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1 Introduction, definitions and notations

Let C be the set of all finite complex numbers. Also letf be an entire function defined in the open complex planeC.

The Nevanlinna’s Characteristic functionTf (r) and the maximum modulus functionM f (r) of f =
∞
∑

n=0
anzn on |z|= r are

defined asTf (r) =
1

2π

2π
∫

0
log+

∣

∣ f
(

reiθ)
∣

∣dθ andM f (r) =max
|z|=r

| f (z)| respectively where log+ x=max(logx,0) for all x> 0.

Further if f is non-constant thenM f (r) is strictly increasing and continuous and its inverseM f
−1 : (| f (0)| ,∞)→ (0,∞)

exists and is such that lim
s→∞

M f
−1 (s) = ∞. In this connection the following definition is relevant.

Definition 1. [2] A non-constant entire function f is said have theProperty (A)if for any σ > 1 and for all large r,
[

M f (r)
]2

≤ M f (rσ ) holds. For exapmles of functions with or without theProperty (A), one may see[2].

For given two entire functionsf andg, the ratio
M f (r)
Mg(r)

asr → ∞ is called the growth off with respect tog in terms of

their maximum moduli. For any integerl ≥ 2, Sato [6] introduced the definitions ofgeneralized orderρ [l ]
f andgeneralized

lower orderλ [l ]
f of an entire functionf which are generally used in computational purpose and defined in terms of the

growth of f with respect to the exp function of first order in the following way.

ρ [l ]
f = limsup

r→∞

log[l ]M f (r)

log[2]Mexpz(r)
= limsup

r→∞

log[l ] M f (r)

logr

and

λ [l ]
f = lim inf

r→∞

log[l ]M f (r)

log[2]Mexpz(r)
= lim inf

r→∞

log[l ]M f (r)

logr
,

where log[l ] x = log
(

log[l−1] x
)

, l = 1,2,3, ... and log[0] x = x. An entire functionf is said to be ofregular generalized
growth if its generalized ordercoincides with itsgeneralized lower order;otherwisef is said to beirregular generalized
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growth.

Whenl = 2 , the above definition coincides with the classical definitions of order and lower order which are as follows:

ρ f = limsup
r→∞

log logM f (r)

loglogMexpz(r)
= limsup

r→∞

loglogM f (r)

logr

and

λ f = lim inf
r→∞

loglogM f (r)

log logMexpz(r)
= lim inf

r→∞

loglogM f (r)

logr
.

L. Bernal{[1], [2]} introduced the definition ofrelative orderof an entire functiong with respect to an entire functionf
denoted byρ f (g) to avoid comparing growth just with expz in the following way:

ρ f (g) = inf
{

µ > 0 : Mg (r)< M f (r
µ) for all r > r0 (µ)> 0

}

= limsup
r→∞

logM−1
f Mg (r)

logr
.

The above definition coincides with the classical one [7] if f (z) = expz.

Similarly, one can define the relative lower order ofg with respect tof , denoted byλ f (g) as follows.

λ f (g) = lim inf
r→∞

logM−1
f Mg (r)

logr
.

Also an entire functiong is said to be of regular relative growth with respect tof if its relative order with respect tof
coincides with its relative lower order with respect tof .

Extending this notion, Lahiri and Banerjee [5] gave a more generalized concept of relative order which maybe given in
the following way.

Definition 2. [5] If l ≥ 1 is a positive integer, then the l-th generalized relative order of f with respect to g, denoted by
ρ [l ]

f (g) is defined by

ρ [l ]
g ( f ) = inf

{

µ > 0 : M f (r)< Mg

(

exp[l−1] rµ
)

for all r > r0 (µ)> 0.
}

= limsup
r→∞

log[l ] M−1
g M f (r)

logr
.

If l = 1 thenρ l
g ( f ) = ρg ( f ). If l = 1, g(z) = expz thenρ [l ]

g ( f ) = ρ f , the classical order of f{ cf. [7] }.

Likewise, one can define the l-th generalized relative lowerorder of g with respect to f , denoted byλ [l ]
f (g) as follows :

λ [l ]
f (g) = lim inf

r→∞

log[l ] M−1
f Mg (r)

logr

and also in this case ifρ [l ]
g ( f ) = λ [l ]

g ( f ) then g is said to be of regular l-th generalized relative growth with respect to f ;
otherwise g is said to be of irregular l-th generalized relative growth with respect to f.

It is well known that the order of products and sums of two entire functions are not greater than the maximal order of
the two functions and Bernal [2] extended these results for relative order. Extending thisnotion, Lahiri and Banerjee [5]
established the following two theorems:
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Theorem A. [5] Let f1,g1 andg2 are any three entire functions. Then

ρ [l ]
f1
(g1±g2)≤ ρ [l ]

f1
(gi)

whereρ [l ]
f1
(gi) = max

{

ρ [l ]
f1
(gk) | k= i = 1,2

}

andl ≥ 1. The sign of equality holds whenρ [l ]
f1
(g1) 6= ρ [l ]

f1
(g2) .

Theorem B. [5] Let f1,g1 andg2 are any three entire functions. Then

ρ [l ]
f1
(g1 ·g2)≤ ρ [l ]

f1
(gi)

whereρ [l ]
f1
(gi) = max

{

ρ [l ]
f1
(gk) | k= i = 1,2

}

and l ≥ 1. The sign of equality holds whenρ [l ]
f1
(g1) 6= ρ [l ]

f1
(g2) . Similar

results hold for the quotientg1
g2

providedg1
g2

is entire.

Datta, Biswas and Biswas [3] also investigated some parallel basic properties of generalized relative lower order of entire
functions which are as follows:

Theorem C. [3] Let f1, f2 andg1 are any three entire functions. Then

λ [l ]
f1± f2

(g1)≥ λ [l ]
fi
(g1)

whereλ [l ]
fi
(g1) = min

{

λ [l ]
fk
(g1) | k= i = 1,2

}

andl ≥ 1. The sign of equality holds whenλ [l ]
f1
(g1) 6= λ [l ]

f2
(g1) .

Theorem D. [3] Let f1, f2 andg1 are any three entire functions. Then

λ [l ]
f1· f2

(g1)≥ λ [l ]
fi
(g1)

whereλ [l ]
fi
(g1) = min

{

λ [l ]
fk
(g1) | k= i = 1,2

}

and l ≥ 1. The sign of equality holds whenλ [l ]
f1
(g1) 6= λ [l ]

f2
(g1) . Similar

results hold for the quotientf1f2 provided f1
f2

is entire.

In fact in the present paper, we wish to investigate a few properties of generalized relative order and generalized relative
lower order of entire functions under some what different conditions. We do not explain the standard definitions and
notations in the theory of entire functions as those are available in [8].

2 Lemmas

In this section we present some lemmas which will be needed inthe sequel.

Lemma 1. [2] Suppose f is an entire function andα,β are such thatα > 1 and0< β < α. Then

M f (αr)> βM f (r) .

Lemma 2.[2] Let f be an entire function which satisfies the Property (A) then for any positive integer n, and for all large
r,

[

M f (r)
]n

≤ M f

(

rδ
)

holds whereδ > 1.

Lemma 3. [5] Every entire function f satisfying the Property (A) is transcendental.
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Lemma 4. [4] Let f be an entire function. Then for all sufficiently large values of r,

Tf (r)≤ logM f (r)≤ 3Tf (2r) {cf. [4] ,p. 18} .

3 Theorems

In this section we present the main results of the paper.

Theorem 1. Let f1, f2,g1 and g2 be any four entire functions. Then

(i)
ρ [l ]

f1± f2
(g1)≥ ρ [l ]

fi
(g1)

where l≥ 1, ρ [l ]
fi
(g1) = min

{

ρ [l ]
fk
(g1) | k= i = 1,2

}

and g1 is of regular generalized relative growth with respect

to at least any one of f1 or f2. The sign of equality holds whenρ [l ]
f1
(g1) 6= ρ [l ]

f2
(g1) ; and

(ii)
λ [l ]

f1
(g1±g2)≤ λ [l ]

f1
(gi)

where l≥ 1, λ [l ]
f1
(gi) = max

{

λ [l ]
f1
(gk) | k= i = 1,2

}

and at least g1 or g2 is of regular generalized relative growth

with respect to f1. The sign of equality holds whenλ [l ]
f1
(g1) 6= λ [l ]

f1
(g2) .

Proof. From the definition of generalized relative order and generalized relative lower order of entire function, we have
for all sufficiently large values ofr that

Mgk (r)≤ M fk

[

exp[l−1]
(

r

(

ρ [l ]
fk
(gk)+ε

))]

, (1)

Mgk (r)≥ M fk

[

exp[l−1] r

(

λ [l ]
fk
(gk)−ε

)]

, then M fk (r)≤ Mgk





(

log[l−1] r
)

1

λ [l ]fk
(gk)−ε



 , (2)

and also for a sequence values ofr tending to infinity we get that

Mgk (r)≥ M fk

[

exp[l−1]
(

r

(

ρ [l ]
fk
(gk)−ε

))]

, then M fk (r)≤ Mgk





(

log[l−1] r
)

1

ρ[l ]fk
(gk)−ε



 , (3)

Mgk (r)≤ M fk

[

exp[l−1]
(

r

(

λ [l ]
fk
(gk)+ε

))]

(4)

whereε (> 0) is any arbitrary positive number andi = 1,2.

Case I. If ρ [l ]
f1± f2

(g1) = ∞ thenρ [l ]
f1± f2

(g1) ≥ ρ [l ]
fi
(g1) is obvious. So we suppose thatρ [l ]

f1± f2
(g1) < ∞. We can clearly

assume thatρ [l ]
fi
(g1) | i = 1,2 is finite. Also suppose thatρ [l ]

fi
(g1) ≤ ρ [l ]

fk
(g1) wherek = i = 1,2 with fi 6= fk andg1 is of

regular generalized relative growth with respect to at least any one off1 or f2. Now in view of Lemma1 and by(2) and
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(3) , we obtain for a sequence of values ofr tending to infinity that

M f1± f2 (r)< M f1 (r)+M f2 (r) , that is

M f1± f2 (r)<
k=2

∑
k=1

Mg1





(

log[l−1] r
)

1
(

ρ[l ]fk
(g1)−ε

)



 ,

M f1± f2 (r)< 2Mg1





(

log[l−1] r
)

1
(

ρ[l ]fi
(g1)−ε

)



 ,

M f1± f2 (r)< Mg1



3
(

log[l−1] r
)

1
(

ρ[l ]fi
(g1)−ε

)



 ,

M f1± f2

[

exp[l−1]

(

( r
3

)

(

ρ [l ]
fi
(g1)−ε

))]

< Mg1 (r) ,

M f1± f2

[

exp[l−1]

(

( r
3

)

(

ρ [l ]
fi
(g1)−ε

))]

< Mg1 (r) ,

log[l ] exp[l−1]

(

( r
3

)

(

ρ [l ]
fi
(g1)−ε

))

< log[l ]M−1
f1± f2

Mg1 (r) ,

(

ρ [l ]
fi
(g1)− ε

)

logr +O(1)< log[l ]M−1
f1± f2

Mg1 (r) and

(

ρ [l ]
fi
(g1)− ε

)

+
O(1)
logr

<
log[l ]M−1

f1± f2
Mg1 (r)

logr
.

Sinceε > 0 is arbitrary, we get from above that

ρ [l ]
f1± f2

(g1) = limsup
r→∞

log[l ] M−1
f1± f2

Mg1 (r)

logr
≥ ρ [l ]

fi
(g1) .

Now without loss of genetality, we may consider thatρ [l ]
f1
(g1) < ρ [l ]

f2
(g1) and f = f1 ± f2. Thenρ [l ]

f (g1) ≥ ρ [l ]
f1
(g1) .

Further, f1 = ( f ± f2) and in this case we obtain thatρ [l ]
f1
(g1) ≥ min

{

ρ [l ]
f (g1) ,ρ

[l ]
f2
(g1)

}

. As we assume that

ρ [l ]
f1
(g1) < ρ [l ]

f2
(g1) , therefore we haveρ [l ]

f1
(g1) ≥ ρ [l ]

f (g1) and henceρ [l ]
f (g1) = ρ [l ]

f1
(g1) = min

{

ρ [l ]
f1
(g1) ,ρ

[l ]
f2
(g1)

}

.

Therefore,ρ [l ]
f1± f2

(g1) = ρ [l ]
fi
(g1) | i = 1,2 providedρ [l ]

f1
(g1) 6= ρ [l ]

f2
(g1) . Thus the first part of the theorem follows.

Case II. If λ [l ]
f1
(g1±g2) = 0 thenλ [l ]

f1
(g1±g2) ≤ λ [l ]

f1
(gi) is obvious. So we suppose thatλ [l ]

f1
(g1±g2) > 0. We can

clearly assume thatλ [l ]
f1
(gi) | i = 1,2 is finite. Also suppose thatλ [l ]

f1
(gk)≤ λ [l ]

f1
(gi) wherek= i = 1,2 with gk 6= gi and at

leastg1 or g2 is of regular generalized relative growth with respect tof1. Now in view of Lemma1 and using(1) and
(4) , we get for a sequence of values ofr tending to infinity that

Mg1±g2 (r)< Mg1 (r)+Mg2 (r) that is

Mg1±g2 (r)<
k=2

∑
k=1

M f1

[

exp[l−1]
(

r

(

λ [l ]
f1
(gk)+ε

))]

,

Mg1±g2 (r)< 2M f1

[

exp[l−1]
(

r

(

λ [l ]
f1
(gi)+ε

))]

,
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Mg1±g2 (r)< M f1

[

3exp[l−1]
(

r

(

λ [l ]
f1
(gi)+ε

))]

,

Mg1±g2 (r)< M f1

[

exp[l−1]
(

3(l −1)r

(

λ [l ]
f1
(gi)+ε

))]

,

log[l ] M−1
f1

Mg1±g2 (r)<
(

λ [l ]
f1
(gi)+ ε

)

logr +O(1) and

log[l ]M−1
f1

Mg1±g2 (r)

logr
<

(

λ [l ]
f1
(gi)+ ε

)

logr +O(1)

logr
.

Sinceε > 0 is arbitrary, it follows from above that

i.e., λ [l ]
f1
(g1±g2) = lim inf

r→∞

log[l ]M−1
f1

Mg1±g2 (r)

logr
≤ λ [l ]

f1
(gi) .

Further without loss of genetality, letλ [l ]
f1
(g1)< λ [l ]

f1
(g2) andg= g1±g2. Thenλ [l ]

f1
(g)≤ λ [l ]

f1
(g2) . Further,g2 =±(g−g1)

and in this case we obtain thatλ [l ]
f1
(g2)≤ max

{

λ [l ]
f1
(g) ,λ [l ]

f1
(g1)

}

. As we assume thatλ [l ]
f1
(g1)< λ [l ]

f1
(g2) , therefore we

haveλ [l ]
f1
(g2)≤ λ [l ]

f1
(g) and henceλ [l ]

f1
(g) = λ [l ]

f1
(g2) = max

{

λ [l ]
f1
(g1) ,λ

[l ]
f1
(g2)

}

. Therefore,λ [l ]
f1
(g1±g2) = λ [l ]

f1
(gi) | i =

1,2 providedλ [l ]
f1
(g1) 6= λ [l ]

f1
(g2) . Thus the second part of the theorem is established.

In the line of Theorem A, Theorem C and Theorem1, one may state the following theorem without its proof.

Theorem 2. Let f1, f2,g1 and g2 be any four entire functions. Then for l≥ 1,

(i)
ρ [l ]

f1± f2
(g1±g2)≤ max

[

min
{

ρ [l ]
f1
(g1) ,ρ

[l ]
f2
(g1)

}

,min
{

ρ [l ]
f1
(g2) ,ρ

[l ]
f2
(g2)

}]

whenρ [l ]
f1
(g1) 6= ρ [l ]

f2
(g1) , ρ [l ]

f1
(g2) 6= ρ [l ]

f2
(g2) and g1 and g1 are both of regular generalized relative growth with

respect to at least any one of f1 or f2. The sign of equality holds when

min
{

ρ [l ]
f1
(g1) ,ρ

[l ]
f2
(g1)

}

6= min
{

ρ [l ]
f1
(g2) ,ρ

[l ]
f2
(g2)

}

; and
(ii)

λ [l ]
f1± f2

(g1±g2)≥ min
[

max
{

λ [l ]
f1
(g1) ,λ

[l ]
f2
(g1)

}

,max
{

λ [l ]
f1
(g2) ,λ

[l ]
f2
(g2)

}]

whenλ [l ]
f1
(g1) 6= λ [l ]

f2
(g1) , λ [l ]

f1
(g2) 6= λ [l ]

f2
(g2) and at least g1 or g2 is of regular generalized relative growth with

respect to f1 and f2 respectively. The sign of equality holds when

max
{

λ [l ]
f1
(g1) ,λ

[l ]
f2
(g1)

}

6= max
{

λ [l ]
f1
(g2) ,λ

[l ]
f2
(g2)

}

.

Theorem 3.Let f1, f2,g1 and g2 be any four entire functions. Then

(i)
ρ [l ]

f1· f2
(g1)≥ ρ [l ]

fi
(g1)

where l≥ 1, ρ [l ]
fi
(g1) = min

{

ρ [l ]
fk
(g1) | k= i = 1,2

}

, g1 has the Property (A) and also g1 is of regular generalized

relative growth with respect to at least any one of f1 or f2. The sign of equality holds whenρ [l ]
f1
(g1) 6= ρ [l ]

f2
(g1) .

Similar results hold for the quotientf1f2 provided f1
f2

is entire, and
(ii)

λ [l ]
f1
(g1 ·g2)≤ λ [l ]

f1
(gi)

where l≥ 1, λ [l ]
f1
(gi) = max

{

λ [l ]
f1
(gk) | k= i = 1,2

}

, f1 has the Property (A) and at least g1 or g2 is of regular

generalized relative growth with respect to f1. The sign of equality holds whenλ [l ]
f1
(g1) 6= λ [l ]

f1
(g2). Similar results

hold for the quotientg1
g2

providedg1
g2

is entire.
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Proof.For any two entire functionsh1 andh2, we have for all sufficiently large values ofr that

Th1·h2
(r)≤ Th1 (r)+Th2 (r) . (5)

Case I. By Lemma3, g1 is transcendental. Suppose thatρ [l ]
f1· f2

(g1) < ∞. Otherwise ifρ [l ]
f1· f2

(g1) = ∞ then the result is

obvious. We can clearly assume thatρ [l ]
fi
(g1) | i = 1,2 is finite. Also suppose thatρ [l ]

fi
(g1)≤ ρ [l ]

fk
(g1) wherek = i = 1,2

with fi 6= fk andg1 is of regular generalized relative growth with respect to atleast any one off1 or f2,. Now in view
of Lemma2, Lemma4 and also by(2) and(3) we get from(5) (consideringh= f in (5)) for a sequence of values ofr
tending to infinity that

1
3

logM f1· f2

( r
2

)

≤ logM f1 (r)+ logM f2 (r) that is

1
3

logM f1· f2

( r
2

)

≤
k=2

∑
k=1

logMg1





(

log[l−1] r
)

1

ρ[l ]fk
(g1)−ε



 ,

1
3

logM f1· f2

( r
2

)

≤ 2logMg1





(

log[l−1] r
)

1

ρ[l ]fk
(g1)−ε



 ,

logM f1· f2

( r
2

)

≤ 6logMg1





(

log[l−1] r
)

1

ρ[l ]fi
(g1)−ε



 ,

M f1· f2

( r
2

)

≤



Mg1





(

log[l−1] r
)

1

ρ[l ]fi
(g1)−ε









6

,

M f1· f2

( r
2

)

≤ Mg1





(

log[l−1] r
)

δ
ρ[l ]fi

(g1)−ε



 ,

M f1· f2









exp[l−1] r
ρ[l ]fi

(g1)−ε

δ

2









≤ Mg1 (r) ,

log[l ]









exp[l−1] r
ρ[l ]fi

(g1)−ε

δ

2









≤ log[l ] M−1
f1· f2

Mg1 (r) ,





ρ [l ]
fi
(g1)− ε

σ



 logr +O(1)≤ log[l ] M−1
f1· f2

Mg1 (r) and

ρ [l ]
fi
(g1)

σ
−

ε
σ
+

O(1)
logr

≤
log[l ]M−1

f1· f2
Mg1 (r)

logr
.

Sinceε > 0 is arbitrary, we obtain by lettingσ → 1+,

ρ [l ]
f1· f2

(g1) = limsup
r→∞

log[l ]M−1
f1· f2

Mg1 (r)

logr
≥ ρ [l ]

fi
(g1) .

Now without loss of genetality, we may consider thatρ [l ]
f1
(g1) < ρ [l ]

f2
(g1) and f = f1 · f2. Then ρ [l ]

f (g1) ≥ ρ [l ]
f1
(g1) .

Further, f1 =
f
f2

and andTf2 (r) = T 1
f2
(r)+O(1). ThereforeTf1 (r) ≤ Tf (r)+Tf2 (r)+O(1), and in this case we obtain
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that ρ [l ]
f1
(g1) ≥ min

{

ρ [l ]
f (g1) ,ρ

[l ]
f2
(g1)

}

. As we assume thatρ [l ]
f1
(g1) < ρ [l ]
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Case II. By Lemma3, g1 is transcendental. Ifλ [l ]
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As ε > 0 is arbitrary, we get from above by lettingσ → 1+,
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The proof of Theorem4 is omitted because it can be carried in view of Theorem B, Theorem D and Therorem3.

Theorem 4.Let f1, f2,g1 and g2 be any four entire functions. Then for l≥ 1,
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4 Conclusion

The relative order of growth gives a quantitative assessment of how different functions scale each other and to what extent
they are self-similar in growth. The concepts of relative order between two entire functions was initiated in order to avoid
comparing growth just with expz. In the present paper the concept of relative order has been extended up to generalized
relative order in different directions. From this view point, the results as proved in the paper show the novelity of the work
carried out here and those must be helpful to the future workers of this branch.

Competing interests

The authors declare that they have no competing interests.

Authors’ contributions

All authors have contributed to all parts of the article. Allauthors read and approved the final manuscript.

c© 2017 BISKA Bilisim Technology

www.ntmsci.com


251 S. K. Datta, T. Biswas, J. H. Shaikh: On the basic properties of generalized relative order of entire functions

References

[1] L. Bernal : Crecimiento relativo de funciones enteras. Contribución al estudio de lasfunciones enteras conı́ndice exponencial finito,

Doctoral Dissertation, University of Seville, Spain, 1984.

[2] L. Bernal : Orden relative de crecimiento de funciones enteras, Collect. Math., Vol. 39 (1988), pp.209-229.

[3] S. K. Datta, T. Biswas, C. Biswas , : Generalized relativelower order of entire functions, Mathematicki Vesnik, Accepted for

publication.

[4] W. K. Hayman : Meromorphic functions, The Clarendon Press, Oxford (1964).

[5] B. K. Lahiri, D. Banerjee : Generalised relative order ofentire functions, Proc. Nat. Acad. Sci. India, Vol 72(A), No. IV (2002),

pp. 351-371.

[6] D. Sato, : On the rate of growth of entire functions of fastgrowth, Bull. Amer. Math. Soc., Vol. 69 (1963), pp. 411-414.

[7] E. C. Titchmarsh : The Theory of Functions , 2nd ed. OxfordUniversity Press, Oxford (1968).

[8] G. Valiron : Lectures on the General Theory of Integral Functions, Chelsea Publishing Company (1949).

c© 2017 BISKA Bilisim Technology


	Introduction, definitions and notations
	Lemmas
	Theorems
	Conclusion

