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Abstract: In this paper, we give new some inequalities of Hermite-Haatal's and Ostrowski’s type for convex functions on the
co-ordinates defined in a rectangle from the plane. Our ksiell results generalize some recent results for funeti@mose partial
derivatives in absolute value are convex on the co-ordinatethe rectangle from the plane.
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1 Introduction

In 1938, the classical integral inequality established Byr@vski [L2] as follows.

Theorem 1.Let f: [a,b]— R be a differentiable mapping afa, b) whose derivative f: (a,b)— R is bounded orfa, b),

i.e.,|f'l, = sup |f(t)] < . Then, the inequality holds.
te(ab)

1 (x— 22

b
f(x)—b%/f(t)dt < [Z+((l)7£21)2] (b—a)[|f'[|, M)

a

for all x € [a,b]. The constani is the best possible.

Inequality (1) has wide applications in numerical analysis and in the mheb some special means; estimating error
bounds for some special means, some mid-point, trapezaidSimpson rules and quadrature rules, etc. Hence
inequality () has attracted considerable attention and interest frommenzaticans and researchers. For some results
which generalize, improve and extend the inequalijysee (B], [4], [9] and [19]) and the references therein. In addition,
the current approach of obtaining the bounds, for a padfayiadrature rule, have depended on the use of Peano kernel.
The general approach in the past has involved the assumgdtmunded derivatives of degree greater than one.

Let f : 1 C R — R be a convex mapping defined on the intedvaf real numbers and, b € I, with a < b. The following
double inequality is well known in the literature as the HeesHadamard inequality7].

b
f<%°) < b—fa/a foax< 1@

Let us now consider a bidimensional interfal=: [a,b] x [c,d] in R? with a < b andc < d. A mappingf : A — R is said
to be convex o if the following inequality:

ftx+(1-t)zty+(1-t)w) <tf (x,y)+(1—-1t)f(zw)
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holds, for all(x,y),(z,w) € A andt € [0,1]. A function f : A — R is said to be on the co-ordinates drnif the partial
mappingsfy : [a,b] — R, fy(u) = f (u,y) andfy: [c,d] = R, fx(v) = f (x,v) are convex where defined for alk [a, b]
andy € [c,d] (see,p]).

A formal definition for co-ordinated convex function may hated as follows.

Definition 1. A function f: A — R will be called co-ordinated canvex ah for allt,s € [0,1] and(X,Y), (u,Vv) € 4, if the
following inequality holds.

f(tx+ (L—t)y,su+ (1 —s)v) < tsf(x,u) +s(1—t)f(y,u) +t(1—s)f(x, V) + (1 —t)(1—9)f(y,v).

Clearly, every convex function is co-ordinated convex.tkReimmore, there exist co-ordinated convex function whgch i
not convex, (seef]). For several recent results concerning Hermite-Haddimarequality for some convex function on
the co-ordinates on a rectangle from the pl&3ewe refer the reader toA, [2], [9]-[11] and [16]).

Also, in [6], Dragomir establish the following similar inequality oBldamard’s type for co-ordinated convex mapping on
a rectangle from the plarie?.

Theorem 2.Suppose that fA — R is co-ordinated convex afi. Then one has the inequalities.
a+b c+d 1[ 1 b c+d 1 94 /a+b
R I
f( 2 2 >_2{b—a/af<x 2 )dx d—C/c f( 2 ’y>dy]
1 b rd
<ﬁ/ / f (x,y) dydx (2)

(b
S%{b— /fxcdx+—/fxd dx+—/faydy+—/fbydy}
f

(a,c)+ f(a,d)+ f(b,c)+ f (b, d)
4

The above inequalities are sharp.

In [16], Sarikaya et al. proved some new inequalities that givienege of the deference between the middle and the right
most terms in 2) for differentiable co-ordinated convex functions on eeele from the plan®2. For several recent
results concerning Hermite-Hadamard'’s inequality for e@onvex function on the co-ordinates on a rectangle from the
planeR?; we refer the reader to1], [2], [6]-[11], [14]-[18]).

In [20], Sarikaya and Yildiz proved the following Lemma for doulitéegrals. The lemma is necessary and plays an
important role in establishing our main results. Firsthe §, (f;g,h) operator that we will use throughout the article
may be defined as follow.

b d
S\ (f:g.h) = (/g(u du) (/h (u) du) x [A=A2E00Y)+A (L=A)F(By)+A (1=A)f () +A%f (b,

b
(g du) h(s f(x,8) +Af(as)]— (/g du)/h f(x,8)+Af(bs)]ds (3)
b

Jrs- x
Z

d b
glt F(t,y)+Af(t,C)] dt—(/h du)/g f(ty)+Af(t,d)]dt
y a

+ g f (t,s)dsdt
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Lemma 1.Let f: [a,b] x [c,d] € R?2— R be an absolutely continuous function such that the partaivative of order
2 exists for all(t,s) € [a,b] x [c,d] =: A, and the functions g[a,b] — [0,) and h: [c,d] — [0,) are integrable. If
fis(t,s) € L(4), then the following equality holds.

b d
[ [P x0Q 19 fis(t, 9 dsdlt=, (Fig.h)
a C

where . .
(1—A)fg(u)du+A [g(u)du,a<t<x
Py (x,t) := ) "
t
(1-A)fg(u )du+)\fg( udu,x<t<h.
b
and s .
(1—A)[h(u)du+A [h(u)du,a<t <X
c y
Q)\ (y,S) = s s
(1—A)fh(u)du+A [h(u)du,x<t<h.
d y
for A €10,1].

The main purpose of this paper is to establish new Hadanyaeeland Ostrowski-type inequalities of convex functions of
2-variables on the co-ordinates by using Lenthend elementary analysis.

2 Main results

For convenience, we give the following notations used tqifmthe details of presentation,

Ay (X) = (x—a)?[(1—A)(3b—a—2X)+ A (3b—2a—x)] + (2—A) (b—x)°
b

:(1—/\){(b—a)(x—a)2+4(b—a)2(b—x) =

+2A {(b—a)(x—a)2+(b—a)2(b—x) =

By (X) = (b—x)?[(1—A)(b—3a+2x)+A (2b—3a+X)| + (2—A) (x—a)®
b

:(1—)\){(b—a)(b—x)2+4(b—a)2(x—a) =

+2)\{(ba)(bx)2+(ba)2(xa) =

Cy(y)=(y—0?[(1-A)(38d—c—2y)+A (3d—2c—y) +(2-A)(d—y)®?

<1A>{<dc><yc>2+4<dc>2<dy> 2t

c+rd 2
aforer o]
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Di (y) = (d—y)*[(1-A)(d—3c+2y)+A (2d - 3c+Yy)] + (2— A) (y—©)°

1 (-9
2" (d—c)?
1o (-9’

2" oo |

Using the Lemmd, we can obtain the following general integral inequalities

<1A>{<dc><dy>2+4<dc>2<yc>

+2A{(d—c)(d—y>2+<d—c>2<y—c>

Theorem 3.Let f: A c R?>— R be an absolutely continuous function such that the pargaichtive of order2 exists for
all (t,s) € A, and the functions g[a,b] — [0,) and h: [c,d] — [0, ) are integrable. Ifl fis (t, s)| is @ convex function on
the co-ordinates o, then the following inequality holds.

S\ (fig h>g”§g'(;bj)((';zdg) < {fis (.0)| Ay ()G (¥) + [fis (2, d)| Ay (X) D ()

+1His(D,0)|By (X)Ci (¥) + [ fis (b,d)[ By (X) D ()} (4)

whereA € (0.1, g as; = Sup 9(4)] andhleg o = sup ().

ue(a,b] uelcd]

Proof. We take absolute of3]. Using bounded of the mappingandh, we find that

b d
S (figh)| < [ [Py (x0]1Qx (19 Ifs(t.9) s

Sy t t s s

:// [(1_;\) /g(u)du 4 /g(u)du] x [(1—;\) /h(u)du 4 /h(u)du] Ifis (t, 5)| dsdlt
aX cd B at Xt 7] B CS ’

+// (17/\)/g(u)du +A /g(u)du x (1—/\)/h(u)du +/\/ s (t,9)| dsdlt (5)
a L a X | L d _
tgy){ i t t T i s s T

+// (1—A)/g(u)du 4 /g(u)du x (1—A)/h(u)du 4 /h s (t, 5)] dsdlt
xc | b X 1 L c y i

B t t 7] B S 7]

+ (A-A)| [ guydu|+A | [g(udul| x [(L—A)| [ h(u)du/+A | [ h(u)du|| |fs(t,s)|dsdt
J] || swagr fotad] - ja-n| s s oo

=l +lo+ 13414 (6)

Becauseéfis (t,s)| is a convex function on the co-ordinatesfinwe have

bt  t-a d-s  s-c (b—t)(d—s (b—t)(s—c)
fts<b— b - C+ol—co')’S b-ayd—o @ pay@—g @) (7)
(t—a)(d—s) (t—a)(s—c)

(© 2017 BISKA Bilisim Technology
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From (7), it follows that

Xy
1 < 0l a0 Py / / (A=A (=) +A (=) [(L1-2) (5= ) + A (y—9)

b-(d-9 (b-t)(s- (t-a)(d- (t-2)(s-c)
(e om0+ gy a g 1+ gy g (bl g o g (o s
~ ol Pl 50 o gy * (X~ @71 4) (302~ 20+ (3~ 2]

x(y—=¢)?[(1-A)(3d—c—2y)+A (3d - 2c-y)]

_ A3
| [ (gé?t))l(za) ();)(yc) O (x—a)?[(1-A)(3b—a—2¢)+ A (3b— 2a—x)

[fis (b, )| (2—2) (x—a)°
36(b—a)(d—c)

(y—¢)?[(1—=A)(3d—c—2y)+ A (3d—2c—y)] +

|fts<b,d>|<2—A>2<x—a>3<y—c>3}
36(b—a)(d—c) '

If we calculate the other integrals in a similar way, then Jgéamm

2 < 10 ] 1 {'f‘sfac()b'( o
36(b—a)(d—c)

x (x—a)?[(1—A)(3b—a—2x)+ A (30— 2a—X)|

x (x—a)?[(1—=A)(Bb—a—2x)+A (83b—2a—X)| x (d—y)?[(1—A)(d—3c+2y)

[fis(0,0)[2=A)*(x—a)°(d—y)° |fis(b,d)|(2—) (x—a)’
36(b—a)(d—c) 36(b—a)(d—c)

X(d=y)?[(1=A)(d—3c+2y)+A (2d— Bc+y)] }.

A (2d—3c+y) +

_ _ 3
15 <110l My {'f“fg‘(’i)'(za)éf(b@ Xy 0P [(1-A)(3d G 2) +A (34~ 26 y)

|fis(a,d)| (2= 1) (b—x°(y—0c)® |fis (b,0)]
36(b—a)(d—c) 36(b—a)(d—c)

x (b—%)?[(1—A)(b—3a+2X)+ A (20— 3a+X)] x (Yy—¢)*[(1—A)(3d—c—2y)+ A (3d — 2c—y)]

o A3
+|fts(:a6(zz)|£2a)(2)_(yc) c) x(bx)z[(l)\)(b3a+2x)+)\(2b3a+x)]},

fis(@ o) (2=A°(b=x°d-y)®  [fis(ad)[(2=2)(b—x?*
la <[18llxp. 1Ml { 36(b—a)(d—_c) T 36(b_a)(d-0)

x (d— )[( (d—3c+2y)+A(2d—3c+y)]
Ifts(b0>|(
(_

+%(b—X)z[(l—A)(b—3a+2x)+A (2b— 3a+x)|

(Y= C)2[(1—A)(d—3c+2y)+A (2d—3c+y)]}.

A)
(")(d Y x (b—x)?[(1—A)(b—3a+2x)+ A (2b—3a+x)]
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Substituting the integralsly,lz,l3,14 in (5 and triangle inequality for the moduls, because of
19l ax.00: 19l xb.0 < 1920 @ND [[Mlcy) o [Ny )0 < [Nl )00 We eaSily deduce required inequalitf) (which
completes the proof.

Corollary 1. Under the same assumptions of TheoRwith A = 1; then the following inequality holds.

9 )| —'fé'(ﬁ,b °°a')(('j°d) {|fis(a,€)| AL (X)Ca(¥) + | fis (,d) | A (X) D1 (¥)

+[fts (b, )| B1 (X) C1. (y) + [ fis (b,d)[B1 (X) D1.(Y) } -

S (f;

Corollary 2. Under the same assumptions of Theofewith A = 0, then the following identity holds.

190l 6] 1Nl )0

S9N <550 g fis@0lAICo(y)+ fis(a Dl Ao (X)Do(y)
+[fis (b, €)| Bo () Co (y) + | fis (b,d) | Bo (X) Do () } -
Corollary 3. If we take x= "”b and y= &9 in Theoren8, then we get

s (f (a+b c+d)_ h)’ . ||g|\[a,b],mHhH[c,d],m(bfa)z(dfc)Z X{|fts<a,c)|+|fts(a,o|>|+|fts(b,c>|+|fts(|o,o|>|}
2 2 i - 16 4 '

Corollary 4. If we choose @u) = h(u) = 1andA = 1in TheorenB, then the following inequality holds.

d d b
(b—a)(d—c)f( /f (a,s)ds— /f (b,s)ds— fc)/f(t,c)dt ®)

b b d
/f t,d) dt+//f (t,s) de{ m{|fts(a,c)|A1(x)Cl(y)+|fts(a,d)|A1(x)D1(y)

+fis(b,¢)[B1 (X) C1 (y) + [ fis (b,d)[B1(X) D1(y)} -

Remarklf we takex = 252 andy = %9 in (8), we get

d b b
[/f (as ds+/f (b,s)d ] ﬁ{/f(t,c)dtﬁ—/f(t,d)dt] )
b d
1 (b—a)(d—c) [ [fis(ac)+|fis(ad)|+[fis(b,c)| + |fis(b,d)|
+(b_a)(d_c)a/c/ftsdsd i { ; }
Remarklf we takef (a,c) = f (a,d) = f (b,c) = f (b,d) in (9), then we have

f(a,c)+f(a,d)j:f(bc)+f(bd df [/fasd5+/fbs ]

0 b b d
_ 1 1
~2(b—a) {/f(t,c)dt—l—a/f(t,d)dt] +ma//f (t,s) dsd{

a

< (b—a)(d—c){Ifts(a,0)|+|fts( d)| + [fis (b, ©)[ + | fis (b,d) I}
= 16 4

f (b,d)—

dc)

which is proved by Sarikaya et al. iag).

(© 2017 BISKA Bilisim Technology
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In [8], Latif et. al proved an Ostrowski type inequality by acdegtbounded and co-ordinated conveX f (t,s)|, and
we give a new Ostrowski type inequality whose left hand sidsaime as the left hand side of the inequality of Latif et. al
by accepting condition of the Theorein the following corollary.

Corollary 5. If we choose ) = h(u) = 1 andA = 0in TheorenB, then the following inequality holds.

d b

b d
1
3 d Ca/c/ftsdsd{ %o aPa o

{Ifs(a,¢)| Ao (X) Co (y) + [ frs (&, d) [ Ao (X) Do (y) + | fis (b, €)[ Bo (X) Co () + [fis (b,d)| Bo (X) Do (¥)} -

f (Xay) - (d1C)

C a

Remarklf we takex = &2 andy = ¢ in (10), we obtain
+bcid 1 [ [atb Po( cid 1 20
a+bc a c
f( 2 72 )_(dc)/f( 2 ’S) ( )dt+(ba)(dc)//f(t’s)d5d{
C a c

< (b—a)(d—c){|fts(a,c)|+|fts(a,d)|+|fts(b,c |+|ft5(b,d |}
- 16 4 '

which is proved by Latif and Dragomir irL[].

Corollary 6. If we choose (u) = h(u) = 1 andA = 3 in Theoren8, then the following inequality holds.

(b—a)(d—c) (Xy)+f(by)4 xd)+fbd) (x= a/d (%9 + f(a,9)]ds— O ;X)/(j[f(x,s)+f(b,s)]ds
b g b d
- a/ (t,y)+f (t,0)]dt— C/ (ty) +f (t.d) dt+a/c/ftsdsd+ 6" a)(d 5 (11)
{Ifis(@.0)1A; (Cy (v)+[fis (@.0) A3 (0D () + s (5.0) By () C3 () + s (0.0 By () D () }.
Remarklf we takex = &2 andy = %¢ in (11), we get
f(a—“’,%)ﬂ(b,#ﬁﬂ(ﬂb d)+f(bd) [/d[ (a+b )H(a,s)}ds

+;[f<%b,s>mb,@}m]Wg@[;{f ey ol [[1(557) o]

b d
N 1 / /f(ns)dsd{ - (b—ai((sd—c){|fts(a,c)|+|fts(a,d)|+|fts(b,c)|+|fts(b,d)|}.

4

Remarklf we takex = aandy = cin (11), we have

d d
/ (a,9)+ f (b,9)]d / (t,c)+ f (t.d)]dt
C

C

f(ac)+f(bc)+f(ad+f(bd
4 d—

b d
//f(t,smd{ B (baL(dc){|fts<a,c>|+|fts<a,d>|z|fts<b,c>|+|fts<b,d>|},

(© 2017 BISKA Bilisim Technology
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Theorem 4. Let f: A C R?>— R be an absolutely continuous function such that the partahative of order2 exists
for all (t,s) € A and the functions g[a,b] — [0,) and h: [c,d] — [0,) are integrable om. If |fis(t,s)|9, g > 1, is a
convex function on the co-ordinates Anthen the following inequalities hold: for € [0,1]\ {3}

2
_ (1—A)PTE_ AP\ P 1 1
|S)\ (f,g, h)l < ||gH[a,b],olo||[C,d],00 < (p+1)(172)\) (b_a’)q (d—C)q (12)
1 1
x[(x=a)P 4 (%P * [(y— )P (d - y)PH P
1
o s @01+ [fis (a,d) [+ [ fis (b,€) |7+ [ s (b, )7
4
and forA = 1
_ 1191l a,67,00 1Ml . c0 1 1 oil oi1] P oil pi1] B
S, (f;g.h)| < A (b—2)a (d—0)a x [(x=a)"*+ (b=x""| " [ (y— )P+ (d—y)P*]
1
o [fis(2,0)[+ [fis (8 d)[9+ [ frs (b, )" + [ fis (b, d) 7 3
4
whered +1 =1, g1y = Sup g(u)], and | g = Sup [n(u)|.
ue(a,b] uelc,d|
Proof. We take absolute value o8), Using Holder’s inequality for double integrals, we firigat
b d
S (Figmi < [ [1P 00l (9] fs(t, ) sl 13)
a C

p

N

b d b d %
< (//|PA x)[°|Q, (y,s)|pdsdt) (//|fts(t,s)|qudt)

Using bounded of the mappingsandh, we calculate respectively above integrals that is in miidgion:

b d Xy
[ [P x0PIQr 0291 dsdt= gl 10110 [ [ 1L =A) (=) 42 (x= D] [(1=A) (s )+ (y— 9] sl

x d
100 g [ [ 12~ A) (= 2) 42 (x= D7 [(1= A) (d )+ A (s y))Pdscl
ay

b
10BNy [ [ IL=2) 0=+ (£=XP[(L=A) (5= )+ A (y— 9 dscl

X

b
1908 I [ [ 12~ A) (D=0 +A € =X)P[(1=A)(d =)+ (s )| dscl

St~ T —«

x

Using the change of the variable
(I-A)(t—a)+A(x—t)=u dt= %4

(1-A)(s—C)+A(y—9s) =V dt= I,

(© 2017 BISKA Bilisim Technology
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we obtain

Xy
// a)+A (x=t)P[(1-A)(s—c)+A (y—s)]Pdsdt

X y
(/ (1= A)(t—a)+ A (x— t)pdt) (/ [(1-A)(5—C)+ A (y— s)]pds)

<(1 A)PrL_ppil

2
(p+1)(1-21) ) (=) (y— o).

If the other integrals are calculated in a similar way, thenget

b d 2
AP e+l
[ [P x 0P 04 (9 Pasat< <(1<p+i><1zm ) 191, 12 (14)

X [(Xfa)p+l+(b—x)p+1:| [(ny)quL(d—y)p*l '

Since| fis (t,s)|% is convex function on the co-ordinates Apwe have

b—t t—-a, d-s s-c (b—t)(d—ys) (b—t)(s—c)
f‘5<baa+bab’dcc+dcd) <(b A" c)lfts(a’c)|q+(b— (d C>|ft5(a,d)|q (15)
(t-a)(d-s) (t—a)(s=c)
Fomay@—o I praa—g "
From (15), we get
jj|ftst8| det<(b a)(d ){|fts(a,c)|q+|fts(a,d)|qz|fts(b,c)|q+|fts(b,d)|Q}. (16)

Substituting £4) and (L6) in (13), we obtain the inequalitylQ).

ForA = %, then from Lemmal and using 16), we get

b d b d b d
Sy (fig.h) // 2 xt)"Q%(y,s)wfts(t,s)msdtg (// P%(x,t)mQ% v,s) dsdt) (//|ftsts| dsdt)

g hl g "
_{H ||ax 4” ||c (X a)p+l(y_c)p+l H HaX H H (X_a)erl(d_y)erl

1
q

p 4P

1
p

IIQbe Ihlliey, 19115 0 1D
_x)PHL(y— )Py Ixble )Pl )P
o (b=x"(y—0) o (b=x"(d-y)
1
x(b—a)%(d—c)%{'fts(avc)lq+|fts<a7d)|qzlfts(b,C)lq+Ifts(b,d>|“}“.

Hence, the proof is completed.
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Corollary 7. Under the same assumptions of Theorewith A = 1; then the following inequality holds.

ST R IO L o S L (VSR
B (p+1)?
o (e (e O s 00"+ s 1)
: |

Corollary 8. Under the same assumptions of Theorewith A = 0; then the following identity holds.

(b—a)i (d— o)
(|0+1)5

1
x {Ifts(avc)lq+Ifts(avd)lq+Ifts(b,0)|q+|fts(b,d)lq}q
7 .

1 1
1So(f:8.0)] < l19la50 N e x[(x=a)P 4 (b= %P * [(y— )P (d - y)PH P

Corollary 9. If we take x= 2P and y= %¢ in Theorem, then we get

2
a+b c+d 1-A)PFE_ AP\ P (h—a)?(d —c)?
S <f< 5 > 9, )‘S||g||[a,b],oo|h|[c,d],oo<( ) (b=a(d-c)

(p+1)(1—22) 4

1
x {Ifts(a70)|q+Ifts(avd)lq+|fts(b,0)|q+Ifts(b,d)lq}q
2 .

Corollary 10. If we choose (u) = h(u) = 1andA = 1in Theoremd, then the following inequality holds.

d d
(b—a)(d—c)f (b,d)— (x— a/fasds (b— x/f (17)

C
b b b d
_(y— c/ftcdt—d y/ftddH—//ftsdsd
a a a Cc
b—a)a(d—c)d

(|0+1)5

1
x { |fis(a,0)|7 + Ifts(a7d)|q+Ifts(b,C)Iqulfts(b,d)lq}‘*
2 .

Ql-
o=

< ( X [(X*a)pﬂLlJr(bix)val} [(Y*C)ijlJr(dfy)p”Ll}%

Remarklf we takex = a“’ andy = &€ din (17), we get

d d b b
[/f(a,s)ds+/f(b,s)ds] —ﬁ [/f(t,c)dtJr/f(t,d)dt] (18)

b d
1 (b—a)(d—o) f|fs(ac)|*+|fis(a d)|?+|fis(b,c)|* + [ fis (b,d)|*
+7(ba)(dc)a/c/f(t,s)dsd+< PR { ; } .

Mo -3

(© 2017 BISKA Bilisim Technology



=
NTMSCI 5, No. 3, 33-45 (2017) www.ntmsci.com BISKA 43

Remarkl!f we takef (a,c) = f (a,d) = f (b,c) = f (b,d) in (18), then we have

d

d
f(a,c)+ f(a,d)+ f (b,c)+ f(b,d) _ 1 |:/f(a,s)ds+/f(b,3)dS]

4 2(d—c)

C C

b b b d
1 1
Z(b—a) |:é/f(t70)dt+a/f(t7d)dt:| +ma/c/f(t,5)d8d{

_(b-a)d-c {|fts<a,c>|(*+|fts<aud>|‘*+|fts<b,c>|‘*+|fts<b,ol>|(*}é
4(p+1)7 4

which is proved by Sarikaya et al. ia|.

In [8], Latif et. al proved an Ostrowski type inequality by acdegtbounded of fis(t,s)| and co-ordinated convex of
|fis (t,9)|%, and we give a new Ostrowski type inequality whose left hade i same as the left hand side of the inequality
of Latif et. al by accepting condition of the Theorenm the following corollary.

Corollary 11. If we choose (u) = h(u) = 1andA = 0in Theoremd; then the following inequality holds.

b d
3 d C//ftsdsd#
a c

1
p

R D [(x 8"+ <b—x>p“}%’[(y—c)p“+<d—y>p“} (19)
(b—a)? (d—c)? (p+1)?

1
y { |fis(a,¢)|+ | fis(a,d) [T+ |ft5(b,c)|q+|fts(b,d)|q}q
y .

d b

Cc a

Remarklf we takex = &2 andy = %4 in (19), we obtain

f<a;bvczd>(dic)cfdf <a42rb, > ( C+d>dt+(b_a)l(d—c)a/bcfdf(t’s)dsﬁ

_(b-a)d- c){|fts<a,c>|‘*+|fts<a,d>|q+|fts<b,c>|q+|fts<b,d>l }
4(p+1)p 4

b

a

which is proved by Latif and Dragomir irL[].

Corollary 12. If we choose (i) = h(u) = 1andA = } in Theoren8; then the following inequality holds.

(b—x)
2

(x,9)+ f (a,9)]ds—

4

d
(b—a)(d—c) LN IbY +TXxd+Tbd) (X a/

d b d b d
/ (%9 + f (b,9)]d 2 / ty+ftc]d7u/ (t,y) + f (t,d) dt+//f(t,s)dsd
[ a C a c

< (bia)i]_(dic)a [(Xfa)p+l+(b7X)p+1:| P [(yic)P+l+(d7y)p+1:|%) (20)
x{|fts<a,c>|‘*+|fts<a,d>|“+|fts<b,c>|‘*+|fts<b,d>|‘*}%
! .
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Remarklf we takex = 252 andy = %9 in (20), we get

[CE JRATCL JRSIC L TN S LTS R T Y

NGO s /“[f Qy)m,@] ot [ [1(1559) e s

/b/df(t,s)dsd < <b—aiéd—c>{|fts<a,c>|‘*+|fts<a,d>|q+|fts<b,c>|q+|fts<b,d>|‘*}é.

HCEDICES) 4

Remarklf we takex = aandy = cin (20), we have

d d
f(a,c)+f(b,c):f(ad)+f(bd / as+fbs)]ds_T/ (t,c)+ f (t,d)]dt

b d 1
[ [ 1t9dsat < (baﬁ(dc>{|fts<a,c>|“+|fts<a,d>|qz|fts(b,c>|‘*+|fts<b,d>|q}q
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