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Abstract: The aim of this paper is to obtain some more general fractional integral inequalities of Fejer-Hadamard type forp-convex
functions via Riemann-Liouvillek-fractional integrals. Also in particular fractional inequalities for p-convex functions via Riemann-
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1 Introduction

The advantages of fractional calculus have been described and pointed out in the last few decades by many authors.
Fractional calculus is based on derivatives and integrals of fractional order, fractional differential equations andmethods
of their solution. It has been shown that the non integer order models of real systems are regularly more adequate than
usually used integer order models [17].

Let f ∈ L[a,b]. The Riemann-Liouville fractional integrals of orderα > 0 with a≥ 0 are defined as follows:

Iα
a+ f (x) =

1
Γ (α)

∫ x

a
(x− t)α−1 f (t)dt,x> a (1)

and

Iα
b− f (x) =

1
Γ (α)

∫ b

x
(t − x)α−1 f (t)dt,x< b. (2)

For further details one may see [7,15,20]. In [16], there is given definition ofk-fractional Riemann-Liouville fractional
integrals as follows.

Let f ∈ L[a,b]. Thenk-fractional integrals of orderα,k> 0 with a≥ 0 are defined as

Iα ,k
a+ f (x) =

1
kΓk (α)

∫ x

a
(x− t)

α
k −1 f (t)dt,x> a (3)

and

Iα ,k
b− f (x) =

1
kΓk (α)

∫ b

x
(t − x)

α
k −1 f (t)dt,x< b. (4)
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whereΓk (α) is thek-Gamma function defined as

Γk (α) =

∫ ∞

0
tα−1e−

tk
k dt. (5)

One can note that
Γk (α + k) = αΓk (α)

and
I0,1
a+ f (x) = I0,1

b− f (x) = f (x) .

Fork= 1, k-fractional integrals give Riemann-Liouville fractionalintegrals.

This always has been effort by researchers to see the things of one taste with respect to other. Fractional calculus needs
the fractional inequalities to obtain solutions of fractional optimization problems (see [21,22,23,33] and references there
in). In recent decades many fractional integral inequalities of Hadamard type have been established via fractional integral
operators, for instance for Riemman-Liouville fractionalintegrals [13,26]. Hadamard inequality plays very important
role in non linear analysis and optimization. In recent years this famous inequality has been generalized, refined and
extended by many researchers using fractional calculus. They also prove some interesting related inequalities (see [3,4,
13,26,27,28,29,30,31,32] and references there in). In the following we give the well known Hadamard inequality for
convex function.

Let f : I ⊂ R −→ R be a convex function defined on the intervalI of real numbers anda,b ∈ I . Then the following
inequality holds

f

(

a+b
2

)

≤
1

b−a

∫ b

a
f (x)dx≤

f (a)+ f (b)
2

. (6)

It is well known in the literature as Hadamard inequality. In[6], Fejér established the following inequality which is the
weighted generalization of the Hadamard inequality.

Theorem 1.Let f : [a,b]−→R be a convex function. Then the inequalities

f

(

a+b
2

)

∫ b

a
g(x)dx≤

∫ b

a
f (x)g(x)dx≤

f (a)+ f (b)
2

∫ b

a
g(x)dx (7)

hold, where g: [a,b]−→ R is nonnegative, integrable and symmteric with respect toa+b
2 .

In [9], Iscan gave the definition of harmonically convex functions.

Definition 1. Let I ⊂ R\{0} be a real interval. A function f: I −→R is said to be harmonically convex, if

f

(

xy
tx+(1− t)y

)

≤ t f (y)+ (1− t) f (x) (8)

holds for all x,y∈ I and t∈ [0,1]. If the inequality in(8) is reversed, then f is said to be harmonically concave.

Example 1.Let f : (0,∞)−→ R, f (x) = x andg : (−∞,0)−→ R,g(x) = x, then f is a harmonically convex function and
g is a harmonically convcave function.

The following preposition is obvious from above example.

Proposition 1.Let I ⊂ R\{0} be a real interval and f: I −→ R, is a function, then the following statements are true.

(1) if I ⊂ (0,∞) and f is a convex and nondecreasing function, then f is harmonically convex.
(2) if I ⊂ (0,∞) and f is a harmonically convex and nonincreasing function, then f is convex.
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(3) if I ⊂ (−∞,0) and f is a harmonically convex and nondecreasing function, then f is convex.
(4) if I ⊂ (−∞,0) and f is a convex and nonincreasing function, then f is harmonically convex.

In [9], İscan proved the following Hadamard type inequality for harmonically convex functions.

Theorem 2.Let f : I ⊂ R\{0} −→ R be a harmonically convex function and a,b∈ I with a< b. If f ∈ L[a,b], then the
following inequalities hold

f

(

2ab
a+b

)

≤
ab

b−a

∫ b

a

f (x)
x2 dx≤

f (a)+ f (b)
2

. (9)

In [1], Chen and Wu represented the Fejér-Hadamard inequality for harmonically convex functions as follows.

Theorem 3. Let f : I ⊂ R\{0} −→ R be a harmonically convex function and a,b ∈ I, with a < b. If f ∈ L[a,b] and
g : [a,b]⊂ R\{0} −→ R is nonnegative, integrable and harmonically symmetric with respect to2ab

a+b, then

f

(

2ab
a+b

)

∫ b

a

g(x)
x2 dx≤

∫ b

a

f (x)g(x)
x2 dx≤

f (a)+ f (b)
2

∫ b

a

g(x)
x2 dx. (10)

In [25], Sarikaya et al. proved the Hadamard inequality for convexfunctions via fractional integrals as follows.

Theorem 4.Let f : [a,b]−→ R be a positive function with0≤ a< b and f∈ L[a,b]. If f is a convex function on[a,b],
then the following inequalities for fractional integrals hold

f

(

a+b
2

)

≤
Γ (α +1)

2(b−a)α
[

Jα
a+ f (b)+ Jα

b− f (a)
]

≤
f (a)+ f (b)

2
(11)

with α > 0.

In [11], İscan proved the Fejér-Hadmard inequality for convex functions via fractional integrals as follows.

Theorem 5.Let f : [a,b]−→R be a convex function with a< b. If g is nonnegative, integrable and symmetric with respect
to a+b

2 , then the following inequalities for fractional integralshold

f

(

a+b
2

)

[

Jα
a+g(b)+ Jα

b−g(a)
]

≤
[

Jα
a+( f g)(b)+ Jα

b−( f g)(a)
]

≤
f (a)+ f (b)

2

[

Jα
a+g(b)+ Jα

b−g(a)
]

(12)

with α > 0.

In [12], İscan proved the Fejér-Hadamard inequality for harmonically convex functions via fractional integrals as follows.

Theorem 6. Let f : [a,b] −→ R be a harmonically convex function with a< b and f ∈ L[a,b]. If g : [a,b] −→ R is
nonnegative, integrable and harmonically symmetric with respect to2ab

a+b, then the following inequalities for fractional
integrals hold

f

(

2ab
a+b

)[

Jα
1
b+

(goh)

(

1
a

)

+ Jα
1
a−

(goh)

(

1
b

)]

≤

[

Jα
1
b+

( f goh)

(

1
a

)

+ Jα
1
a−

( f goh)

(

1
b

)]

(13)

≤
f (a)+ f (b)

2

[

Jα
1
b+

(goh)

(

1
a

)

+ Jα
1
a−

(goh)

(

1
b

)]

with α > 0 and h(x) = 1
x , x∈ [1

b,
1
a]. In [10], Iscan gave the definition of p-convex functions on I⊂ (0,∞) as follows.

Definition 2. Let I ⊂ (0,∞) be a real interval and p∈ R\{0}. A function f: I −→ R is said to be p-convex, if

f
(

[txp+(1− t)yp]
1
p

)

≤ t f (x)+ (1− t) f (y) (14)

holds for all x,y∈ I and t∈ [0,1].
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It can be easily seen that forp= 1 andp=−1, p-convexity reduces to ordinary convexity and harmonicallyconvexity of
functions defined onI ⊂ (0,∞), respectively.

Definition 3. Let p∈ R\{0}. A function g: [a,b]⊂ (0,∞)−→R is said to be p-symmetric with respect to
[

ap+bp

2

] 1
p

if

g(x) = g
(

[ap+bp− xp]
1
p

)

(15)

holds for all x∈ [a,b].

If we takeI ⊂ (0,∞), p∈ R\{0} andh(t) = t, in Theorem 5 of [5], then we have the following theorem.

Theorem 7.Let f : I ⊂ (0,∞) −→ R be a p-convex function, p∈ R\{0}, and a,b∈ I with a< b. If f ∈ L[a,b] then the
following inequalities hold.

f





[

aP+bp

2

]
1
p



≤
p

bp−ap

∫ b

a

f (x)
x1−pdx≤

f (a)+ f (b)
2

. (16)

In [13], İscan and Wu presented the Hadamard inequality for harmonically convex functions via fractional integrals as
follows.

Theorem 8.Let f : I ⊂ (0,∞) −→ R be a function such that f∈ L[a,b], where a,b∈ I with a< b. If f is harmonically
convex function on[a,b], then the following inequalities for fractional integralshold

f

(

2ab
a+b

)

≤
Γ (α +1)

2

(

ab
b−a

)α [

Jα
1
a−

( f og)

(

1
b

)

+ Jα
1
b+

( f og)

(

1
a

)]

≤
f (a)+ f (b)

2
(17)

with α > 0 and g(x) = 1
x , x∈ [1

b,
1
a].

In this paper we generalize the Fejér-Hadamard type inequalities for p-convex functions via Riemann-Liouville fractional
integrals. Usingk-fractional integrals we obtain inequalities of the Fejér-Hadamard type. Results obtained in this paper
have connection with results proved in [1,8,9,11,13,25].

2 Main results

First we prove the following lemma which we have frequently used to prove general results.

Lemma 1. Let p∈ R\{0} and w: [a,b] ⊂ (0,∞) −→ R is integrable, p-symmetric with respect to
[

ap+bp

2

] 1
p
, then the

following equalities hold for k-fractional integrals.

(i) If p > 0, then

Jα ,k
ap+ (woh)(bp) = Jα ,k

bp− (woh)(ap) =
1
2

[

Jα ,k
ap+ (woh)(bp)+ Jα ,k

bp− (woh)(ap)
]

with h(x) = x
1
p , x∈ [ap,bp].

(ii) If p < 0, then

Jα ,k
bp+ (woh)(ap) = Jα ,k

ap− (woh)(bp) =
1
2

[

Jα ,k
bp+ (woh)(ap)+ Jα ,k

ap− (woh)(bp)
]

with h(x) = x
1
p , x∈ [bp,ap].

Proof.
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(i) Let p> 0. By the defintion ofk-fractional integrals we have

Jα ,k
ap+ (woh)(bp) =

1
kΓk(α)

∫ bp

ap
(bp− x)

α
k −1 (woh)(x)dx=

1
kΓk(α)

∫ bp

ap
(bp− x)

α
k −1w

(

x
1
p

)

dx.

Sincew is p-symmetric with respect to
[

ap+bp

2

] 1
p

we have

Jα ,k
ap+ (woh)(bp) =

1
kΓk(α)

∫ bp

ap
(bp− x)

α
k −1w

(

[ap+bp− x]
1
p

)

dx,

settingt = ap+bp− x, we have

Jα ,k
ap+ (woh)(bp) =

1
kΓk(α)

∫ bp

ap
(x−ap)

α
k −1w

(

x
1
p

)

dx= Jα ,k
bp− (woh)(ap) .

This completes the proof of (i). The proof of (ii) is same as (i).

Theorem 9.Let f : I ⊂ (0,∞) −→ R be a p-convex function, p∈ R\{0}. Let a,b ∈ (0,∞) with a< b, f ∈ L[a,b] and

w : [a,b]−→ R is nonnegative, integrable and p-symmetric with respect to
[

ap+bp

2

] 1
p
, then the following inequalties for

k-fractional integrals hold.

(i) If p > 0, then

f

(

[

ap+bp

2

] 1
p
)

[

Jα ,k
ap+ (woh)(bp)+ Jα ,k

bp− (woh)(ap)
]

≤
[

Jα ,k
ap+ ( f woh) (bp)+ Jα ,k

bp− ( f woh) (ap)
]

≤
f (a)+ f (b)

2

[

Jα ,k
ap+ (woh)(bp)+ Jα ,k

bp− (woh)(ap)
]

(18)

with h(x) = x
1
p , x∈ [ap,bp].

(ii) If p < 0, then

f

(

[

ap+bp

2

] 1
p
)

[

Jα ,k
bp+ (woh)(ap)+ Jα ,k

ap− (woh)(bp)
]

≤
[

Jα ,k
bp+ ( f woh) (ap)+ Jα ,k

ap− ( f woh) (bp)
]

≤
f (a)+ f (b)

2

[

Jα ,k
bp+ (woh)(ap)+ Jα ,k

ap− (woh)(bp)
]

(19)

with h(x) = x
1
p , x∈ [bp,ap].

Proof.

(i) Let p> 0. Sincef is a p-convex function, settingt = 1/2 in (14) we have

f

(

[

xp+ yp

2

] 1
p
)

≤
f (x)+ f (y)

2
.

Settingx = [tap+(1− t)bp]
1
p and y = [tbp+(1− t)ap]

1
p , t ∈ [0,1] in above. Then integrating over[0,1] after

multiplying with 2t
α
k −1w

(

[tap+(1− t)bp]
1
p

)

, we get
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2 f

(

[

ap+bp

2

] 1
p
)

∫ 1

0
t

α
k −1w

(

[tap+(1− t)bp]
1
p

)

dt ≤
∫ 1

0
t

α
k −1 f

(

[tap+(1− t)bp]
1
p

)

w
(

[tap+(1− t)bp]
1
p

)

dt

+

∫ 1

0
t

α
k −1 f

(

[tbp+(1− t)ap]
1
p

)

w
(

[tap+(1− t)bp]
1
p

)

dt.

Settingtap+(1− t)bp = x in above inequality we get

2
bp−ap f

(

[

ap+bp

2

] 1
p
)

∫ bp

ap

(

bp− x
bp−ap

) α
k −1

w
(

x
1
p

)

dx≤
1

bp−ap

∫ bp

ap

(

bp− x
bp−ap

) α
k −1

f
(

x
1
p

)

w
(

x
1
p

)

dx

+
1

bp−ap

∫ bp

ap

(

bp− x
bp−ap

) α
k −1

f
(

[tbp+(1− t)ap]
1
p

)

w
(

[tap+(1− t)bp]
1
p

)

dx.

2

(bp−ap)
α
k

f

(

[

ap+bp

2

] 1
p
)

∫ bp

ap
(bp− x)

α
k −1w

(

x
1
p

)

dx

≤
1

(bp−ap)
α
k

∫ bp

ap
(bp− x)

α
k −1 f

(

x
1
p

)

w
(

x
1
p

)

dx+
1

(bp−ap)
α
k

∫ bp

ap
(bp− x)

α
k −1 f

(

[ap+bp− x]
1
p

)

w
(

x
1
p

)

dx

=
1

(bp−ap)
α
k

∫ bp

ap
(bp− x)

α
k −1 ( f woh) (x)dx+

1

(bp−ap)
α
k

∫ bp

ap
(bp− x)

α
k −1 f

(

[ap+bp− x]
1
p

)

w
(

[ap+bp− x]
1
p

)

dx

=
1

(bp−ap)
α
k

∫ bp

ap
(bp− x)

α
k −1 ( f woh) (x)dx+

1

(bp−ap)
α
k

∫ bp

ap
(x−ap)

α
k −1 f

(

x
1
p

)

w
(

x
1
p

)

dx

=
1

(bp−ap)
α
k

[

∫ bp

ap
(bp− x)

α
k −1 ( f woh) (x)dx+

∫ bp

ap
(x−ap)

α
k −1 ( f woh)(x)dx

]

.

From which we have

2 f

(

[

ap+bp

2

] 1
p
)

kΓk(α)Jα ,k
ap+ (woh)(bp)≤ kΓk(α)

[

Jα ,k
ap+ ( f woh)(bp)+ Jα ,k

bp− ( f woh)(ap)
]

.

By Lemma 1, the above will be of the form

f

(

[

ap+bp

2

] 1
p
)

kΓk(α)
[

Jα ,k
ap+ (woh)(bp)+ Jα ,k

bp− (woh)(ap)
]

≤ kΓk(α)
[

Jα ,k
ap+ ( f woh)(bp)+ Jα ,k

bp− ( f woh) (ap)
]

.

First inequality of (18) proved.

For the proof of the second inequality in (18), we first note that iff is a p-convex function, then for allt ∈ [0,1], it
gives

f
(

[tap+(1− t)bp]
1
p

)

+ f
(

[tbp+(1− t)ap]
1
p

)

2
≤

f (a)+ f (b)
2

.
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Integrating above inequality over[0,1] after multiplying with 2t
α
k −1g

(

[tap+(1− t)bp]
1
p

)

and using Lemma 2, we
get

[

Jα ,k
ap+ ( f woh)(bp)+ Jα ,k

bp− ( f woh)(ap)
]

≤
f (a)+ f (b)

2

[

Jα ,k
ap+ (woh)(bp)+ Jα ,k

bp− (woh)(ap)
]

.

That is the second inequality of (18). The proof of (19) is same as of (18).

Remark.We can observe the following in Theorem9.

(i) If we put k= 1, we get [8, Theorem 9] .
(ii) If we put k= 1 andp= 1, we get (12).
(iii) If we put k= 1, p= 1, andw(x) = 1, we get (11).
(iv) If we put k= 1, p= 1, andα = 1, we get (7).
(v) If we putk= 1, p= 1, α = 1 andw(x) = 1, we get (6).
(vi) If we put k= 1 andp=−1, we get (13).
(vii) If we put k= 1, p=−1, andw(x) = 1, we get (17).
(viii) If we put k= 1, p=−1, andα = 1, we get (10).
(ix) If we put k= 1, p=−1, α = 1 andw(x) = 1, we get (9).
(x) If we putk= 1, α = 1 andw(x) = 1 we get (16).

Lemma 2.Let f : I ⊂ (0,∞)−→ R be a differentiable function on Io and a,b∈ Io with a< b, p∈ R\{0}. If f
′
∈ L[a,b]

and w: [a,b]−→R is integrable and p-symmetric with respect to
[

ap+bp

2

]1/p
, then the following equalities for k-fractional

integrals hold.

(i) If p > 0, then

f (a)+ f (b)
2

[

Jα ,k
ap+ (wog)(bp)+ Jα ,k

bp− (wog)(ap)
]

−
[

Jα ,k
ap+ ( f wog) (bp)+ Jα ,k

bp− ( f wog)(ap)
]

=
1

kΓk(α)

∫ bp

ap

[

∫ t

ap
(bp− s)

α
k −1(wog)(s)ds−

∫ bp

t
(s−ap)

α
k −1(wog)(s)ds

]

( f og)
′
(t)dt (20)

with g(x) = x1/p,x∈ [ap,bp].
(ii) If p < 0, then

f (a)+ f (b)
2

[

Jα ,k
bp+ (wog)(ap)+ Jα ,k

ap− (wog)(bp)
]

−
[

Jα ,k
bp+ ( f wog) (ap)+ Jα ,k

ap− ( f wog)(bp)
]

(21)

=
1

kΓk(α)

∫ ap

bp

[

∫ t

bp
(ap− s)

α
k −1(wog)(s)ds−

∫ ap

t
(s−bp)

α
k −1(wog)(s)ds

]

( f og)
′
(t)dt

with g(x) = x1/p,x∈ [bp,ap].

Proof.

(i) Let p> 0. Taking and solving the first integral on right hand side of (20) we have

∫ bp

ap

[

∫ t

ap
(bp− s)

α
k −1(wog)(s)ds

]

( f og)
′
(t)dt

=

(

∫ t

ap
(bp− s)

α
k −1(wog)(s)ds

)

( f og)(t)
∣

∣

bp

ab −

∫ bp

ap
(bp− t)

α
k −1( f wog)(t)dt

= f (b)
∫ bp

ap
(bp− s)

α
k −1(wog)(s)ds−

∫ bp

ap
(bp− t)

α
k −1( f wog)(t)dt

= kΓk(α)
[

f (b)Jα ,k
ap+(wog)(bp)− Jα ,k

ap+( f wog)(bp)
]

,
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using Lemma 2 in above we have

∫ bp

ap

[

∫ t

ap
(bp− s)

α
k −1(wog)(s)ds

]

( f og)
′
(t)dt

= kΓk(α)

[

f (b)

[

Jα ,k
ap+(wog)(bp)+ Jα ,k

bp−(wog)(ap)

2

]

− Jα ,k
ap+( f wog)(bp)

]

, (22)

now solving the second integral in (20) we have

∫ bp

ap

[

∫ bp

t
(s−ap)

α
k −1(wog)(s)ds

]

( f og)
′
(t)dt

=

(

∫ bp

t
(s−ap)

α
k −1(wog)(s)ds

)

( f og)(t)|b
p

ab +
∫ bp

ap
(t −ap)

α
k −1( f wog)(t)dt

=− f (a)
∫ bp

ap
(s−ap)

α
k −1(wog)(s)ds+

∫ bp

ap
(t −ap)

α
k −1( f wog)(t)dt

= kΓk(α)
[

− f (a)Jα ,k
bp−(wog)(ap)+ Jα ,k

bp−( f wog)(ap)
]

,

using Lemma 2 in above we have

∫ bp

ap

[

∫ bp

t
(s−ap)

α
k −1(wog)(s)ds

]

( f og)
′
(t)dt

= kΓk(α)

[

− f (a)

[

Jα ,k
ap+(wog)(bp)+ Jα ,k

bp−(wog)(ap)

2

]

+ Jα ,k
bp−( f wog)(ap)

]

. (23)

Subtracting (23) from (22) completes the proof of (20). The proof of (21) is similar as of (20).

Remark.We can observe the following in Lemma2.

(i) If we put k= 1, we get [8, Lemma 2].
(ii) If we put k, p= 1, we get [11, Lemma 2.4].
(iii) If we put w(x) = 1 along withk, p= 1, we get [25, Lemma 2].
(iv) If we put k, p= 1 andα = 1, we get [26, Lemma 2.6].
(v) If we putw(x) = 1 along withk, p,α = 1, we get [2, Lemma 2].
(vi) If we put k= 1 andp=−1, we get [12, Lemma 3].
(vii) If we put w(x) = 1, k= 1 andp=−1, we get [13, Lemma 3].
(viii) If we put w(x) = 1, k,α = 1 andp=−1, we get [9, Lemma 5].
(ix) If we put w(x) = 1 along withk,α = 1, we get [18, Lemma 4].

We use Lemma2 to prove the following result.

Theorem 10.Let f : I ⊂ (0,∞)−→R be a differentiable function on Io. If f
′
∈ L[a,b], where a,b∈ (0,∞) with a< b, | f

′
|

is p-convex function on[a,b] for p∈R\{0} and w: [a,b]−→R is continuous and p-symmetric with respect to[ap+bp

2 ]1/p,
then the following inequality for k-fractional integrals holds.

(i) If p > 0, then

∣

∣

∣

f (a)+ f (b)
2

[

Jα ,k
ap+ (wog)(bp)+ Jα ,k

bp− (wog)(ap)
]

−
[

Jα ,k
ap+ ( f wog)(bp)+ Jα ,k

bp− ( f wog) (ap)
]∣

∣

∣ (24)

≤
‖w‖∞(bp−ap)

α
k +1

αΓk(α)

[

| f
′
(a)|C1 (α/k, p)+ | f

′
(b)|C2 (α/k, p)

]

,
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where

C1 (α/k, p) =
∫ 1

0

|(1−u)
α
k −u

α
k |

p[uap+(1−u)bp]1−
1
p

udu,

C2 (α/k, p) =
∫ 1

0

|(1−u)
α
k −u

α
k |

p[uap+(1−u)bp]1−
1
p

(1−u)du,

with g(x) = x1/p,x∈ [ap,bp] and‖ w ‖∞= supt∈[a,b] | w(t) |.

(ii) If p < 0, then

∣

∣

∣

f (a)+ f (b)
2

[

Jα ,k
bp+ (wog)(ap)+ Jα ,k

ap− (wog)(bp)
]

−
[

Jα ,k
bp+ ( f wog)(ap)+ Jα ,k

ap− ( f wog) (bp)
]∣

∣

∣ (25)

≤
‖w‖∞(ap−bp)

α
k +1

αΓk(α)

[

| f
′
(a)|C3 (α/k, p)+ | f

′
(b)|C4 (α/k, p)

]

,

where

C3 (α/k, p) =
∫ 1

0

−|(1−u)
α
k −u

α
k |

p[uap+(1−u)bp]1−
1
p

udu,

C4 (α/k, p) =
∫ 1

0

−|(1−u)
α
k −u

α
k |

p[uap+(1−u)bp]1−
1
p

(1−u)du,

with g(x) = x1/p,x∈ [bp,ap] and‖ w ‖∞= supt∈[a,b] | w(t) |.

Proof.

(i) Let p> 0. Using Lemma 4 we have







f (a)+ f (b)
2

[

Jα ,k
ap+ (wog)(bp)+ Jα ,k

bp− (wog)(ap)
]

−
[

Jα ,k
ap+ ( f wog)(bp)+ Jα ,k

bp− ( f wog) (ap)
]



 (26)

≤
1

kΓk(α)

∫ bp

ap







∫ t

ap
(bp− s)

α
k −1(wog)(s)ds−

∫ bp

t
(s−ap)

α
k −1(wog)(s)ds





|( f og)
′
(t)|dt.

Taking and substitutings= ap+bp− x in the first modulus on right hand side of above inequality we have







∫ t

ap
(bp− s)

α
k −1(wog)(s)ds−

∫ bp

t
(s−ap)

α
k −1(wog)(s)ds





 =




−

∫ ap+bp−t

bp
(x−ap)

α
k −1w([ap+bp− x]1/p)dx

−

∫ bp

t
(s−ap)

α
k −1(wog)(s)ds





.
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Usingp-symmetry ofw with respect to[ap+bp

2 ]1/p we have







∫ t

ap
(bp− s)

α
k −1(wog)(s)ds−

∫ bp

t
(s−ap)

α
k −1(wog)(s)ds







=






∫ bp

ap+bp−t
(s−ap)

α
k −1(wog)(s)ds+

∫ t

bp
(s−ap)

α
k −1(wog)(s)ds







=






∫ t

ap+bp−t
(s−ap)

α
k −1(wog)(s)ds





≤























∫ ap+bp−t
t











(s−ap)
α
k −1 (wog)(s)











ds, t ∈
[

ap, ap+bp

2

]

∫ t
ap+bp−t











(s−ap)
α
k −1(wog)(s)











ds, t ∈
[

ap+bp

2 ,bp
]

.

Putting above in (26) we have







f (a)+ f (b)
2

[

Jα ,k
ap+ (wog)(bp)+ Jα ,k

bp− (wog)(ap)
]

−
[

Jα ,k
ap+ ( f wog)(bp)+ Jα ,k

bp− ( f wog) (ap)
]





≤
1

kΓk(α)

∫ bp

ap







∫ t

ap+bp−t
(s−ap)

α
k −1(wog)(s)ds






|( f og)

′
(t)|dt.

≤
1

kΓk(α)

[

∫ ap+bp
2

ap

(

∫ ap+bp−t

t











(s−ap)
α
k −1 (wog)(s)











ds

)

|( f og)
′
(t)|dt

+

∫ bp

ap+bp
2

(

∫ t

ap+bp−t











(s−ap)
α
k −1 (wog)(s)











ds

)

|( f og)
′
(t)|dt

]

≤
‖w‖∞

kΓk(α)

[

∫ ap+bp
2

ap

(

∫ ap+bp−t

t
(s−ap)

α
k −1ds

)

|( f og)
′
(t)|dt +

∫ bp

ap+bp
2

(

∫ t

ap+bp−t
(s−ap)

α
k −1ds

)

|( f og)
′
(t)|dt

]

=
‖w‖∞

αΓk(α)

[

∫ ap+bp
2

ap

(

(s−ap)
α
k |a

p+bp−t
t

)

.
t1/p−1

p
| f

′
(t1/p)|dt +

∫ bp

ap+bp
2

(

(s−ap)
α
k |tap+bp−t

)

.
t1/p−1

p
| f

′
(t1/p)|

]

=
‖w‖∞

αΓk(α)

[

∫ ap+bp
2

ap

(

(bp− t)
α
k − (t −ap)

α
k

)

.
t1/p−1

p
| f

′
(t1/p)|dt +

∫ bp

ap+bp
2

(

(t −ap)
α
k − (bp− t)

α
k

)

.
t1/p−1

p
| f

′
(t1/p)|

]

.

Substitutingt = uap+(1−u)bp in above inequality we have







f (a)+ f (b)
2

[

Jα ,k
ap+ (wog)(bp)+ Jα ,k

bp− (wog)(ap)
]

−
[

Jα ,k
ap+ ( f wog) (bp)+ Jα ,k

bp− ( f wog) (ap)
]





≤
‖w‖∞ (bp−ap)

α
k +1

αΓk(α)
×

[

∫ 1
2

0

(

(1−u)
α
k −u

α
k

)

.
[uap+(1−u)bp]1/p−1

p
| f

′
([uap+(1−u)bp]1/p)|du

+

∫ 1

1
2

(

u
α
k − (1−u)

α
k

)

.
[uap+(1−u)bp]1/p−1

p
| f

′
([uap+(1−u)bp]1/p)|du

]

=
‖w‖∞ (bp−ap)

α
k +1

αΓk(α)
×

∫ 1

0





(1−u)
α
k −u

α
k







[uap+(1−u)bp]1/p−1

p
| f

′
([uap+(1−u)bp]1/p)|du. (27)
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Since| f
′
| is p-convex function, we have







f (a)+ f (b)
2

[

Jα ,k
ap+ (wog)(bp)+ Jα ,k

bp− (wog)(ap)
]

−
[

Jα ,k
ap+ ( f wog)(bp)+ Jα ,k

bp− ( f wog) (ap)
]





≤
‖w‖∞ (bp−ap)

α
k +1

αΓk(α)

[

| f
′
(a)|

∫ 1

0





 (1−u)
α
k −u

α
k







[uap+(1−u)bp]1/p−1

p
udu

+| f
′
(b)|

∫ 1

0





 (1−u)
α
k −u

α
k







[uap+(1−u)bp]1/p−1

p
(1−u)du

]

.

PuttingC1 (α/k, p) andC2 (α/k, p) in above completes the proof of (24). Proof of (25) is similar as of (24).

Remark.We can observe the following in Theorem10.

(i) If we put k= 1, we get [8, Theorem 10].
(ii) If we put k, p= 1, we get [11, Theorem 2.6].
(iii) If we put w(x) = 1 along withk, p= 1, we get [25, Theorem 3].
(iv) If we put w(x) = 1 along withk, p,α = 1, we get [2, Theorem 2.2].
(v) If we putw(x) = 1 along withk,α = 1, we get [18, Theorem 3.1].
(vi) If we put α,k= 1 andp= 1, we get [8, Corollary 1 (1)].
(vii) If we put k= 1 andp=−1, we get [8, Corollary 1 (2)].
(viii) If we put w(x) = 1 along withα,k= 1 andp=−1, we get [8, Corollary 1 (3)].
(ix) If we put α,k= 1 andp=−1, we get [8, Corollary 1 (4)].
(x) If we putw(x) = 1 along withk= 1 andp=−1, we get [8, Corollary 1 (5)].

We use the power mean inequality andp-convexity of| f
′
|q to prove the following result.

Theorem 11.Let f : I ⊂ (0,∞)−→ R be a differentiable function on Io. If f
′
∈ L[a,b], where a,b∈ I with a< b, | f

′
|q is

p-convex function on[a,b] for p ∈ R\{0} and w: [a,b] −→ R is continuous and p-symmetric with respect to[ap+bp

2 ]
1
p ,

then the following inequality for k-fractional integrals holds.

(i) If p > 0, then







f (a)+ f (b)
2

[

Jα ,k
ap+ (wog)(bp)+ Jα ,k

bp− (wog)(ap)
]

−
[

Jα ,k
ap+ ( f wog)(bp)+ Jα ,k

bp− ( f wog) (ap)
]



 (28)

≤
‖w‖∞(bp−ap)

α
k +1

Γk(α + k)
C

1− 1
q

5 (α/k, p)
[

| f
′
(a)|qC1 (α/k, p)+ | f

′
(b)|qC2 (α/k, p)

] 1
q
,

where

C5 (α/k, p) =
∫ 1

0

|(1−u)
α
k −u

α
k |

p[uap+(1−u)bp]1−
1
p

du

with g(x) = x1/p,x∈ [ap,bp] and‖ w ‖∞= supt∈[a,b] | w(t) |.

(ii) If p < 0, then







f (a)+ f (b)
2

[

Jα ,k
bp+ (wog)(ap)+ Jα ,k

ap− (wog)(bp)
]

−
[

Jα ,k
bp+ ( f wog)(ap)+ Jα ,k

ap− ( f wog) (bp)
]



 (29)

≤
‖w‖∞(ap−bp)

α
k +1

Γk(α + k)
C

1− 1
q

6 (α/k, p)
[

| f
′
(a)|qC3 (α/k, p)+ | f

′
(b)|qC4 (α/k, p)

] 1
q
,
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where

C6 (α/k, p) =
∫ 1

0

−|(1−u)
α
k −u

α
k |

p[uap+(1−u)bp]1−
1
p

du

with g(x) = x1/p,x∈ [bp,ap] and‖ w ‖∞= supt∈[a,b] | w(t) |.

Proof. (i) Let p> 0. Using power mean inequality in (27) we have







f (a)+ f (b)
2

[

Jα ,k
ap+ (wog)(bp)+ Jα ,k

bp− (wog)(ap)
]

−
[

Jα ,k
ap+ ( f wog)(bp)+ Jα ,k

bp− ( f wog) (ap)
]





≤
‖w‖∞ (bp−ap)

α
k +1

Γk(α + k)

(

∫ 1

0





(1−u)
α
k −u

α
k







[uap+(1−u)bp]1/p−1

p
du

)1− 1
q

×

(

∫ 1

0





 (1−u)
α
k −u

α
k







[uap+(1−u)bp]1/p−1

p
| f

′
([uap+(1−u)bp]1/p)|qdu

)1/q

.

By thep-convexity of| f
′
|q, the right hand side of above will be







f (a)+ f (b)
2

[

Jα ,k
ap+ (wog)(bp)+ Jα ,k

bp− (wog)(ap)
]

−
[

Jα ,k
ap+ ( f wog) (bp)+ Jα ,k

bp− ( f wog) (ap)
]





≤
‖w‖∞ (bp−ap)

α
k +1

Γk(α + k)
C

1− 1
q

5 (α/k, p)×

[

| f
′
(a)|q

∫ 1

0





(1−u)
α
k −u

α
k







[uap+(1−u)bp]1/p−1

p
udu

+| f
′
(b)|q

∫ 1

0





(1−u)
α
k −u

α
k







[uap+(1−u)bp]1/p−1

p
|(1−u)du

]1/q

=
‖w‖∞ (bp−ap)

α
k +1

Γk(α + k)
C

1− 1
q

5 (α/k, p)
[

| f
′
(a)|qC1 (α/k, p)+ | f

′
(b)|qC2 (α/k, p)

]1/q
.

The proof of (28) is completed and the proof of (29) is same as of (28).

Remark.We can observe the following in Theorem11.

(i) If we put k= 1, we get [8, Theorem 11].
(ii) If we put k, p= 1, we get [11, Theorem 2.8].
(iii) If we put w(x) = 1 along withk, p= 1 andα = 1, we get [19, Theorem 1].
(iv) If we put w(x) = 1 along withp=−1 andk=−1, we get [2, Theorem 5].
(v) If we putw(x) = 1 along withk,α = 1 andp=−1, we get [18, Theorem 2.6].
(vi) If we put w(x) = 1 along withk,α = 1, we get [18, Theorem 3.2].
(vii) If we put w(x) = 1 along withp,k= 1, we get [8, Corollary 2 (1)].
(viii) If we put α,k= 1 andp= 1, we get [8, Corollary 2 (2)].
(ix) If we put k= 1 andp=−1, we get [8, Corollary 2 (3)].
(x) If we putα,k= 1 andp=−1, we get [8, Corollary 2 (4)].

We use the H ¨older’s inequality and thep-convexity of| f
′
|q to prove the following result.

Theorem 12.Let f : I ⊂ (0,∞)−→R be a differentiable function on Io. If f
′
∈ L[a,b], where a,b∈ I with a< b, | f

′
|q,q> 1

is p-convex function on[a,b] for p∈R\{0}, 1
q +

1
r = 1 and w: [a,b]−→R is continuous and p-symmetric with respect to

[ap+bp

2 ]
1
p , then the following inequality for k-fractional integralsholds.
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(i) If p > 0, then







f (a)+ f (b)
2

[

Jα ,k
ap+ (wog)(bp)+ Jα ,k

bp− (wog)(ap)
]

−
[

Jα ,k
ap+ ( f wog)(bp)+ Jα ,k

bp− ( f wog) (ap)
]



 (30)

≤
‖w‖∞(bp−ap)

α
k +1

Γk(α + k)
C

1
r
7 (α/k, p, r)

(

| f
′
(a)|q+ | f

′
(b)|q

2

) 1
q

,

where

C7 (α/k, p, r) =
∫ 1

0

(

|(1−u)
α
k −u

α
k |

p[uap+(1−u)bp]1−
1
p

)r

du

with g(x) = x1/p,x∈ [ap,bp] and‖ w ‖∞= supt∈[a,b] | w(t) |.
(ii) If p < 0, then







f (a)+ f (b)
2

[

Jα ,k
bp+ (wog)(ap)+ Jα ,k

ap− (wog)(bp)
]

−
[

Jα ,k
bp+ ( f wog)(ap)+ Jα ,k

ap− ( f wog) (bp)
]



 (31)

≤
‖w‖∞(ap−bp)

α
k +1

Γk(α + k)
C

1
r
8 (α/k, p, r)

(

| f
′
(a)|q+ | f

′
(b)|q

2

) 1
q

,

where

C8 (α/k, p, r) =
∫ 1

0

(

−
|(1−u)

α
k −u

α
k |

p[uap+(1−u)bp]1−
1
p

)r

du

with g(x) = x1/p,x∈ [bp,ap] and‖ w ‖∞= supt∈[a,b] | w(t) |.

Proof. (i) Let p> 0. Using the H ¨older’s inequality in (27) and thep-convexity of| f
′
|q we have

Γk(α + k)

‖w‖∞ (bp−ap)
α
k +1

×






f (a)+ f (b)
2

[

Jα ,k
ap+ (wog)(bp)+ Jα ,k

bp− (wog)(ap)
]

−
[

Jα ,k
ap+ ( f wog) (bp)+ Jα ,k

bp− ( f wog) (ap)
]





≤

(

∫ 1

0

(






(1−u)

α
k −u

α
k







[uap+(1−u)bp]1/p−1

p

)r

du

)1/r

×

(

∫ 1

0
| f

′
([uap+(1−u)bp]1/p)|qdu

)1/q

≤

(

∫ 1

0

(





(1−u)
α
k −u

α
k







[uap+(1−u)bp]1/p−1

p

)r

du

)1/r

×

(

| f
′
(a)|q

∫ 1

0
udu+ | f

′
(b)|q

∫ 1

0
(1−u)du

)1/q

.

Simple computation gives







f (a)+ f (b)
2

[

Jα ,k
ap+ (wog)(bp)+ Jα ,k

bp− (wog)(ap)
]

−
[

Jα ,k
ap+ ( f wog)(bp)+ Jα ,k

bp− ( f wog) (ap)
]





≤
‖w‖∞(bp−ap)

α
k +1

Γk(α + k)
C

1
r
7 (α/k, p, r)

(

| f
′
(a)|q+ | f

′
(b)|q

2

) 1
q

.

This completes the proof of (30) and the proof of (31) is same as of (30).

Remark.We can observe the following in Theorem12.

(i) If we put k= 1, we get [8, Theorem 12].
(ii) If we put k, p= 1, we get [11, Theorem 2.9 (i)].
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(iii) If we put w(x) = 1 along withk, p= 1 andα = 1, we get [2, Theorem 2.3].
(iv) If we put k, p= 1 andα = 1, we get [26, Theorem 2.8].
(v) If we putw(x) = 1 along withp,k= 1, we get [8, Corollary 3 (1)].
(vi) If we put w(x) = 1 along withk= 1 andp=−1, we get [8, Corollary 3 (2)].
(vii) If we put w(x) = 1 along withα,k= 1 andp=−1, we get [8, Corollary 3 (3)].
(viii) If we put k= 1 andp=−1, we get [8, Corollary 3 (4)].
(ix) If we put α,k= 1 andp=−1, we get [8, Corollary 3 (5)].
(x) If we putw(x) = 1 along withα,k= 1, we get [8, Corollary 3 (6)].
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[8] İ. İscan, M. Kunt, Hermite-Hadamard-Fejér type inequalities for p-convex functions via fractional integrals, Communication in

Mathematical Modeling and Application, 1 (2017), 1-15.
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