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1 Introduction, definitions and notations

Let C be the set of all finite complex numbers. Also febe an entire function defined in the open complex pl&@ne
The Nevanlinna’s Characteristic functidn(r) and the maximum modulus functidds (r) of f = ¥ a,2" on|z =r are
n=0

o _
defined ag (r) = 2 [ log™ | f (re'®)| d6 andM; (r) = max|f (2)| respectively where logx = max(logx, 0) for all x > 0.
0 z|=r

Further if f is non-constant thels (r) is strictly increasing and continuous and its inveige ™ : (|f (0)],0) — (0, )
exists and is such thgiliMfl (s) = 0. In this connection the following definition is relevant.

Definition 1. [2] A non-constant entire function f is said have tmperty (A)if for any o > 1 and for all large ¢
[M¢ (r)}2 < Mg (r9) holds. For exapmles of functions with or without Pperty (A, one may sef?].

Mg (r)
Mg(r)
their maximum moduli. For any integep> 2, Sato p] introduced the definitions afeneralized ordepy] andgeneralized

For given two entire function$ andg, the ratio asr — o is called the growth of with respect tay in terms of

lower order)\fm of an entire functionf which are generally used in computational purpose and dkfineerms of the
growth of f with respect to the exp function of first order in the follogiway.

Mg (r) log"! M¢ (r)
I _ IimsupM = Iimsupig !
Pr r—e 1092 Mexpz (T r—so logr
and (1 ("
AN = timinf 199 M) _ iy 109 Mi ()
r—oo Iog[ ]Mexpz(r) r—o0 |ogr
where lod!x = log (log!' ¥ x), I = 1,2,3,... andlogl? x = x. An entire functionf is said to be ofegular generalized

growthif its generalized ordecoincides with itggeneralized lower ordemtherwisef is said to barregular generalized
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growth.

Whenl = 2, the above definition coincides with the classical definsiof order and lower order which are as follows:

. loglogMs (r) . loglogMs (r)
=limsup——— =limsup——

Pt r—o  10g10gMexp; (1) r—sc0 logr

and loglogM loglogM
Af = |iminfw — "minfw_

r—o |0glogMexpz (I) r—oo logr

L. Bernal{[1], [2]} introduced the definition aklative orderof an entire functiorg with respect to an entire functioh
denoted byps (g) to avoid comparing growth just with expn the following way:

logM; Mg (1)

pi () =inf{u>0:Mg(r) < Mg (r¥) forallr > ro(u) > 0} = limsup—————.
r—o0 logr

The above definition coincides with the classical onef| f (z) = expz.
Similarly, one can define the relative lower ordeigofith respect tof, denoted by (g) as follows.

logM; *Mq (1
At (g) = fiming oM Ma (1)

r—co logr

Also an entire functiory is said to be of regular relative growth with respectftd its relative order with respect tb
coincides with its relative lower order with respectfto

Extending this notion, Lahiri and Banerjes pave a more generalized concept of relative order which beagiven in
the following way.

Definition 2. [5] If| > 1is a positive integer, then the |-th generalized relativdesrof f with respect to g, denoted by

ol (g) is defined by

log!! My Mg (r
pg](f):inf{u>O:Mf(r)<Mg (exﬁ"l]r“) f0ral|r>r0(u)>0.}:lirpju g Ioggr f ).

Ifl = 1thenp!';(f) =pg(f). Ifl =1,9(2) =expz thenpg] (f) = ps, the classical order of f cf. [7] }.

Likewise, one can define the |-th generalized relative loovder of g with respect to f, denoted by} (g) as follows :

log!! M7 Mg (1)
M,y i Vg
A (g)_hmr |oro1f—|0gr

and also in this case 'yf)g] (f)= /\g} (f) then g is said to be of regular I-th generalized relative giiowith respect to f;
otherwise g is said to be of irregular I-th generalized rélatgrowth with respect to. f

It is well known that the order of products and sums of tworenfiinctions are not greater than the maximal order of
the two functions and Bernal] extended these results for relative order. Extendingribtson, Lahiri and Banerjees]
established the following two theorems:

(© 2017 BISKA Bilisim Technology



NTMSCI 5, No. 2, 242-251 (2017)www.ntmsci.com BISKA 244

Theorem A.[5] Let f1,01 andgy are any three entire functions. Then

ot (%) <o} (g)

Whereppj (gi) = max{ppl] (k) | k=i= 1,2} andl > 1. The sign of equality holds th’ﬂ (g1) # ppl] (92) .-
Theorem B.[5] Let f1,g1 andg, are any three entire functions. Then

o) (a1-02) <l (@)

Wherepgl] () = max{pyj (o) | k=i=1, 2} andl > 1. The sign of equality holds Whempj (01) # pyl] (g2). Similar
results hold for the quotierg; provided% is entire.

Datta, Biswas and Biswa8§][also investigated some parallel basic properties of gdized relative lower order of entire
functions which are as follows:

Theorem C.[3] Let f1, f, andg; are any three entire functions. Then

| |
/\f[l]ifz (1) = Af[i] (91)

Where)\f[:] (g1) =min {Af[:(] (1) | k=i=1, 2} andl > 1. The sign of equality holds Whe\{] (91) # Af“,j (91).-
Theorem D.[3] Let fy, f, andg; are any three entire functions. Then

Al () = Al @)

Where}\f[:] (g1) = min{}\f[:j (g1) [k=i= 1,2} andl > 1. The sign of equality holds Whehf[g (91) # /\f“j (g1). Similar
results hold for the quotier{g provided% is entire.

In fact in the present paper, we wish to investigate a few @nigs of generalized relative order and generalizedivelat
lower order of entire functions under some what differemditions. We do not explain the standard definitions and
notations in the theory of entire functions as those ardaiaiin [3].

2 Lemmas

In this section we present some lemmas which will be need#ttisequel.
Lemma 1.[2] Suppose f is an entire function andg are such thatr > 1and0< 8 < a. Then
M;: (ar) > BMs (r).

Lemma 2][2] Let f be an entire function which satisfies the Property (&htfor any positive integer n, and for all large
r

)

My (r)]" < Mg (r°)
holds whered > 1.

Lemma 3.[5] Every entire function f satisfying the Property (A) is traesdental.
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Lemma 4.[4] Let f be an entire function. Then for all sufficiently largéues of ¢

Ts (r) <logMs (r) < 3T (2r) {cf. [4],p. 18}.

3 Theorems

In this section we present the main results of the paper.

Theorem 1. Let f1, f2,g1 and @ be any four entire functions. Then

(i)
| [
Phr, (G1) = Py (91)
where 1> 1, ppi] (1) = min{ppk] (1) |k=i=1, 2} and g is of regular generalized relative growth with respect
to at least any one ofyfor f,. The sign of equality holds th:ﬂll] (01) # ppz] (g1); and
(ii)
M g+g2) <A (@)
where 1> 1, /\E (g) = max{/\f[g () [k=i= 1,2} and at least g or gz is of regular generalized relative growth

with respect to {. The sign of equality holds whédg (91) # Af['l] (92).

Proof. From the definition of generalized relative order and gdire relative lower order of entire function, we have
for all sufficiently large values af that

Mgk (r) < Mfk |:eXd|l] <r(ppk](gk)+£>>_ , (1)

1
gy T
Mg, (r) > M, [exﬁ'l] r(’\fk (90) 8)} , then My, (r) < Mg, (Iog“’l] r) M (9 ] , (2)

and also for a sequence values eénding to infinity we get that

1
My P
Mg, () > Mg, [exﬁ'l] (r(pfk(gk) 8))} , then Mg, (r) < Mg, [(Iog“l] r) Pr (%) ] , (3)

Mg, (1) < My, [exp“l] (r(}\f“k](gk)+£))] 4)

whereg (> 0) is any arbitrary positive number ane- 1, 2.

Case l. If ppl]ifz (g1) = thenppl]ifz (g1) > ppi] (g1) is obvious. So we suppose thz»%]ifz (g1) < . We can clearly
assume thapyi] (g1) | i = 1,2 s finite. Also suppose thqupi] (91) < p“] (91) wherek =i = 1,2 with f; # fi andgs is of

fi
regular generalized relative growth with respect to attlaag one off; or fo. Now in view of Lemmal and by(2) and
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(3), we obtain for a sequence of valuesrdénding to infinity that

Mty 11, () <My, (1) + My, (1), that is

k=2

N N
Mg e
Mtpa1, (1) < klegl {(Iog“” r) (pfk(gl) )] ,
1
My, o1, (F) < 2Mg, {(mg[lu r) (p?ﬂ(m)e)] |

S
Mt 41, (1) < Mg, |:3 (log“*l] r) (Pgi](gl)S)] 7

()
(5

0
B r Pi(gl)*g —
log'! exp' " <(§) f )> <log" M (Mg, (r),

(ppi] (01) — 8) logr +O(1) < log"! M % ( Mg, (r) and

o) _ log" My Mg, (1)
logr logr '

< Mgl (r) )

wl =

-

) (P[I](Ql)ﬂf)
) (P[I](Ql)*'f)

< Mgl (r) )

[
(el (@ <) +
Sincee > 0 is arbitrary, we get from above that

0 log" My % ¢ Mg, (r)

I T (
Prr, (G) =limsup logr

> i (g0).

Now without loss of genetality, we may consider tlﬂﬁ (g1) < ppz] (g1) and f = fy & fp. Then pp] (01) > ppl] (01).-
Further, f; = (f £ f) and in this case we obtain thaxpl] (g1) > min{pp] (gl),p“] (gl)} . As we assume that

fa
Pl (o) < P (91)., therefore we havepf! (g1) > pf’ (g1) and hencepf! (g1) = pf] (61) = min{p{ (g1). P} (o) }.

Thereforeppl]ifz (01) = ppi] (g1)]i=1,2 providedppl] (01) # ppz] (91) . Thus the first part of the theorem follows.

Case Il. If /\Pl} (01+92) =0 then/\Pl] (g1t < /\Pl} (gi) is obvious. So we suppose th/bﬂl] (g1£02) > 0. We can
clearly assume thdtf['l] (gi) | i =1,2 s finite. Also suppose tha@ (o) <A ] (gi) wherek =i = 1,2 with gx # g and at

f
leastg; or gy is of regular generalized relative growth with respecfioNow in view of Lemmal and using(1) and

(4), we get for a sequence of valuesrdending to infinity that
Mg, +g, (r) < Mg, (r)+Mg, (r) that is
k=2 i
Mg, g, (1) < Z M, [exﬁ'l] (r (Afl(gk)+£)):| ,
K=1

g
Mgligg (r) < ZMfl |:exd|l] (r <Afl(gl)+8>>:| :
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Mg, +g, (r) < Mg, {3exﬁ' 4 ( , @)+ )]
Mg, +q, () < My, {exﬂ'l< (-1 (9')“>)],

log!" MﬂlMgligz (r) < (,\Pl] (gi) + g) logr+0(1) and

'09[']MF11Mgligz(r) ) ()\Pl (gi)+£) logr +0O(1)
logr logr '

Sincee > 0 is arbitrary, it follows from above that

e, Ar) (61 +gp) = liminf o <Aa(g) .
Further without loss of genetality, Iéé' A (g ) andg 01+02. ThenA; g L(@)< /\f@ (g2) . Furtherg, =+ (g—01)
and in this case we obtain thbf (g2) < { f1 (01 } As we assume than[? (91) < )\f[? (92) , therefore we
Al

have/\H(gz)<A“(g)andhence\ (@ =A(g2) = max{ Ha), f[j(gz)}.Therefore/\f[ﬁ(gligz):;\f@(gi)|i:

1,2 prowded)\ L (01) # /\ . (@2) . Thus the second part of the theorem is established.
In the line of Theorem A, Theorem C and Theor&none may state the following theorem without its proof.

Theorem 2. Let f, f2,g1 and @ be any four entire functions. Then foprl 1,

(i)
Pty (0% 02) < max[min{ o (g1),pf) (g1) |, min{pf] (). pf. (02) }|
Whenp L(01) # pf2 (91), pfl (92) # pf (gz) and g and g are both of regular generalized relative growth with
respect to at least any one of ;f or f,. The sign of equality holds when
min{pf! (@1).pf) (01) } #min{pf! (2).pf] (g2) } s and
(ii)

A, (@1 %2) > min [max{A{] (1) A (01) } . max{A] (g2) A} (02) }

When/\Pl] (g1) #A ]U (01), g (g2) # )\f“j (g2) and at least g or g is of regular generalized relative growth with
respect to i and b respectively  The sign of equality holds when

I I [ I
max{ A/ (a1). A (a0) } # max{All (g2) Al ()}
Theorem 3.Let fi, f2,9; and @ be any four entire functions. Then

()
1] ]

Pr.1, (G1) = Py, (91)

where 1> 1, p?} (g1) = min {pyk] (1) | k=i=1, 2} , 01 has the Property (A) and alsq gs of regular generalized
relative growth with respect to at least any one gfof f,. The sign of equality holds whqy{'l] (91) # ppz] (01)-
Similar results hold for the quotier{g provided% is entire, and
(ii)
M (gr-g2) <A (gh)
where | > 1, /\E (g) = max{)\f['l] () |[k=i=1, 2}, f1 has the Property (A) and at least @r g is of regular

generalized relative growth with respect tg The sign of equality holds whérw (01) # /\E (g2). Similar results
hold for the quotieng? providedg! is entire.
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Proof. For any two entire functionis; andhy, we have for all sufficiently large values othat

T

hy-ho

(r) <Thy (r) + Ty (r) . (5)

Case |. By Lemma3, g; is transcendental. Suppose tmx% (g1) < . Otherwise |pr] f (g1) = o« then the result is

obvious. We can clearly assume tliléI (1) |i=12is f|n|te. Also suppose thqatfi (1) < pgk] (g1) wherek=i=1,2

with f; # fy andg; is of regular generalized relative growth with respect téeast any one of; or f,. Now in view

of Lemma2, Lemma4 and also by(2) and(3) we get from(5) (consideringh = f in (5)) for a sequence of values of
tending to infinity that

1 r .
§Iong1-fz (E) <logMy, (r) +logMy, (r) that is

1

1 r k=2 ) i

§|09Mf1.f2 (E) < kleogl\/lg1 {(Iog[I 1 r) Pr (1) ] 7

L10gM (5) < 2logM <|o 1-1] r) p?@(glﬂ—e

3 M 1, 2) = gMg, g ,
1] -

logM,__,, (%) < 6logMy, [ooguur)pfi <gl>g] |

4176
Mi, 1, (%) < {Mgl [(Iog“l] r) "H](gll)E” 7

o
r Mg )¢
exg Urs
flfz SMQl(”a
-1,
log" exp <log''M¢ ' Mg, (1),

[ _
Pi(9) & O _log" MMy (1)
(o} o logr — logr '

Sincee > 0 is arbitrary, we obtain by letting — 1+,

0 : log!' Ml Mg, (1)

Pryr, (92) = limsup logr > py; (91) -

Now without loss of genetality, we may consider thﬂ? (1) < ppz] (g1) and f = f;- fo. Then pp] (g1) > ppl] (01)-

Further,f; = flz and andTy, (r) = TTl_ (r)+0O(1). ThereforeTy, (r) < Ts (r)+ T, (r) + O(1), and in this case we obtain
2
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that p{) (91) > min{p?] (61),pf) (@)} . As we assume thas}) (1) < pf] (g1). s0 we havepf! (g1) > p{’ (g) and

hence pf' (@) = pf) (@) = min {pf](@1).pl(e)}. Therefore, o}, (a1) = pf

ol (an) # ol ().

(g1) | i = 1,2 provided

Further suppose that = % with f;, f,, f entire and Ietppl] (01) > ppz] (g91). We havef; = f - f, . Therefore
(1] (1] (1]

ppl] (91) = ps (92) if pg (91) < Py, (91). So it follows thatppl] (01) < ij (91), which contradicts the hypothesis

ppl] (g1) > ppz] (g1)". Hence pp] (01) = pgi (1) > ppz] (1) = min{PPﬂ (gl),ppz] (gl)}. Also suppose that
2

pil(g1) > Py (g1). Then p min{pf’(g1).pf, (9)} = pfl (@), if p{ (92) > P} (gu), which is also a

contradiction.ThupL](g) pI m{pfl (01) pf2 (01 }.Thus the first part of the theorem is established.

Case Il. By Lemma3, g; is transcendental. Ilf[l] (91-02) = then)\f['l] (01-92) < Af['l] (gi) is obvious. So we suppose

that)\g (01-02) > 0. We can clearly assume thb&l] (gi) |1 =1,2 is finite. Also suppose tha‘utpl] (o) < /\Pl} (gi) where
k=1i=1,2 with gk # gi and at least; or g, is of regular generalized relative growth with respecfioNow in view of
Lemma2, Lemma4 and using(1) and (4) we get from(5) (consideringh = g in (5)) for a sequence of values of
tending to infinity that

<logMg, (r)+logMg, (r) that

)

) < kizmngl {exﬁ"l] (r(A ['lpf1<gk>+s))} 7
k=1

)

<

1 r
3 logMg, .g, >
r
2

< 2logMy, [exdpl] (r(A[|]pfl(gk)+8)):| ,

(
%logMgl'gz (
%lOgMgl-gz (

r

r
logMg, 4, (5)2 6logMy, [exp[' 8 (renterte))]
Mgl.gz(%) <My, [exp! 2 (r(*1e 9n>+£))r,
Mgl.gz(%) <My, [exp[' Y ( )+ )]

log!! M Mglgz( )<5( ”(g.)+e)logr and

l0g! M My, (5) _ 8 (A (8)+ €) o
log(3) - logr +O(1)

As g > 0 is arbitrary, we get from above by lettimg— 1+,

|09H'V|f1 Mgl() H( )
logr Ar, (@)

U — imi
/\fl (91-Q2) = Ilmlnf
Moreover without loss of generality, Iéﬂ'l] (91) < /\f[l] (g2) andg =g - 9. Then)\f@ (9) < fH (92) . Further,g, = and

and Ty, (r) = Tl (r) + O(l). Therefore Tg, (r) < Tg(r) + Tg, (r) + O(1), and in this case we obtaln that

Af['l] (g2) < max{)\ (9),A ( )} . As we assume tha?tf[? (o) < /\f[? (02) , therefore we have ; g L (@) < Af['l] (g9) and

hence /\H (9) = )\f[? (g2) = max{/\Pl] (gl),)\f[? (gz)}. Therefore, )\f[? (01-92) f1 (g,) | i = 1,2 provided
| |

Mgy # 2! (g2).

Now letg = 91 with g1, g2, g entire, and supposa\af (g1) < f[l] (g2). We haveg; =g- 02 . Therefora\f[? (1) = Af“f (9)
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if /\Pl} (9) > /\Pl} (g2). So it follows that)\g (91) > /\Pl} (92), which contradicts the hypothesis&?‘l] (g1) < )\f[? (92)".
U

Hence Af['l] (9) = /\E (%) < Af['l] (92) = max{)\f['l] (91),A ¢, (gg)}. Also suppose thai( (g1) > /\E (g2). Then

Al (1) = max{/\Pl] (g),)\m (gz)} = /\Pl} (g2), fif )\f[? (9) < )\Pl] (92), which is also a contradiction. Thus

f1 f1

)\Pi (9 =A g (%) = max{/\Pl] (91),A 1 pg, (gz)}. Thus the second part of the theorem follows

Mo

The proof of Theorerd is omitted because it can be carried in view of Theorem B, Tdérad and Therorers.

Theorem 4.Let fi, f2,g1 and @ be any four entire functions. Then for 1,

() Pi.r, (01-62) < max|min{pf! (g pf. (@) | min{pf, (02).PF, (02) }].

(%) < max[min {p?f (01) 7PP2] (gl)} ,min {ppl] (%) 7ppz] (gz)H

when(i) ppl] (01) # ppz] (91), (i) ppl] (02) # ppz] (g2) (iii) f1- f, g1 and @ have the Property (A) anfiv) g; and g are
both of regular generalized relative growth with respecatdeast any one of;for f,. The sign of equality holds when

min{ppl] (o) ,ppz] (gl)} 4 min{pyl] (92) 7PQ2] (gz)}; and

(© My, (@r-g2) > min [ max{Af] (g0). AL (90) } max{A (62) AL (@)} ]

(d) )\E% <%> > min [max{)\g (gl),/\Pj (91)},max{)\f[? (92)7/\92] (92)}}

when(i) )\Pl] (01) # )\f[g (91), (i) )\Pl] (02) # /\Pj (92), (iii) g1-092, f1 and £ have the Property (A) an@v) at least g
or gy is of regular generalized relative growth with respect toahd £ respectively The sign of equality holds when

max{ M (a0). A (a0)} # max{Al! (2) Al ()}
4 Conclusion

The relative order of growth gives a quantitative assessofdrow different functions scale each other and to whatrexte
they are self-similar in growth. The concepts of relativéesbetween two entire functions was initiated in order wicv
comparing growth just with exp In the present paper the concept of relative order has beended up to generalized
relative order in different directions. From this view ppitie results as proved in the paper show the novelity of thkw
carried out here and those must be helpful to the future weitdithis branch.
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