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Abstract: Recently Datta et al.g] introduced the idea of relative type and relative weak tgpentire functions of two complex
variables with respect to another entire function of two ptax variables and prove some related growth propertiets bof ihis paper,
further we study some growth properties of entire functiohevo complex variables on the basis of their relative tyaed relative
weak types as introduced by Datta et@]l [
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1 Introduction, definitions and notations

Suppose be an entire function of two complex variables holomorphithie closed polydisc
U={(z1,2): |z|<ri,i=12forall ry >0,rp >0}

and Mg (r1,r2) = max{|f (z1,2)| : |1z| <ri, i =1,2}. Then in the light of maximum principal and Hartogs’s theore
{[7], p-2, p.53, M¢ (r1,r2) is an increasing function afy,rp. For any two entire function$ and g of two complex
Ms (ra,r2

variables, the ratiw asrq,r, — o is called thegrowthof f with respect ta. Taking this into account, the following

definition is well known.

Definition 1. ([7], p.339, see alsdl]) Theordery,ps andlower order,A+ of an entire function z1,z) are defined as

pr — limsup loglogMs (r1,rz) limsup loglogMs (ra,r2)
wPi = =
2 r1,ra—0 109Mexpz,2,) (r1,r2)  ryrpel0g Mexp(z12,) (ra,r2)

and

Ar — liminf (09/09Mr (r1,f2) e loglogMy (e, r2)
v B - .
2 rlvr2ﬁ°°|OgMexp(zlzz) (rl,rz) rl,rgamlogMeXp(lez) (rl,rz)

We see that therder \,ps andlower ordery,As of an entire functionf (z1,2) is defined in terms of the growth of
f(z1,22) with respect to the exponential function exgz,) .

The rate ofgrowth of an entire function generally depends upon dinger ( lower order)of it. The entire function with
higherorder is of faster growth than that of lesserder. But if ordersof two entire functions are the same, then it is
impossible to detect the function with faster growth. Inttbase, it is necessary to compute another class of growth
indicators of entire functions called theypesand thus one can defirtgpe of an entire functionf (z;,z,) denoted by

v, 0% in the following way.
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Definition 2. [6] Thetypey,o; of an entire function (z;,2) is defined as

. logMs (rq,r2
v,0f = limsu 9 (V p’f ), 0< y,pf <.
r1,rp—0c0 [rer] 2

Similarly, thelower type,, 0t of an entire function z;,z) may be defined as

— L |Ong (rl r2)
= liminf ——— %~ )
v Of ri,rp—o [rlrz]vzpf ,0< v2Pf <
Similarly in order to determine the relative growth of twdiemfunctions of two complex variables having same non zero
finite lower orderone may introduce the conceptwéak type, s of f(z1,2) of finite positivelower ordery,A¢ which
is as follows.

Definition 3. [6] Theweak typs,, Tt of an entire function z,z) of finite positivdower orden, A is defined by

logMs (r1,r2)

v Tt = liminf by

, 0< A <0

ri,rp—0 [rer]Vz

Likewise, one may define the growth indicatar; of an entire function z1,2) of finite positivdower order,A¢ in the
following way.

IOng (rl7 r2)

pi

w1 =limsu ;Y

, 0< A <o
r1,ro—o [rlrz]vz

Bernal (see?], [3]) introduced the definition akelative orderbetween two entire functions of single variable. During the
past decades, several authors ( $¢9],[10,[ 11]) made closed investigations on the propertietdtive orderof entire
functions of single variable. Using the idea of Bernadkative order(see P], [3]) of entire functions of single variable,
Banerjee and Dattal] introduced the definition ofelative orderof entire functions of two complex variables to avoid
comparing growth just with ex{@;z,) which is as follows.

: . logMg "M (11,12
wPg (F) =inf{tt>0: Mg (rg,r2) < Mg (r¥,r5) ;11 > R(1),r2 > R(K)} = limsup——= (ry,f2)
ry,ra—o log(rirz)

whereg is also an entire function holomorphic in the closed polgdis
U=A{(z1,): |z|<ri,i=212forall ry >0,r, >0}
and the definition coincides with the classical odEf g(z1,22) = exp(z12) .

Like wise, one can define thelative lower orderof f with respect tay denoted by, A (f) as follows :

. logMg M (ra,r2)
vAg(f) = r"lnﬂzmo log(r1rz)

Now in the case ofelative orderof entire functions of two complex variables, it therefoeems reasonable to define
suitably therelative typeandrelative weak typeespectively in order to compare the relative growth of twtire functions
of two complex variables having same non zero firédative orderor relative lower ordemwith respect to another entire
function of two complex variables. Recently Datta et@liftroduced such definitions which are as follows.

Definition 4. [6] Let f(z,2) and gz1,2) be any two entire functions such thak v, pg (f) < . Then theelative type
v, 0g (T) of f(z1,2) with respect to {z1,2) is defined as.

v, 0g (f) = inf {k >0:Ms(ry,rp) < Mg(kr‘fpgm,kréng(f)) for all sufficiently large values ofirand rg}.

(© 2017 BISKA Bilisim Technology
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Equivalent formula fox, gy () is

Mg (rLr2)
v, 0g(f) = limsup—2 O
ryra—e  [rirp]v2f

Likewise, one can define tielative lower typeof an entire function z;,z) with respect to an entire functionn,z)
denoted by, 0y (f) as follows

Mg Mg (rq,r
T (£) = liming Mo Mt (rL12)

ry,rp—e [rlrz]"ng(f) ; 0< wppg(f) < oo

Definition 5. [6] Therelative weak type, Tq(f) of an entire function z;,z) with respect to another entire function
0(z1,22) having finite positiveelative lower ordey,Aq () is defined as

M Mg (rq,r
v Tg (f) = limin w
rq,frp—o0 [rlrz]VZ g( )

Also one may define the growth indicatgiry (f) of an entire function f with respect to an entire function gtfire
following way

M IMs (rq,r
wTg(f) = limsup— AL

) O < /\ f < 00,
ry,rp—00 [rlrz]"z)‘g(f) V2 9( )

Considering(z;,z) = exp(z1z2) one may easily verify that Definitiohiand Definition5 coincide with Definitior2 and
Definition 3 respectively.

In the paper we investigate some relative growth propedfientire functions of two complex variables with respect to
another entire function of two complex variables on the basirelative typeandrelative weak typef two complex
variables. We do not explain the standard definitions andtioots in the theory of entire functions as those are availab

in [7].

2 Lemma

In this section we present a lemma due to Datta eBl. [

Lemma 1.[5] Let f and g be any two entire functions of two complex variallith
0 sz Af SVZ pf < 00 and OSVZ /\g sz pg < 00,

Then

AL () < min{vzl\f,vzpf } < maX{VZ}\f,Vzpf } < \pg(f) < 2.
v2Pg wAg v Pg wAg v, Pg vAg

3 Theorems

In this section we present the main results of the paper.

Theorem 1.Let f(z,2) and gz1,2) be any two entire functions with< ,,As < ,pr < 0 and0 < y,Ag < y,pg < .

Then
T 1 vig Of | VA T A o P T 3]
O- Vo g ) . Vo /g V2 P9 V2
X VZ f 2 , V2 f 2 < v ( f) < | V2 f 2 , V2 f , V2 f
v2Tg voTg v2Tg v20g v 0g

_ 1
vzaf} Vo g |:v20f} Vv, Pg {vaf:| voAg
Y )

and

)

[vaf voAg vaf} VoPg {vaf ] vohPg
)
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Proof. From the definitions of, o andy,0'¢, we have for all sufficiently large values of, r, that

Ms (r1,r2) < exp{ (v, 01 +€) [rar2]'2" }, @)
M (r17r2) > exp{ (vzﬁf — 8) [rlrz]vaf } 2

and also for a sequence of values gfr, tending to infinity, we get that

Mg (r1,r2) > exp{ (v, 01 — €) [rarz]2"" } (3)
Ms (r1,r2) < exp{ (v, 0t +€) [raro]2”' } . (4)

Similarly from the definitions of, gy andy, 0+, it follows for all sufficiently large values afy,r, that

Mg (r1,r2) < exp{(v, 0+ €)[rar2]2?}.

Thus

[rer] < Mgl [eXp{ (V2 Og + 8) [rlrz]vng}}
and

Mg (rl, r2) > eXp{ (\/269 — g) [rlrz]vng} .
Thus

[rir2] > Mgt [exp{(,0q — &) [r1r2]2?}]
and

and for a sequence of valuesrgfr, tending to infinity, we obtain that

Mg (r1,r2) > exp{(v,0g — €) [r1r2]2?} .

Thus
[rer] > Mgl [eXp{ (V2 Ug — 8) [rlrz]vng}}
and

Mg (r1,r2) < exp{(v,0g+ €)[rr2]*2”} .

(© 2017 BISKA Bilisim Technology
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Thus

[rara) < Mg ™" [exp{(,,0g + &) [rarz)'2*}]

and

(VZEQ - 5)

M (r1.r2) > [(M) _"9] .

From the definitions of, T+ andy, T, we have for all sufficiently large values of, r, that

Mf (r17r2> S exp[(vsz + g) [rlrz]vaf:| 7

M (r1,r2) > exp[(\,zrf ) [rlrz]vzx\f}
and also for a sequence of values gfr, tending to infinity, we get that

Ms (ry,rz) > exp[(vjf - g) [rlrz]vaf:| 7

Mf (rl,rz) S eXp|:(V2'['f + g) [rlrz]vz)\f:| .

(8)

)
(10)

(11)

(12)

Similarly from the definitions of, Tg andy, Ty, it follows for all sufficiently large values afy,r, that

Mg (r1,r2) < exp[(vZTg +¢)- [rlrz]\,z)\g} .

Thus

[rars] <Mg* [eXp{(vang £)- [rlrz]"Z}\gH
and

Mg (r1,r2) > [(%) W] |

Mg (r1,r2) > exp[(\,zrg _g). [rlrz]vag} _
Thus

[rara] > Mg* {exp[(vz Tg—€): [rlrz]vz}\gﬂ
and

(V2T9 - 8)

Mgl(l’l,rz) < [<M>w] |

and for a sequence of valuesrafr, tending to infinity, we obtain that

Mg (ra,r2) > exp{(vZTg —g)- [rlrz]vz)\g} 7

(13)

(14)

(© 2017 BISKA Bilisim Technology
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that is

and

that is

and

[rar2] > Mgt [exp{(ng —€)- [rlrz]vz}\gﬂ

(v, Tg—€)

Myt (rir2) < [(Iog(rlrz) )Vz_"g‘| . (15)

Mg (ry,rz) < exp{(\,zrgJr £)- [rlrz]vzx\g} 7

[rer] < M§1 [exp{(vZ Tg+ 5) : [rlrz]vz)‘QH

My (rr.r2) > [( log(rarz) ) vZ_Ag] . (16)

(v, Tg—€)

Now from (3) and in view of(13), we get for a sequence of valuesrefr, tending to infinity that

Thus

Mg *Mg (r1,r2) > (

that is

and

. . . Vo P
Since in view of Lemmad, \,2_/\,_,
2

that is

Mg "M (r1,r2) > Mgt [exp[ (v, 0t — €) [rar2] 2] .

1
logexp| (v, 01 — €) [r1ra]'2PT] ) 2%
(v Tg+€) ’

1
v24g L

-[rarz] v2Ag

(Vzaf — 5)
(vag + 8)

Mg *Mg (ry,r2) > l

1

Ag

Mg Mg (rg,r2) S [(vch —¢)

[rlrz] Zﬁ; (VZTQ + ‘9)

v,Pg(f) and ase (> 0) is arbitrary, therefore it follows from above that

limsup

rq,frp—o0 [rer]

_ 1
Mg le (rl)rz) > Vzo-f VZAQ
Vng<f)

VzTg

1
v, Ot ] v2Ag (17)

>
Vzag(f) = [szg

Similarly from (2) and in view of(16), it follows for a sequence of values of, r, tending to infinity that

Mgle (rl,rz) > Mgl [eXp[(Vzﬁf — g) [rlrz]vzpfﬂ ,

(© 2017 BISKA Bilisim Technology
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therefore |
Mc M (e, 12) > logexp| (w, Tt — &) [rara]2P1] | %%
g ) = (VZTQ — g) ,
that is
1 ,
q 6f —& V2/\g Vo Py
Yo le 2 = l((\:/zT-i-S)) <[raro] 2%,
2
and

_1
voAg

Mgle (rj_,rz) N [(Vzﬁf — 8)

[ryro] % (g +€)

Since in view of Lemmad, it follows that% > v, Pg(f). Also g (> 0) is arbitrary, so we get from above that
V2

_ 1
Mgle(fl,F2)> v,0f | %79
vopg(f)

limsup
r1,rp— [rer]

v Ig

and

1
vzaf} vohg (18)

Vzag(f> > {vag

Again in view of (14), we have from(9) for all sufficiently large values afy, r; that

Mgle (rl,l’z) < Mg;l [exp[(vsz + S) [rlrz]"z)‘fH ,

therefore .
PN [ (R e G
g Mg (ri,rz2) <
g (WTg—¢€)
that is
L A
_ Ti+¢g) |29 e
Mg M¢ (r,rz) < [((\\I/ZTS)) [rarp]¥2%e
2
and

1
voAg

vt (wTg—€)

Mg Mg (r1,r2) < [(vﬁf+£)

Since in view of Lemmd, we get thatyz—ﬁ; <v, pg(f) and asc (> 0) is arbitrary, therefore it follows from above that
V2

1
Mgle (ri,ra2) |:v2Tf:| voAg

limsu
f —
r,Fp—00 [rlrz]vng( ) v, Tg

(© 2017 BISKA Bilisim Technology
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and
7] %%
Vo/\g
0y (f) < [VZTf] 20 (19)
V2 g
Again in view of (6), we have from(1) for all sufficiently large values afy, r, that
MQle (ry,rz) < Mgl [exp] (v, 01 + €) [r1r2]2P']]
therefore L
logexp| (v, 0t + €) [r1ra]2Pt] \ 2P8
Mile (rl,rz) < g p[(Vz i"' )[ 1 2] ]
9 (v,0g—€)
that is
(w01 +2)]
_ of+¢) |2 voht
Mg My (r1,rp) < | 2——= <[rarpYefe
9 (Vzagfg)
and
1 25
Mg “Mg (rq,r Os +g) | V2P
g fSle)f 2) _ [Ev%wgg (20)
[rlrz] Vo Pg V2+g
As in view of Lemmal, it follows that zzg; < ,pg(f). Sincee (> 0) is arbitrary, we get fronf20) that
M Mg (rq,r o¢ %5
lim sup—2 f( 1(f)2) < ["2_1 2
rq,rp—00 [rlrz]vng v,0g
that is
P
¢ | Vv
woy(f) < |27, @)
v2~g

Further in view of(6), we have from(9) for all sufficiently large values afy,r; that

Mg M (2.12) < Mg [exp] (1T + ) raral"

therefore )
. Iogexp[(vZTere) [rlrz]VZAf} v2Pg
Mg “Ms (rg,r2) < —
g (v,0g—€)
that is
(WTite)]™
_ Ti+eg)| ™ 2t
MMy (r,r0) < | 22222 L frqrp| 2P
g M (1, 2)—[(\,2695) [rarp] 2™,

(© 2017 BISKA Bilisim Technology
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and

1
Vo Pg

] o
[rar2] e b0~ ¢)

Mg tMs (r1,r2) < [(vsz +€)

Since in view of Lemmad, we get thafé—?); <\,Pq(f) and ase (> 0) is arbitrary, therefore it follows from above that

1
. Mg Ms (ra,r2 Ti ] wh
lim sup—2 (s, )< [VZ f] ,

L*
r1,fp—e0 voPg (f)
[rar2]

V2 69

that is

41
Lok () < [@] e 22)
v20g
Thus the first part of the theorem follows frai7) , (18), (19), (21) and(22).

Further from(2) and in view of(13), we get for all sufficiently large values of,r; that

Mg *Mg (r1,r2) > Mgt [exp[ (v, 0 — €) [r1r2] 2" ]]

and 1
logexp| (v, Tt — €) [rira]2Pf] \ V2%
M My (r1.r2) > gexp|(v, i ) [rara]v2?"| ,
(V2T9+£)
therefore
( v o
_ Of—¢) |29 Yol
M le ri,ro) > Vz_ riro] v2%e
o Milttz) = (e | 102
and

1
voAg

Mg M5 (r1,r2) - l(\,zﬁf —€)

[Flfz] Zi; (VZTQ + ‘9)

Vo Pf

Now in view of Lemmal, it follows thatm
2

>, Pg(f). Sincee (> 0) is arbitrary, we get from above that

Mg Mg (rq,r2 Tt ] varo
liminf —2 (s, )> hal e
r1,r3—00 v2Pg(f)

[rarz]

and

1
WO ] v2g (23)

v,0g(f) > { =
v Ig

Also in view of (7), we get from(1) for a sequence of values of, r, tending to infinity that

Mg "M (r1,r2) < Mgt [exp[ (v, 01 + €) [rir2]2P"]]

(© 2017 BISKA Bilisim Technology
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therefore L
- logexp| (v, 0t + €) [r1ra]2Pt] \ 2P8
Mg le (rlyrZ) S [(VZ — ) [ ] ]
(Vzag 8)
that is
(w01 +2)] ™
_ of+¢) |27 KoL
My M (rq,rp) < |2 — =2 - [raro] V28
9 f(l’Z)_l(VZGg—S) [rar2]
and
1
Mg tMs (rg,r2) (w0t +€) | v2Po™P)
\rLai < ( o —8) (24)
[rarz] 2 "
Again in view of Lemmal, z—g; < v,pg(f) ande (> 0) is arbitrary, so we get fror24) that
Mg tMg (rg,r2) o1 %%
liminf —2 5 vt
L0251 r] 2 v20g
that is
A
w0y (f) < {Vz f] - (25)
v 0y
Likewise from(4) and in view of(6), it follows for a sequence of values of, r, tending to infinity that
Mg *Mi (r1,r2) < Mgt [exp[ (v, 0t +€) [rar2] 2],
thefore .
L* VoPg
Iogexp{(wﬁﬁs) [rqrp)2Pf ] ?
Mile (re,r2) < —
9 (Vzag_g)
that is
v
_ Of+eg)| 2™ Y2t
Mg IM¢ (re,r2) < l% -[raro] V28
2
and
1
Mg™Mi (r1,12) _ | (01 +¢) | 2
T (. 3s—2) (26)
[rara] 2" e

Analogously, we get fron26) that

1

Mg *M (r1,r2) - {vzﬁf] V2P

pg(f)
[rarz]

liminf —
r1,fp— Vo Gg

(© 2017 BISKA Bilisim Technology
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and

1

_ O | 2Py
VZUg(f) S VZ— ’
w0y

(27)
since in view of Lemmd, % < w,pq(f)ande (> 0) is arbitrary.
V2

Further in view of(15), we get from(9) for a sequence of values of, r, tending to infinity that

Mg M (rg,r2) < Mg* [exp{(vsz +¢) [rlrz]Vz"fH ,

thefore )
Mg M (r1,r2) logexp{(VszﬁLf) [flfz]vzl\f} 9
g Mg (ri,r2) < =
g (V2T9—8)
that is
L A
_ Ti+¢g) |29 oot
Mg ™M (r1,r2) < l%ﬂ;i—ez [rarg] 2%
2
and

1
Mg *Mr (r1,12) _ l( fte) |

V2T
vt Tg— &
[r1r] %2 (g =)

As in view of Lemmal, we get that% < ,pg(f) and ass (> 0) is arbitrary, it follows from above that
V2

Mg IMs (rq,rp) Tt | e
liminf 24— < | 2
rq,rp—o0 vopg (f)

[rara]
that is

1
iy Tt | vy
w0g (f) < {"2—] .

— 28
- v Ig ( )

Similarly from (12) and in view of(14), it follows for a sequence of values of, r» tending to infinity that
Mg *Mg (r1,r2) < Mg* [exp{(vzrf +¢) [rlrz]Vz)‘QH 7
therefore

1
logexp| (i, Ty + &) [rarz) | | 2

Mile (rl, rz) <
9 (v Tg—€)

that is

v21/\g Vz)‘f
: [rlrz] v2Ag

_ Tt +8)
Mg *Ms (rq,r2) < (Tt +¢)
9 (Vzrg_g)

(© 2017 BISKA Bilisim Technology
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and
1
(V2 Ts + S) vahg

M 1M rq,r
g f( 1 2) <
(V2T9 8)

Vo Af
[rarg] v2te

Also in view of Lemmal, we get thalyz—;; <\,pg(f) and ass (> 0) is arbitrary, therefore it follows from above that
V2

1

M Mg (rq,r s | vahe
|iminf% < {V2 f} 279
R T v Ty
that is
k.
_ f | 279
v,0g(f) < { } o (29)
v g
Again in view of (7) , we get from(9) for a sequence of values pof, r» tending to infinity that
Mg "My (rg,r2) < Mg* {exp[(vﬁf +¢) [rlrz]V2"f” ,
therefore )
L Iogexp[(VZTf +e) [rlrz]"z}\f} v2Pg
Mg "Ms (r1,r2) <
g f(l; 2)— (Vzo-g_g)
that is
(wTi+e) |
Ti+¢) | 2™ vt
Mg ™M (r1,12) < | +2——=% - [ryra] V2P
9 (Vzo-gf‘e)
and
1
Mg *M (r1,12) < (WTi+€) |27
vl v, (0g—¢€)
[rer] Vo Pg
Since in view of Lemmd, we get thalyz—;\):J <v,pg(f) and ass (> 0) is arbitrary, it follows from above that
V2
M Mg (rq,r Tc1%0%
fimin ; f(LimZ) = [Vzaf} -
JFo—»00 V.
1.r2 [rlrz] 2Pg v, Og
that is
(] %%
— flVv
w0y (f) < {“20 ] o (30)
v2g

Similarly from (12) and in view of(6), it follows for a sequence of values of, r, tending to infinity that

Mg Mt (r1,r2) < Mg* {exp[(w T +€) [flrz]vz’\fH :

(© 2017 BISKA Bilisim Technology
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therefore )
1 logeXp{(VszJrf) [rlfz]vzﬂ b
Mg “Ms (r1,r2) < —
(Vzo-gfg)
that is
y A
- T +¢) |27 2
) < 55
2
and
1
Vo Pg

A T —
[rar2] Y’ip‘f’ 0=

Mg Mg (r1,r2) - l(vaf +¢)

As in view of Lemmal, we get that% <\,pg(f) and ass (> 0) is arbitrary, therefore it follows from above that
V2

_1
fiming Mo M (rur2) {VZ” } 2P

ry,rp— v2Pg(f) 0,
1,f2—® [rlrz] Vng

that is

_1
v Tt } V2P

v,0g(f) < Lzﬁg

Hence the second part of the theorem follows fi@8) , (25), (27), (28), (29), (30) and(31).

(31)

Theorem 2.Let f(z,2) and gz1,2) be any two entire functions with< ,As < y,ps < 0 and0 < y,Ag < y,pg < .

Then
_ .1 1 _ o1
|:V2Tfi| VoAg |:V2Tfi| VoAg |:v20'fi| v, Pg T
T, ’ T ’ 0 ’ = v L f
maxq 20l g LAl HREL s <y, Tg(f) < {—2—
VOOt [ voPg | vp0f | vpAg | v Of | wig v,0g
v209 " vTy TlvoTg
and

1 1 1

VOt | 2Pe [y, Tf |29 [,0f | v22e
max _— y | = y —
v, 0g v Tg v Tg

Mg "M (r1,r2) > Mg [exp{(\,sz —¢) [rer]vaf:|:| ,

therefore .
log exp{(\,sz —€) [rlrz]"Z’\f} V2%

M IMs (rq,rp) >
o Milr.rz) > (v, Tg+€)

1 1
. Tr | voPg T+ | voPg
< W Tg(f) <mind [ Y221 |27 et :
Vzag Vzag

Proof. We obtain from(11) and(13), for a sequence of values of, r, tending to infinity that
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that is

1
voAg

VoAf
. [rlrz] voAg

(VZTf - 5)

Mg IMg (rq,rp) > | ~2
g Mr(ry,rz) 2 (Tg+e€)

and

1
Ag

Mgle (ra,r2) S (wTi—¢)
(V2T97L 5)

VoA . . .
Since in view of Lemmd, we get thatz—)\fg > v,Ag(f) and ase (> 0) is arbitrary, it follows from above that
V2

Mgle (r]_, rz) > |:V2Tf :| v2/\g

limsu —ee =
f1,r2—® [rlrz] v2tg
and
— 1A
_ v [f | V279
aTolf)z |27 32)
V2tg

Further we obtain fron(10) and(16), for a sequence of values of, r, tending to infinity that

Mg "M (r1,r2) > Mg {exp[(\,zrf —€) [rlrz]"Z’\fH ;

therefore L
. log exp[(\,zrf —€) [rlrg]vaf] 2o
Mg "M (r1,r2) > (wlo—2) ;
that is
(ri—g)] 78w
Mg *Mg (ry,r2) > l(vagi—S)] [rara] 2%
and

1
Mgle (ra,r2) S (wTf—€) | 2%
(VZTQ - 5) -

As in view of Lemmal, we get that% >, Ag(f) and ase (> 0) is arbitrary, it follows from above that
V2

limsu
r1,rp— [rer]

1
Mg Mg (r1,r2) [Vzrf ] vig

vpAg(f) v -[-g
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and
o'
wTg(f) [ f] . (33)
v2Tg
Now from (3) and in view of(5), we get for a sequence of valuesrefr, tending to infinity that
Mg "M (r1,r2) > Mgt [exp](v,0f — €) [rara] 2],
therefore .
logexp| (v, 01 — &) [rira]2P] \ 2™
MM (rara) > | (9 P[ (.01 —€) [rara]2”]
(v,0g+€)
that is
(w01 —£) | ="
7 O-f —¢ Vo Vo Pf
My Mg (re,rp) > |21~/ - [raro] V2P
g Ms (11 2)_l(vﬂg+5) [rar2]
and
1 z
Mg Mg (re,r of—¢&) |2
g f(v;f 2) [EVsz+8§ (34)
[rlrz]vng V2~g
Also from (2) and in view of(8), it follows for a sequence of values of, r, tending to infinity that
Mg *Ms (r1,r2) > Mg ™ [exp[ (v, — €) [rar2]2P"] ],
therefore .
logexp|(v,01 — &) [r1ra]2Pf] | 2™
Mg "M (ry,r2) > gexpl(v i ) [rars]2"] ;
(Vzag_g)
that is
(31 —2)] 7
B 6f —¢ Vo Vo Pf
M-1M r,r>v2_7 [rqro] V2Pe
g Mt (1 2)_[(\/209-1-8) [rar2]
and
1 %P
Mg Mg (rq,r Of—¢€) | "™
! fszif 2 lEVZEfH; (35)
[rlrz]vng V2~ g

As in view of Lemmal, ‘\z—‘;; > v,Ag(f) ande (> 0) is arbitrary, we get froni34) that

limsup
rq,rpo—o0 [rlrz]

1
Mg Mg (r1,r2) [vzaf] v2Pg

voAg(f) v, Og
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that is
a1 %2
wTo(f) > [“zaf] o (36)
v2~g
Simialrly, we get from(35) that
) M Mg (rq,r Tl
lim sup—2 fE <1f) 2 > {_—f}
rq,rp—00 [rlrz] 9 ag
that is
AL
— O¢
= | 2" (37)
9
since in view of Lemmd, g—g; < wAg(f) ande (> 0) is arbitrary.
Likewise from(3) and in view of(13), we get for a sequence of valuesrefr, tending to infinity that
Mg "M (r1,r2) > Mgt [exp[ (v, 01 — €) [rr2]2P']] |
therefore L
logexp| (v, 01 — &) [r1r2]*2P ] \ 2%
Mg;le (rl,rz) > g p[(Vz i )[ 1 2] ] 7
(V2T9+8)
that is
( ) 1/\ Pt
- of —¢g) | 2" 2
M=IM > | et &) . V279
o M= [<vﬁg+e> el
and
1
Mg "M+ (rar2) [(Vzaf —€) |
Vo Pf - -
[rara] 2% (T +€)
Since in view of Lemmd, we get thalyz—f\); > v,Ag(f) and ase (> 0) is arbitrary, it follows from above that
V2
Mg Mg (rq,r v
limsup g f/(\g(lf) 2) > {Vzg-f} 279
ry,ro—o [rlrz] v Ig
that is
or |
wTo(f) > [“2;] - (38)
v2tg

Further from(2) and in view of(16), it follows for a sequence of values of, r, tending to infinity that

Mg *Ms (r1.r2) > Mg [exp[ (1,01 — £) [rar2]"2”"]]
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therefore .
logexpl (v, G5 — &) [riro]2Pf] \ 2%e
Mgle(rl,rz)Z gexp[(v, 0t — €) [rira]2”'|
(Vzrg_g)
that is
( ) % P
_ Of—¢) | "2 el
Mg IM¢ (re,ra) > | 22— | - [rarg] 2%
g (Vzrg_g)
and

1
Mg*le (r,r2) - l(vzﬁf — 8)] volg

Vo Pf _
rars] %o (1pTg =€)

Pt
As in view of Lemmal, we get that"%\g > Ag (f) and ase (> 0) is arbitrary, therefore it follows from above that
V2

limsup
ry,rp—o [rlrz]

)

_ 1
Mgle (rj_,rz) > |:V20-f:| VoAg

Mo v2Tg

that is

1

= 1oh

aTolf)= 22 (39)
v2Tg

Again from(6) and(9), we have for all sufficiently large values of, r, that

Mgle (rl,l’z) < Mg;l [exp[(vsz + S) [rlrz]"z)‘fH ,

therefore .
log exp{(vsz +€) [rlrz]"Z’\f} V2P0
Mgle (rl,rz) < — )
(v,Og— &)
that is
(wTr+e)]® !
_ Ti+e) |2 i
Mo IMg (ry.ro) < [t 7%/ raro] v2Pe
g Mg (rs, 2)_[(\,2695) [rara]
and

1
Vo Pg

(Vzag —¢€ )

Mgle (ra,r2) < l(VZTf + 8)

Since in view of Lemmd, we get thatﬁ—?); < ,Ag(f) and ass (> 0) is arbitrary, therefore it follows from above that

M Mg (rq,r T ] %P
lim sup—2 A 2)<["2 f] 2

r1.Fp—s00 [rlrz]vz)\g(f)

w0y
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that is

(40)

Thus the first part of the theorem follows frad2) , (33), (36), (37), (38), (39) and(40).

Further from(10) and in view of(13), we get for all sufficiently large values of,r, that

Mg *Mr (r1,12) > Mg * {eXp[(VZTf —¢) [rlrz]VZ/\fH ;

therefore )
. Iogexp[(vzrf —¢) [rlrz]VZ’\f} VoA
Mg "Mt (rg,r2) > WTat ®
that is
(wri—g)]"s =
T —€) | 29 A
Mg My (r1,rp) > | 12— < [rirp] 2%
g ( ) (vzrg+£) [ ]
and

1
VoAg

Mg Mg (r1,r2) - (T —€)
(V2T9+8)

Since in view of Lemmd, we get thalyz—j\\; > v,Ag(f) and ase (> 0) is arbitrary, therefore it follows from above that
V2

1

Mg Mg (r1,r2) - [vaf]Vz_’\g

fmint = > |5
nr2 [r1ra)] 2 V29

that is

1
v Tt } v2’g (41)

y(f) > | ==
V2 9( )_ |:va9
Again from(2) and in view of(5), we get for all sufficiently large values of, r that

Mg *Mi (r1,r2) > Mgt [exp[ (v, 0t — €) [rar2]2P']]

therefore

1
logexp[(v,01 — €) [r1r2]*2P"] ) v2P9

Mile ri,ro) >
o Mr(rro) (w057 &)

that is

1
Vo Pg Vo Pf

- [raro] V2o

(Vzaf - 5)

Mile ri,rp) >
o Mi(rr) = 1 e
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and

1
Vo Pg

3 (42)
[rar2] s (09t 2)

Mg *M (r1,12) - l(\,zﬁf —€)

As in view of Lemmal, ‘\z—‘;; > v,Ag(f) ande (> 0) is arbitrary, we get front42) that

— _ 1
Mg 1Mf (rl7r2) v 0t | V2P9
voAg(f)

liminf
rq,frp—o0 [

rer] Vzag

that is
_ .1
v, O'f ] Vv2Pg

v, 0g

Vzrg(f) > |: (43)

Again from(2) and in view of(13), we get for all sufficiently large values of, r, that

Mg *Mg (r1,r2) > Mgt [exp[ (v, 0 — €) [rr2] 2],

therefore N
Mg’le (r1,rp) > <|Og eXp[(v(ﬁTf +£2)[r1r2]vZPf] ) g
v2tg
that is
_ L o
Mg "Mt (r,r2) > [((\\//z;ngr;) Vohg ard V;g
and

[rer] \\2’;; (VZTQ + ‘9)

Mgle (ra,r2) S l(wﬁf - 8)

Since in view of Lemmad, we get thaf% > wAg (f) and ase (> 0) is arbitrary, therefore it follows from above that
V2

liminf Mg M (11 r2) [vﬁf} V279
e [rlrz]V2A9<f) v Tg
that is
o
Of | v2/g
w2 |22 (a4)
v2°tg

Moreover, we get froni7) and(9) for a sequence of values of, r» tending to infinity that

Mg ™M (r1,r2) < Mg [exp{(vsz +¢) [rlrz]"zAfH ,
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therefore )
1 log eXp[(Vsz +¢) [rlfz]vzﬂ b
Mg "M (r1,r2) <
(v, 09— €)
that is
y A
B Tf +£ Vo Py Vo Af
Mg My (ri,r2) < [% - [rarp] v2Pe
2
and

1
vng

voAf _
[rar2] s et =e)

Mg*Mi (ri,r2) l(v;f +£)

As in view of Lemmal, we get thatz—?); < ,Ag(f) and ass (> 0) is arbitrary, it follows from above that

_1
jiming Mo Mr (rur2) [Vﬁf} 2R

rq,ro— vaAg(f)
1,f2—® [rlrz] Vzo-g

that is

1

vag(f)S {vaf]vng ' (45)
v, Jg

Similarly, from (12) and in view of(6), it follows for a sequence of values of, r» tending to infinity that

Mg "M (r1,r2) < Mg* [exp[(vz'[f +e) [rlrz]vafH ,

therefore .
p— ) Iogexp[(vzrers) [rlrz]Vz"f} V2P
g M (ry,r2) < —
g (v,0g— &)
that is
1 R
3 Tf +8 Vo Pg VoA f
LR [ T
2
and

1
vng

Mg *M (r1,r2) - l (v, Tt +€)

VoA g O —
[raro) 9 (4 Tg =€)

Since in view of Lemmd, we get thalzi—?); < ,Ag(f) and ass (> 0) is arbitrary, therefore it follows from above that

. MgIMg (r,ro ¢ | v2P9
liminf —2 Eg(f’) ) < [Vz f]
rq,rp—o0 [rlrz]
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that is

1
Wig(f) <[220 27 (46)
V2 09

Hence the second part of the theorem follows fr@t) , (43), (44), (45) and(46).
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