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Abstract: In this paper, a generalized fixed point theorem and its results are established in the concept of multiplicative distance which
was introduced by Agamirza et.al [3] to improve the non-Newtonian calculus. Our results include some existing results in the concept
of multiplicative metric space.
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1 Introduction

The differentiation and integration are basic tools in the set of Newton-Leibnitz calculus. Grossman and Kantz [1]

introduced definitions of a new type of derivate and integral, by changing the roles of addition and subtraction to

multiplication and division respectively. Thus, they established a new type calculus that called multiplicative calculus.

Agamirza et. al. [3] established multiplicative distanced∗onR++ = (0,∞) as an alternative to the usual distance onR++

and introduced some related properties and definitions on multiplicative calculus. Authors introduced multiplicative

derivative, multiplicative integral etc. as well as showedthat some facts of Newtonian calculus and some problems of

semigroups of linear operators were proved easily through multiplicative calculus.

A natural question is that whether one can introduce a multiplicative metric as alternative to the usual metric.

In 2012,Özavşar and Çevikel [5] introduced the definition of multiplicative metric space and they investigated some

topological properties. They also introduced an analogue of Banach contraction principle in the context of multiplicative

metric space.

In this short note, we are aim to give a generalized fixed pointtheorem and related results in the framework

multiplicative metric space.

2 Mathematical preliminaries

LetRn
++ be the collection ofn−tubles of positive real numbers. Letd∗ : Rn

++×R
n
++ → R be defined as follows
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wherex= (x1,x2, · · · ,xn) , y= (y1,y2, · · · ,yn) ∈ R
n
++ and ||∗ : R++ → R++ such that

|a|∗ =

{

a i f a≥ 1
1
a i f a < 1

Note thatd∗ has the following properties

(m1) d∗ (x,y)> 1 for all x,y∈ R++ andd∗ (x,y) = 1⇐⇒ x= y,

(m2) d∗ (x,y) = d∗ (y,x) for all x,y∈ R++,

(m3) d∗ (x,z)≤ d∗ (x,y)d∗ (y,z) for all x,y,z∈R++.

The mappingd∗ is called multiplicative distance which was introduced by Agamirza et.al [3].

Özavşar and Çelikel [5], by moving the roles of multiplicative distance to any nonempty setX, introduced multiplicative

metric space and its topological concept.

Definition 1. [5] Let X be a nonempty set. Define the mapping M: X×X → R such that

(M1) M (x,y)> 1 for all x,y∈ X and M(x,y) = 1⇐⇒ x= y,

(M2) M (x,y) = M (y,x) for all x,y∈ X,

(M3) M (x,z)≤ M (x,y)M (y,z) for all x,y,z∈ X [ multiplicative triangle inequality ]

then, M is called a multiplicative metric and the pair(X,M) is called a multiplicative metric space.

Note that, the definition of metric and definition of the multiplicative metric are independent. The following examples

show that neither a metric is a multiplicative metric nor a multiplicative metric is a usual metric.

Example 1.Let X = R and define the usual metricd asd (x,y) = |x− y| for all x,y∈R.We have

d (1,5) = 4> 3= d (1,2)d (2,5)

that is,d is not a multiplicative metric onR.

Example 2.Let M : R×R→R, be defined byM (x,y) = e|x−y| for all x,y∈ R, thenM is a multiplicative metric onR. It

is clear thatM satisfies all conditionsM1−M3. But it is not usual metric sinceM does not satisfy triangular inequality

of the usual metric. Indeed, we have

M (1,5) = e4
> 2e2 = M (1,3)+M (3,5) .

Some basic notions given bÿOzavşar and Çevikel [5] are following.

Definition 2. Let (X,M) be a multiplicative metric space, x∈ X andε > 1. Multiplicative open ball of radious r with

center x is defined by

Bε (x) = {y∈ X : M (x,y)< ε}

Similarly, the multiplicative closed ball is defined by

Bε (x) = {y∈ X : M (x,y)≤ ε}

Corollary 1. Every multiplicative metric space is a topological space based on the set of all multiplicative open sets.
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Definition 3. A sequence{xn} in a multiplicative metric space(X,M) is said to be multiplicative convergent to a point

x∈ X if for an abritraryε > 1 there exists a positive integer n0 such that

M (xn,x)< ε

for all n ≥ n0.

Definition 4. A sequence{xn} in a multiplicative metric space(X,M) is said to be multiplicative Cauchy sequence if for

all ε > 1 there exists a positive integer n0 such that

M (xn,xm)< ε

for all m,n≥ n0.

Definition 5. A multiplicative metric space(X,M) is complete if every multiplicative Cauchy sequence is multiplicative

convergent.

Definition 6. [Multiplicative Continuity ] Let(X,MX) and(Y,MY) be two multiplicative metric spaces and T: X →Y be

a function. If for everyε > 1, there existsδ > 1such that

T (Bδ (x))⊂ Bε (T (x))

then, T called multiplicative continuous at x∈ X.

Definition 7. Let (X,M) be a multiplicative metric space. A mapping T is called multiplicative contraction if there exists

λ ∈ [0,1) such that

M (Tx,Ty)≤ [M (x,y)]λ

for all x,y∈ X.

Theorem 1.[ Multiplicative Banach Contraction Principle ] Let(X,M) be a multiplicative complete metric space. If the

mapping T: X → X is a multiplicative contraction, then T has a unique fixed point in X.

Some other fixed point results for multiplicative metric spaces can be find Refs. [5]-[9].

3 Main results

Definition 8. Let (X,M) be a multiplicative metric space. A self mapping T on X is called multiplicative Ciric type

contraction mapping, if for all x,y∈ X there existsα,β ,γ,δ ≥ 0 such that

M (Tx,Ty)≤ [M (x,y)]α [M (x,Tx)]β [M (y,Ty)]γ [M (x,Ty)M (y,Tx)]δ (1)

andα +β + γ +2δ < 1.

Theorem 2.Let (X,M) be a complete multiplicative metric space. If a self mappingT on X is multiplicative Ciric type

contraction, then T has a unique fixed point in X.
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Proof.Let x0 ∈ X . Define the sequence{xn} by xn = Txn−1 for n≥ 1. If there existsn0 such thatxn0 = xn0+1, then, we

get the proof. Suppose thatxn 6= xn+1 for all n∈ N, then we have

M (xn+1,xn) = M (Txn,Txn−1)

≤ [M (xn,xn−1)]
α
. [M (xn,xn+1)]

β
. [M (xn−1,xn)]

γ [M (xn,xn) .M (xn−1,xn+1)]
δ

≤ [M (xn,xn−1)]
α
. [M (xn,xn+1)]

β
. [M (xn−1,xn)]

γ [M (xn−1,xn)]
δ
. [M (xn,xn+1)]

δ

= [M (xn,xn−1)]
α+γ+δ [M (xn,xn+1)]

β+δ
. (2)

This implies that

M (xn+1,xn)≤ [M (xn,xn−1)]
k

where

k=
α + γ + δ

1− (β + δ )
< 1.

Continuing this way, we have

M (xn+1,xn)≤ M (xn,xn−1)
k ≤ M (xn−1,xn−2)

k2 ...≤ M (x1,x0)
kn
. (3)

Lettingn→ ∞ in (3), we get that

lim
n→∞

M (xn+1,xn) = 1.

Let m,n∈N with m> n, then from multiplicative triangle inequality, we have

M (xm,xn)≤ M (xm,xm−1) .M (xm−1,xm−2) · · ·M (xn−1,xn) . (4)

By using (3), we have

M (xm,xn)≤ M (x1,x0)
[km−1+km+···+kn] ≤ M (x1,x0)

kn
1−k . (5)

Lettingm,n→ ∞, we have

lim
n,m→∞

M (xm,xn) = 1

this implies that the sequence{xn} is a multiplicative Cauchy sequence. Since(X,M) is complete, there existsu∈ X such

thatxn → u, that is

lim
n→∞

M (xn,u) = 1

Now, we claim thatu∈ X is a fixed point ofT. In fact, from multiplicative triangle inequality, we have

M (Tu,u)≤ M (Tu,Txn)M (Txn,u)≤ [M (u,xn)]
α
. [M (u,Tu)]β [M (xn,xn+1)]

γ [M (u,Txn) .M (xn,Tu)]δ M (Txn,u) . (6)

Lettingn→ ∞ in (6), we have

M (Tu,u)≤ [M (Tu,u)]β+2δ+1

this is a contradiction unlessM (Tu,u) = 1. This implies thatu= Tu. To show the uniqueness of the fixed point, if possible

assume thatu′ ∈ X is an other fixed point ofT, that isTu′ = u′. Thus, we have

M
(

u,u′
)

= M
(

Tu,Tu′
)

≤
[

M
(

u,u′
)]α

[M (u,Tu)]β
[

M
(

u′,Tu′
)]γ [

M
(

u,Tu′
)

M
(

u′,Tu
)]δ

=
[

M
(

u,u′
)]α+2δ

. (7)
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The equation (7) is a contradiction unlessM (u,u′) = 1, that isu= u′. Thus, the fixed point is unique.

Example 3. Let X = [0,2] endowed with multiplicative metricM (x,y) = e|x−y| and define the mappingT : X → X as

following

Tx=

{

x
9 i f x ∈ [0,1]
x
10 i f x ∈ (1,2]

Note that ifx= 999
1000,y=

1001
1000,then|Tx−Ty|> 5|x− y| which implies that

e|Tx−Ty|
>

[

e|x−y|
]5

⇐⇒ M (Tx,Ty)> [M (x,y)]5

that isT is not multiplicative contraction on wholeX. In the other hand,T is multiplicative Ciric type contraction with

α = 1
10,β = γ = 1

4,δ = 1
6. As a resultT is satisfies all conditions of Theorem2, and henceT has a unique fixed point in

X. Indeed,

M (T0,0) = 1= M (0,T0)

which implies thatu= 0∈ X is the unique fixed point ofT.

4 Some Results

Corollary 2. [Multiplicative Kannan Type Contraction] Let(X,M) be a complete multiplicative metric space and T be a

self mapping on X. If for all x,y∈ X we have

M (Tx,Ty)≤ [M (x,Tx)]β [M (y,Ty)]γ

whereβ + γ < 1, then T has a unique fixed point in X.

Corollary 3. [Multiplicative Chatterjea Type Contraction] Let(X,M) be a complete multiplicative metric space and T

be a self mapping on X. If for all x,y∈ X we have

M (Tx,Ty)≤ [M (x,Ty)M (y,Tx)]δ

where0≤ δ < 1, then T has a unique fixed point in X.

Corollary 4. [Multiplicative Reich Type Contraction] Let(X,M) be a complete multiplicative metric space and T be a

self mapping on X. If for all x,y∈ X we have

M (Tx,Ty)≤ [M (x,y)]α [M (x,Tx)]β [M (y,Ty)]γ

whereα +β + γ < 1, then T has a unique fixed point in X.

5 Conclusions

We established a generalized fixed point theorem that involve some previous results in the framework multiplicative metric

space.
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