y/x) = 1). One of
the important subgroups of the normali2éor(N) is the Atkin-Lehner Group

rgH(N) = { (2‘; dbf> eNor(N): f || N } @
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which is the subgroup generated/yN) with all Atkin-Lehner involutions. Itis known thador(N) is a finitely generated
Fuchsian group whose fundamental domain has finite aretihas & signature consisting of the geometric invariants

(g;my,...,m,s) 3)

whereg is the genus of the compactified quotient spamg,. .., m; are the periods of the elliptic elements asig the
parabolic class number. From (3), the hyperbolic measure is

-

i=1

1
p(Nor(N)) :2n{2(g—1)+ (1_H)+S}' 4)
In [4], Maclachlan found the signature of the normalizer whkis square-free. Akbas and Singerman, in [1], whkis
arbitrary; calculated all the invariant of the signaturdéhe normalizer except for the gengsind the number of periods
2. If one of these two were known, anyone would find all sigreaty using (4). Lastly, foF0+(kN2) with some special
conditions, Lang obtained the signature and computedadasfsorder 2 by using number theoretical results[3].

Since the genug of the normalizer is not known yet whehis not square-free, we approach to the problem by different
way. Actually, Lang also points out same idea in [3]. Beand®’ be two compact Riemann surfaces, dndB — 9B’ a
holomorphic mapping. The(®’, f) is called acoveringof 9. If g andg’ are the genera dB and®’, respectively, then
these integers are connectedRigmann-Hurwitz formula

29 -2=n(29-2)+ ¥ (1) ©)

zeB/

wheren is the degree of the covering aagis the ramification index a

2 Ramification index

In this section we will find a certain part of the total orderramification of[o(N) overNor(N) via Riemann-Hurwitz
formula. We give some well-known facts as following lemmathaut proof.

Lemma 1.Nor(N) is conjugate td," (N/h?) by <2 (1)> :

So, if we find the genug of ;" (N) whereN is not square-free, the genushér(N) is found.

Lemma 2. The index offg(N) in I;"(N) is 2" where r is the number of distinct prime factors of N, the eletm®f
I',"(N) — Io(N) are of the formwd wherew is an Atkin-Lehner involution and € Ip(N).

We suppose thall is not square-free. Lel* be the union offl and the set of cusps dp(N). We can endow the
quotient spacé@l*/lh(N) with a topological structure so th&t*/[H(N) is a compact Riemann surface. By the idea of
commensurabilitpf groups, we conclude thét* /[, (N) is a compact Riemann surface. Applying the Riemann-Hurwitz
formula to the map froni* /Io(N) to H* /I;H (N) we have

1
go—1= En(N)+2“(g—1)

wheregp is the genera ofp(N), as in [5].

Lemma 3. Let Q be QU the set of cusps df. The number of orbits o underp(N) is Yo<dn (¢((d,N/d)) when
N > 2, whereg is Euler’s function. Moreover the representativesiofinder/(N) can be chosen as/ad with d|N with
0 <a< N and can be identifications between such electiofts a
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It can be easily seen that the square of every elemefy ¢N) is in Io(N). The order of an elliptic fixed point df;" (N)
is once or twice its order ifp(N), hence one of the numbers 2, 3, 4, and 6. As for parabolic elenoéH(N), if 4 || N
then there are parabolic elements of the form

4a b
= N'w(N)( of det4), where N; =N
q <4N1C4(1—a)> € W( )( )a 1 )
which are not infp(N). If 4 ) N, then every parabolic element isig(N). As we see above all ramification indexes are 2.
Thereforen (N) is simply the numbem- nwherem (respectivelyn) is the number of points i) mod/lo(N)(respectively

H mod I'o(N)) whose stabilizers itfig(N) have index 2 in their stabilizer ifi," (N) by Riemann-Roch formula. Let us
define

niN =75 ¢ (d,ﬂ) ,where 4| N,
g%, (@)

andg¢ is Euler’s function.

Theorem 1.Supposé || N. Then the number of orbits Gf under/p(N) whose stabilizers ifig(N) have index in their
stabilizer inf;" (N) are exactlyn’(N).

Proof. We see that there is only one type of parabolic elemefi/ifiN)\o(N), which is

g= 4a b , of determinant 4 N.
4Njc 4(1—a)

Furthermoreq fixes ZzaN—ch This means that fixed point of any parabolic elements is offtim %, d|N; (Because
(2N1c,N) = 2d, d|Ny, d is not even).

Conversely we show that the ratior%l, d|Ny, is fixed by parabolic elements. Since det 4%a(1 — a) — 4bNyc = 4,
then (2a—1)? = —bNyc. So, if we are given a rational numbg with d|Nz, we can find a parabolic elemegtof the
above form, as follows.

SupposeN; = pi*---p@ and d = p‘fl---pf‘, where 0< 3 <qi,i=1,2,....L and /< 1.
And now supposeB < [4] foralli. Since(2a—1)2= —bcpi*--- p&, if we

choosec =1 and

-2 -2 v —20B; A
b= —k pgl Blng Bz,,,pgz B[pzfll"' ar we get

20712 209—2 2a,—2B; .20y
(Za— 1)2 = kz plal h p2a2 " ... pﬁaf B pﬁi[fl . r20,- )

2a—1 k k

2pgt--pft zpfl...pfé T2

If we are given p__ k- sothatsomeB > [4], then the fixed point ofg is
p

Pr.p

2a—-1 2a—1
Zpgl...pgfc Zpglp?fpgjrilp?fc

Supposepfl---pﬁqm, m< /¢ sothatB > [$], i=1,2,...,m, then takec to

be p---piy sothatB < [912], i=1,2,...,m And then také to be as above.
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3 Conjugation

The normalizeNor(N) is commensurable with the modular grofip In [2], Helling has shown that any subgroup of
PSL(2R) commensurable with is conjugate to a subgroup dlor(M), for some square-fred.

We will now find an element in PSL®) by which Nor(N) is conjugate to a subgroup of Nor(M) for some
square-free integevl.

Theorem 2.Let N= 2938 p§3 .- p® be the prime power decomposition of N. Then (¥gris conjugate to a subgroup A
of Nor(2613%2p% ... pfr), whereg; = a —2[4], &, =B — 2 {%} & =0;—2[F] fori=3,--- 1, where [x] is the largest
integer< x.

Proof. Now we find an elemert € PSL(2R) which makedNor(N) conjugate toA. Let us takeT of the form (g i)

and letM := 2&1.3% p§3 --- pfr, wherea is an integer. Then

(5 (N (5 ) e worw.

s (a+1)N/a[(@®—1)N/a] —a
o N/a (a—1)N/a

So the matrix

has determinantl.

If Sis an element ofNor(M) then detS must be 2:3%2p$...p&. So we defineK := 2132p%...p  where
th=[%].t= {%} ti=[3],i=3,---,r. Then dividing all letters o6 by K, so that we get the matrix

(a+1)N/aK *
N/aK (a—1)N/aK |

N 261382 p§3 ... pfr
aK a-2la/243[B/2 p[sas/ (. pia’/z]

But

q...

must divide 213%2p .. pé. So, we obtaira = 2(0/23B/2pl02/2 .. plt/2 that sk

Now, takeK instead ofa and examine the general case.

K1 1-1
(0 1) Nor(N) <O K ) < Nor(203%2pg... pfr).

S _ K1 ae bh 1-1
~\01/\cN/hde/)\0K

ae+ (cN/hK) —ae— (cN/hK) +Kb/h+de
— ,detS" =e
cN/hK —cN/hK +de

In this case,
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Suppose thalN = 293PL, whereL is pg?---pdr. Then h = pmin{3[a/2} gmin{118/2} gq that det e:= 2013 N =
ga-2min{3(a/2l} gp-2min{118/2}| |1 this casee could be

1, Zafzmin{&[a/z]}, 3872min{1,[8/2]} or 2a72min{3,[a/2]}3B72min{1,[ﬁ/2]}-

Now we makee square-free. For this, we divide all letters 8f by
0= 2la1/2] 3lB1/2]

Let e = e/t = 20-1a/2 3F-IF/2 and N = pa~la/2-min{3[a/2} 33*[3/2]*“”{1*[3/2]}L0 where Ly =
p§3’["3/ I pdr=lar/2 i we divide A& by ¢, we get the number

£ - a-la/2-lar/2-min{3a/2} 3B-[B/2-(By/2-min{1B/2)}|

There are two possibilitiesq; =0 or ay = a —2min{3,[a/2]}.
(|) Suppose thaml — 0, then E — 207[0/2]7"“"1{3’[‘}/2]} 387[8/2]7[Bl/z]fmin{lﬁ[ﬁ/z]} LO

As for Bi, again there are two possibilities$y =0 or By = —2min{1,[3/2]}. If B =0, theneg=1If B =
B —2min{1,[8/2]}, then

A\ ¢ o—la/2-min{3[a/2} 3[81/2]7[B/Z]+min{1,[8/2]}LO

is an integer.
(I) Suppose thata; = a — 2min{3,[ar/2]}. In this case,

A = plav/a-la/2+min{3[a/2} 3p—Bi+(B/2-(8/2-min{1iB/2})
If By =0, then Ay = 2l0v/2-la/2+min{3[a/2l} gB-(B/2-min{18/2}|
If B1=pB—2min{1,[B/2]}, then
2, — 2lon/2-la/2+min{3(a/2} glr/2-(8/2+min{1(8/2}|

As above bothA; and A, will be integers.

tiglepB... g 1
Consequently we get one of the elemenhts be < pg ' 1]

Theorem 3.Let N= pfl ‘e pi‘”i ---pg be the prime power decomposition of N such that theare even, where +
1,2,...,i—1. Andlet A be as in Theorem 1. Then

INor(pi---pr) : Al =

prHlpdn L a1 a1
Lt 0 ()
a ai_1\)2
pIN/ (h(prt-p13t))

wherep is the number of prime factors .
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Proof. u(A) = u(Nor(N)), due to conjugacy, therefore

2N Il (1+ %)

INor(pi---pr) : Al = p(Nor(N)) oI
p(Nor(pi---pr)) ok (1+%)
pIpi---pr
_2tppplp 1
= 2p+ip2 |_| (14__),

o (s 57'3%))

wherep is the number of prime factors q% and h(pf -p,' ) is the biggest integer dividing 24 and its square divides
N; i-1 is the number of primes whose exponents are evéh in
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