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Abstract: The purpose of this article is to introduce the notion(6f,Cy)-Hdlder Krull valuation on right ring of fractions ( with
respect to right denominator s8tin a ring R). It is proved that ifR is a ring satisfying in Holder rigidity condition, anSla right
permutable set of regular elementsRnthen the right ring of fraction& = Q&,(R) with respect toS satisfies in Holder rigidity
condition. This results provide an extension of the Gatststem (see [2]) for right ring of fractions.

Keywords: valuation, Holder valuation, Holder equivalent, righitg of fractions.

1 introduction and preliminaries

The theory of valuations may be viewed as a branch of topcédgilgebra. The devolopment of valuation theory has
spanned over more than a hundred years. First the notiorwadti@ns on fields was introduced. Details of valuations on
fields can be found in many monographs, e. g. Endler (seeRijenboim (see [7]), and Schilling (see [8]). Then Manis
introduced the notion of valuations in the category of cortative rings and it can be found in Manis (see [6]), Huckaba
(see [3]), and Knebusch and Zhang (see [4]). A grbup called arordered multiplicative groujf it has a total ordering

< which is compatible with the group structure, i.ce< B (a,B € ), impliesya < yB, ay < By, forallye I and
B! < a1l Letr be an ordered multiplicative group. Krull valuation| | on ring R with values i is a mapping

| |:R— I U{0} satisfying the conditions.

(i) ForaeR/|a=0iffa=0;
(i) Fora,be R Ja+b| <Max{|al,|bl};
(i) For a,be R, |abl = |a||b|.
with the properties@=0,0.a=a.0=0,a €l andO< a foralla er.
Letl” be an ordered multiplicative group a@g > 1,C, > 1.
A (C1,Cp)-Hblder Krull valuationon ring R with values ir” is a mapping|.|| : R— I U{0} satisfying the conditions.
(i) Forae R, ||a| =0iff a=0;
(i) Fora,beR, [la+b| < C;Max{]|al], [[b]};
(iii) Fora,be R C;lal||[b]| < flabl < Cyljall||bl].

RemarkNote that(1,1)-Holder Krull valuation on ring R is a classical Krull valtian on a ring R.

In this paper R is a noncommutative ring with unit elemenimgR is said to be aight ring of fraction if there is a
given ring homomorphisnp : R— R'such that.
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(@) ¢ is S-inverting ¢ (S) C U(R), where U(R) is set of unit elements of R ).
(b) Every element oR has the formp (a)¢ (s)~* for someac Randsc S,
(c) Kerg ={r e Rrs=0 for somesec S}.

The multiplicative seS C Ris right permutablef for any a € Randse S, aSnsR# 0, also seS C Risright reversible
forac R, if sa= 0 for somes ¢ S, thenas= 0 for somese S.

If the multiplicative seS C Ris both right permutable and right reversible, we shall $ay § is aight denominator set
The ring R has aight ring of fractionswith respect to multiplicative set S iff S isragght denominator sefsee [5]).Let S
be the multiplicative set of all regular elements. We say Bhis aright orering iff S is right permutable, ifRS ! exists.
In this case, we speak &S ! asthe classical right ring of quotientsf R, and denote it by, (R). Let R be a domain
and S= R— {0}. In this case, the right permutable condition on S may be pressed in the equivalent form:
aRNbR+#£ 0 fora,b € R—{0}. This is called the (rightpre conditionon R. Thus, the domain R right(resp. left) oraff

R satisfies the right (resp. left) ore condition.

2 Krull valuation and (Cy,Cy)-Holder Krull valuation for right ring of fractions

Definition 1. Let|.];and |.|2 be two valuations on ring R. Then we say thatand |.|» are (Co, a)-Hdlder equivalent
(where@ > 1,0 >0)ifforall x € R,

! !
CoIXI§ < X2 < ColX|§
wherea' =aora’ =a1.

Lemma 1.Let|.| : R— I" U{0} be a Krull valuation on ring R with right ring of fractions' R- Qs (R), whererl™ is an
ordered multiplicative group. Thejn : R — I U{0} by equation.

Xlg = |#(a)¢(b) |y = [allb| L, for ac Rbe S is a Krull valuation on ringR = Q}(R).

Proof. (i) LetxeR and|X|y = |¢(a)p(b)~|s = |a||b| 1 =0for someac R b€ S Then|a| = 0 impliesa= 0. Hence
x = ¢(0)/¢(b) = 0. Conversely, fox € R = Q4 (R) if x=0, then|x|y = |0]¢ = |#(0)p (1)~ =10||1~t=0.
(i) Foreachx,ye R, we havex+yly =9 (a)/ ¢ (b)+ @ (c)/¢(d)|s for somea,c € Randb,d € S. FrombSNdR# 0,
there existd; € Sandb; € Rsuch thabd; = db,. Thus,

IX+Ylp =|(¢(@)¢(d1)/(¢(b)p(d1)) + (¢(c)¢p(b1)/(¢(d)d(b1))ly
=|¢(ad1+chy)/¢ (bda) g
—|ady + chy||bdy| 7t
=|ady + cby||dby |~
<Max{|ach||bdy|~*,|cby||dby |~}
=Max{|a(|d1||d1| ~*|b|~*,|c||ba|[ba| *|d| T}
=Max{|al[b| *, |c[|d| ~}
=Max{[x[¢, |yly }-

Hence|x+y|y < Max{|X|¢,|y|¢}-

(© 2017 BISKA Bilisim Technology



=
NTMSCI 5, No. 2, 237-241 (2017)Www.ntmsci.com BISKA 239

(iii) Foreachx,yc R, we havexy=(¢(a)/¢(b))(¢(c)/¢(d)) for somea,c € Randb,d € S. FrombRNcS+ 0, we get
elements € R, se Ssuch thabr = cse S, this implies that~1br = s. Thereforeds=dc 1br,b~lc=rs~1. Thus,

xy=0(@)¢p(bH)p(c)p(d™) = p(@()d(s H)o(d!) = d(ar)(¢(ds) .
Therefore,
Xyip = |¢(ar)/¢(ds)|y = [ar(|ds ™ = |ar||dcor|~ = [a]|r||r|~*b]~*|c|/d] ™ = [al[b] *|c]|d] ™t = [x|s|yl4-

Consequently,. | is Krull valuation onR = Qy(R).

Lemma 2.Let|.| : R— I U{0} be a(Cy,C,)-Holder Krull valuation on ring R with right ring of fractions'R= Q4 (R),
where G > 1, G, > 1, and[” is an ordered multiplicative group. Theny : R = Qs (R) — I U{0} by equationix|y =
| (@)p(b)"t|y = |a|lb| L forac R be S is (C},C2C,)-Holder Krull valuation on ring R

Proof. (i) letx € R = Q}(R) and|x|y = 0. Then|¢(a)¢(b) |4 = |al|b| 1 =0, forac R be S Thereforefa| =0, it
implies thata = 0. Consequentlys = ¢ (0) /¢ (b) = 0. Conversely, lek e R = Qj(R) andx = 0. Then

[Xls = 10lp = 9(0)(1)*p = [0][1]* =0.

(i) For eachx,y e R = Qs (R), we havelx+ylg = |¢(a)/¢(b) + ¢(c)/¢(d)| for somea,c € Randb,d € S From
bSNdR+# 0, there existl; € Sandb; € Rsuch thabd; = db; € S. Thus,¢(b)¢(d1) = ¢(d)¢ (b1). Therefore,

IX+Ylg =[(¢(@)¢(d1) +¢(c)¢(b1))/(¢(b)(d1))[g
—|¢ (ach +cby /¢ (bch)[¢ = |ads +cby||bdy|~*
=|ad; + cby||dby |~ < CoMax{|ady||bdy| 71, |cby||dby| 71}
<CoMax{C1 a]|d1|Cxch|~*[b|~*,Cc|[ba|Cy|bs|~|d| *}
—CoCiMax{|alb| ™, [c]|d| 1} = CECaMax{|X|g, |yl4 }-

(iii) For eachx,y e R, we havexy= (¢(a)/¢(b))(¢(c)/¢(d)), for somea,c c Randb,d € S. FrombRN ¢S+ 0, there
existr € Rands € Ssuch thabr = cse Simpliesc™tbr = s. Thereforeds= dctbr andb—lc =rs~1. Thus,

xy=¢(@)p(b H)p(c)p(d™!) = p(@)g(rg(s )¢ (d ") = p(ar)(¢(ds) .

Therefore,
Xylg =|¢(ar)/¢(ds)|p = [ar||dg "
=lar(|dc or|~* > Cy Yal|r|(Cy Hbr| Hde Y
>Cy ?Jal|r|Cy r| b *Cy Yelld] !
>Cy *lal|b|~Hel[d| ™ = Cr*|xg Iylg-
Thus,

Xylp = Cy¥X|plylp-
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Also, we have

[xylp =lar|ldc br|~* < Cyla|r|(Cyfbr|~Hdc )
<Cflal|r|Cyr| *|b|"*Cyfc||d|*
<Cilal|bl~*cl[d|~* = C{|XIg|Ylg-

Therefore,
C ¥ xlglylg < Ix¥lg < Cilxlglyle-
Consequentlyl|4 is (Cf,C3C,)-Holder Krull valuation on ringR = Qj(R).
Definition 2. Let R be a ring. We say that R satisfies idléter rigidity condition if for every(C;,C;)-Holder Krull

valuation| . | on R, there exists a classical Krull valuatign || on R such thaf . || is (Co, a)-Hdlder equivalent (where
Co>1a>0to].]|.

Theorem 1.Let R be a ring satisfying in &lder rigidity condition, and S a right permutable set of uégy elements in R.
Then the right ring of fractions R Qj (R) with respect to S satisfies indttler rigidity condition.

Proof. Let||.|l¢ : R — I U{0} be(Cy,Cy)-Holder Krull valuation on right ring of fraction® = Qj (R), wherel™ is an
ordered abelian multiplicative grou@; > 1 andC, > 1. We define||.|| : R— I" U{0} by equationijal| = ||¢(a)||¢, for
allae R Thus, we have.

(i) letac Randa=0. Then||0|| = |[¢(0)||¢ = [|0]/¢ = O. Conversely, leta € Rand||a| = 0. Then|¢(a)|/y =0
implies¢ (a) = 0. Hence there existse Ssuch thatas= 0. Thereforea= 0 (s is regular element).

(i) Foreacha,b e R, we have
la+ bl =l¢(a+b)lls = [l¢(@) + ¢(b)lls < CMax{|¢(a)llg, ¢ (b)llg} = CoMax{[|all, |[b][}.
(iii) For eacha,b e R, we have

Cllallibl =Citl¢@lsll¢b)ls < l1$ (@9 (b)g(= lI¢(ablls = labll) < Call$ (@)4ll¢ (b) ¢ = Callall|[bll.

Therefore||.| is (C1,Cz)-Holder Krull valuation on R. Since R satisfies in Holdegidity condition, hence there exists
a classical Krull valuation.| on R such thatCp, o )-Hdlder equivalent (wher€, > 1, a > 0) to (C1,Cy)-Holder Krull
valuation||.|| on ring R. Now by Lemma 2, the mapping

g : R =Q4(R) = FU{0} by |xig=|p(@)¢(b) "y =]allb]?

(forae R be S)isaKrull valuation on ringR = Qj (R). On the other hand, for eaehe R, we have

/ !
Co'lal® < lall < Colal®

(© 2017 BISKA Bilisim Technology
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wherea' = a ora’ = a~1. Therefore, for eack = ¢ (a)/¢ (b), for someac R b € S, we have
IXlls =lié(@)¢(b) lg < Culld(@)llllé(b)ll5 (= Crlallllb] )
<C1Cola|* Colb|~* (= C1Ch(lallbl H)* = CaCFIx|g ).
on the other hand,
IXlls =lié(@)¢(b)~Hlg = Cr Y9 @Igll (D)4 (=CiHallib] )
>C; Gy Yal” Gy (bl )" = C; Gy 2(lalbl ) =€y Gy
Therefore,
(C1CE) Xl < [IXllp < C1CEIX(§ -

Hencel.|y : R —ru{o}is (C1C3, a)-Holder equivalent tdCy,C,)-Holder Krull valuation|.||4 on ring R. Therefore,
R satisfies in Holder rigidity condition.
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