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Abstract: Recently, in b], with a new approach, the authors obtained a new fractideainite-Hadamard type inequality for convex
functions by using only the left Riemann-Liouville fraat@l integral. They also had new equalities to have new fraatitrapezoid
and midpoint type inequalities for convex functions, Irsthapers, we will use the same equalities to have new fradtiapezoid and
midpoint type inequalities for quasi-convex functions.r@esults generalise the studsj[
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1 Introduction

Let f :1 CR — R be a convex function defined on the interlvalf real numbers and,b € | with a < b. The inequality

b

is well known in the literature as Hermite-Hadamard's inggy [1, 2].

Definition 1. A function f: [a,b] — R is said quasi-convex oja, b] if

f(tx+(1-t)y) <sup{f(x),f(y)}
for each xy € [a,b], t € [0,1]
In [3], lon used the following equality to obtain trapezoid typedqualities for quasi-convex functions

Lemma l.Letabe |l witha< band f:1° — R is a differentiable mapping {lis the interior of I). If f € L[a, b], then
we have

f(a)+ f(b) 1 P _b—a [t ,
- ’b—a/a fudu=252 ["a-20 ' ta+ 1 -1)b)dt. )
Definition 2. Let a b € R with a< b and fe L[a,b]. The left and right Riemann-Liouville fractional integsal{, f and
J§_f of ordera > 0 are defined by

1

X b
I8 f(x) = %/ﬁ (x—t)* "t f(t)dt, x>a and F f(x) = m/X (t—x) 1 f(t)dt, x<b

respectively, wher€ (o) is the Gamma function (seg,[page 69] and 7, page 4]).
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In [5], Kunt et al. proved the following Hermite-Hadamard typadtional integral inequality:

Theorem 1.Let ab € R with a< b and f: [a,b] — R be a convex function. If € L[a,b], then the following inequality
for the left Riemann-Liouville fractional integral holds:

; (aa+b) < r(a+1)Jg+f(b) < af(a)+ f(b)

a+1l)~ (b—a)“ - a+1 ®)

with a > 0.
Proof. See b, Theorem 3]
Lemma 2.Letabe Rwitha<band f: [a,b] — R be a differentiable function ofa, b). If f’ € L[a, b], then the following

equality for the left Riemann-Liouville fractional inteds holds:

af(@+f(b) r(a+1) 4
a+1 _(b—m“Jﬂfm)

_b—a !
a+1Jo

[1—(a+ 1)t ' (ta+ (1 —t)b)dt (4)
with a > 0.

Proof. See p, Lemma 3].

Lemma 3.Letabe Rwitha<band f: [a,b] — R be a differentiable function ofa, b). If f’ € L[a, b], then the following
equality for the left Riemann-Liouville fractional inteds holds:

%égg%hﬁf63f<ii:f)(bm[AFqu%wﬁ(lwbﬂh+/;la“Df%mﬁ(lwmdt 5)
with @ > 0,

Proof. See p, Lemma 4].

2 The left fractional trapezoid and midpoint type inequalities for quasi-convex function

In this section we will obtain some new left Riemann-Liolevifractional trapezoid and midpoint type inequalities for
quasi-convex function by using Lemr2and Lemme.

Theorem 2.Let ab € R with a< b and f: [a,b] — R be a differentiable function ofa,b). If |f’| is quasi-convex on
[a,b], then the following left Riemann-Liouville fractional égtral inequality holds:
af(a)+f(b) I(a+1)

a+1 *(bfa)"J‘S‘Lf('O)S

b—a / /
a+1sup{|f @]|f (b)|}m ©)

with a > 0.
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Proof.Using Lemma?2 and the quasi-convexity ¢f’|, we have

af(a)+f(b) r(a+1) 4 / B
T e 1) < o7 [ (e e[t ()
gaH/ 11— (a+1)t%|sup{|f (8], ' (b)|} dit
1
b_a Ve (1— (@ + 1)t%) dt
< o 2sup(|r@) [ rfp | Py T
+h (@)t~ 1dt
Yo+t
—a 2a
<—° f’ f’ —
< Jrlsup{] (a)],| (b)’}(aJrl)”%

This completes the proof.
Remarkln Theoren®, if one takesx = 1, one has the inequality proved i8, [Theorem 1].

Theorem 3.Let ab € R with a< b and f: [a,b] — R be a differentiable function o(e,b). If | f’|% is quasi-convex on
[a,b] for g > 1, then the following left Riemann-Liouville fractional égtral inequality holds:

af(a)+f(b) r(a+1) , b—
a+1  (b—a)F Ja+f(b)‘_

(b)[}] Cartt 1>1+E W)

a i
1 [sup{|f ()

with a > 0.

Proof. Using Lemma2, power mean inequality and the quasi-convexityff?, we have

af(a)+f(b) I (a+1)

a-+1 o (b—a) ‘]a f(b)} a+1/ |1— Cf+1t Hf (ta+(1—-t)b }dt
g
_b-a (312~ (a+1)te|dt) ;
T e x (- @+ Dt (et (1- b))
_b-a _ (folll—(a—kl)t“|dt)lia ;
o % (3 12 (o + 1)t sup{ | ¥ ()], | (b))} dit)*
< 7?[sup{|f'(a)|q,|f/(b)}Q} ﬁ/ |17(a+1)ta|dt
Sa;ﬁ[sup{]f’(a)]q,]f ) }]%

1)1+7

This completes the proof.

Corollary 1. In Theorens, if one takesx = 1, one has the following trapezoid type inequality:

b
'f(a)erf(b) - bia/a f (x) dx

Theorem 4.Let ab € R with a< b and f: [a,b] — R be a differentiable function o(e,b). If | f’|% is quasi-convex on
[a,b] for g > 1, then the following left Riemann-Liouville fractional égtral inequality holds:

< 222 [sup{| @)% | 0) "} .

b—
a+

af(@+f(b) r(a+1)
a+1 (b—a)”

ol

(8)

P 1(0)| < o sup(] @)1 0} (Ta(a.p)+ Tt p)
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where L

Tap = [ 7A@+ 1)t

1
L(@p= [, @+t 1Pt
Ya+1

mm%+g=1mwa>a
Proof. Using Lemma2, Holder inequality and the quasi-convexity|df|?, we have

af(@+f(b) r(a+1)
a+1 (b—a)”

J§’+f(b)’§a+1/ |1—(a+ 1)t |f' (ta+ (1—t)b)| dt

ori (ot 'pdt)p</ol\f’<ta+<1t>b>|th)%

<

1 L
§a+1(/ 1-(a+1)te |pdt) (/0 sup{yf’(a)yq,yf’(b)\q}dt)
b— 1 att 1)t*)Pdt ’
< 272 sup{| ' @)% 1'(b |Hq(f° (((GT&J{M)
JAT
< 25 sup{ @], | (B)| )] (T () + Tela,p) .

This completes the proof.
Remarkln Theoremy, if one takesx = 1, one has the inequality proved i, [Theorem 2].
Theorem 5.Let ab € R with a< b and f: [a,b] — R be a differentiable function ofa,b). If |f’| is quasi-convex on

[a,b], then the following left Riemann-Liouville fractional égral inequality holds:

Zaa+l
7 (©)
(a+1)

b
B 10 ()| < o aisuel @l o)

with a > 0.

Proof.Using LemmaB and the quasi-convexity ¢f’|, we have

rMa+1 , aa+b
(= ECRICE IR

fo‘”lt"lf (ta+(1-1) )Idt
+fm( 1-t9)|f' (ta+ (1 —t)b)|dt

.fo"L“t“[sup{|f'<a>|,|f'<b>|}]dt ]
% (-t sup{|f' (@) [ (B)]}]dt

< (b—a) [sup{| " (a)].[f'(D)}] [/ ad”/ 1

(Cf + 1)a+2 :

< (b-2a)

< (b—a)sup{|f'(a)].|f'(b)[}

This completes the proof.

Corollary 2. In Theorenb, if one takesx = 1, one has the following midpoint type inequality:

La/:f(x)dx—f(i;’)‘ sbff‘sup{|f’(a)|v\f’<b)\}-

(© 2017 BISKA Bilisim Technology
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Theorem 6.Let ab € R with a< b and f: [a,b] — R be a differentiable function o(e,b). If | f’|% is quasi-convex on
[a,b] for g > 1, then the following left Riemann-Liouville fractional égtral inequality holds:

r(a+1 b ’ ;
10— ()| < o sun(| @] )}

a + 1 G+2 (10)

with a > 0.

Proof. Using Lemma3, power mean inequality and the quasi-convexityff?, we have

ra+1) ., aa+b [ f"“t“|f(ta+( t)b)| dt
b_ar Ja*f(b)‘f( +1)’§(b“"‘) e, () F (s (0D |dt]

(fo‘”lt"dt) é((;’L“to'|f(ta+( )b)|“dt)
(s, @-t)at) (e, 1) Cat (- 1)b)|at)
(fo“““t“dt)l%(f““tasupﬂf a)|%, /' (b)|"} dt)
|+ (e =) (7, -t sup{| £ @)1 (5) ) )

< (b—a) [sup{|  (a)|",|  (b)|"}] [/O”“t“dufz (1t")dt]

< (b—a) [sup{| ' @)|".| ' (b

Qalk

Qal-

Ql-

1
‘}]q a+1a+2

This completes the proof.

Corollary 3. In Theoren®, if one takesx = 1, one has the following midpoint type inequality:
1 P a+b b—a q qy7 k
ﬁ/ Udu—f( 5 )’ST[SUP{U’(a)I | ()T}

Theorem 7. Letab € R with a< b and f: [a,b] — R be a differentiable function ofa, b). If | f'|9 is convex oria, b] for
g > 1, then the following left Riemann-Liouville fractional égiral inequality holds:

(11)

Ma+1)
a+1

a0~ f(aa+b)‘

)

< (b—a) [sup{|f'(2)|*. |1 (b)| "}]? [T" (a.p) <%>q”4 (o p>(a-1u)q

where

a

Ta (a1, p) =/Omt"pdt,

Ta(a,p)= [, (1t

a+1

with%+%:1anda>0.
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Proof. Using LemmaB, Holder inequality and the quasi-convexity|df|?, we have

ra+1) aa+b [ f‘”lt"|f(ta+( t)b)|dt
a0~ f(a+1)‘§(b_a) +f (1- |f(ta+( )|dt]

(f““t"pdt) ([“*1 |t/ (ta+(1— )|th)é

<(b—a) 1 1
+ (e, (1=19)Pdt)” (1, |1 (ta+ (L -1)b) )
B I N T
_+(fii+1 (1-19) dt)p Ik, [sup{|f"(a)|", | (b)|*}] dt)q
< (b—a)[sup{|' (@), | (b !}é N _11);%

This completes the proof.

Remarkln Theoremv, if one takesx = 1, one has the following midpoint type inequality:

ia/abf(x)dx_f(a—;b)‘S(IO—a)[sup{\f’(a) (b)| Hé<T1))%.

3 Conclusions

In this paper, we prove an equality for differentiable fuocs. By using this equality, we have some new trapezoid and
midpoint type inequalities for functions whose derivasiwe absolute values at certain powers are quasi-convex.
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