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Abstract: In this paper, we obtain new extremal functions for starfikections and convex functions on the range

1
O0<ac< or+1

defined on the unit disk using analytic and univalent funtdio
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1 Introduction

Definition 1. Let U = {ze C: |7 < 1}. A function analytic {z) = z+ y5 a,z" € A is said to be starlike of orden if it

satisfies

zf'(2)
f(@)

for some reabr (0 < a < 1). The class of starlike functiong4) € A of ordera is denoted by Sa).

Re(

)>a,(zeU)

Also, a function {z) € A is said to be convex of order if it satisfies

"

zf (2
f'(2)

for some realr (0 < o < 1).The class of convex functionézf € A of ordera is denoted by Ka). Where {0) = 0 and
f'(0) = 1. [1],[4,[ 5].

Re1+ )>a, (zeU)

Remark.
f(2) eK(a) =21 (2) € S'(a),
f(2) eS(a) e OZ@dt cK(a).

Definition 2. Let p(z) be analytic in U with §0) = 1. If p(z) satisfies

Refz) >0 (zeU)
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then [{z) is said to be the Caratheodory function. We denote by P ala@eodory functions.

Example 1.Let us define a functiop(z) by

P2 = 1 (z€V)

Thenp(z) analytic inU with p(0) = 1. Furthermore, fozr=re'® (0<r < 1,0< 8 < 2m), we know that

1+rei® 1—r
R =R - > .
en?) e(lre“’) T 1+r >0
Thus 147
2)=—"¢cP
@=1—

Lemma1.[2] Ifp(z) =1+ 3 pn?' € P then
n=1
lpn| <2 (n=1,2,3,...).

Equality is attended for
Y

p(2) = 1_2 2

Proof. We use the following fact that 5(z) is analytic inU andRgz) > 0 (ze U), thenp(z) can be written by

2mel 47
Jo et—z

p(2) = du(t) +iy,
wherep(t) is the probability measure such that

2n
du(t) >0 and dut)y=1
0

With above fact, ifp(0) = 1, theny = 0. Therefore, we can write the function

el 4z
p@) = [ G du()
we see that ot ot
+z 1+€'z _ ©  _int
et—z 1-éetz 1+22”:1e z"
This show that
2 © —int
p(2) :/o (1+22n:1e Z")du(t)
© 2 —int
=1+2% (/0 e du(t)) z
where

2m
pn:Z/O e Mdu(t).
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It follows that
2T, 21
|pn| = ’2/ e'mdu(t)’ <2 dut)=2
Jo 0

Furthermore, if pn| = 2 thent = 0. Thus we have

214z 1+z o
Pn= | 1Tzdy(t) =1 5" 1+% .22

z
(1-2?

Theorem 1. A function (z) = 1% = z+ 3,27 is an extremal function for the class K. A functio(e)f=

z+ Y n_on.2"is an extremal function for the class$.S

Proof. Let f(z) € S*. Then a functiorp(z) given byp(z) = fo;g) is a Caratheodory function, so thafz) € P. Applying

Lemmal, we have that

_zf'(z) 14z

P(2) = fz2 1-z

is the an extremal function for the claBsThis gives us that

f/ 1 1 2
@_ 1+z 1, 2
z 1-z
which show that ,
logf(z) =logz—2log(1—-2) = Iogw.

Thus we obtain that .

Next, we note thaf € K if and only if z.f/(z) € S*. Thus, we consider

z
f'(2) =
z.f'(2) =27
for an extremal functiori (z) for the clas. It is easy to get
z
f(2) = —

Theorem 2.[3] Let f be analytic in U, with {0) = 0and f/(0) = 1. Then fe C if and only if zf/(z) € S*.

Corollary 1. k(z) is Koebe Function , for which

clearly offers equality.

Proof. The leading example of a function of cléSss the Koebe function indeed;

k(z) = Z+§m.zm 7422432 +42+ ...

K(2) = 1+ 42+ 92+ 162+ ...
2K (2) = 2+ 42+ 92 + 167" + ...
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k(@) _ 1422422 +28+ ... = 1+2
k(2) 1-z

2 Main theorem

Theorem 3.Let 0< a < 2r+1 and ze U. Then, an extremal function for &) is

z
f(2) = (1— 72102
an extremal function for Ko ) is
1-(1-z92" 1 1 1

f(Z): a2+l _1 ’a#2r+l|09(172)’a:2r+l'

Proof. Let us consider
fo(()) a2’
Flz)=——>—— ,f
@--"2—— f@es@

Then F(2) = 1+ 37 bmz" is analytic inU andReRz) > 0, (z< U).Using Lemmal,If F(z) is an extremal function for
Lemmal, then

f/
Zf(g)z) —a2 147

PO =g T 1
which is equivalent to
zf (2) - n[1+z
1 —a2' =(1-a2") 13
g a2 (1-a2)(1+2)
f(zg0 z Z(1-72)
thus we have t2 » )
7 a2 .
)~ 2 +(1- 012)[ 1= z}

integrating both sides, we have that

2 f'(t) ‘ o AL, 2
/0 oot 2/ St (1— az)/o[t+1—_t]dt
this show that
log f(t)]§ = a2'[logt]g + (1 — a2')[logt]s — 2(1— a2')[log(1—1)]5

that is, that

V4
|Og f (Z) = |Ogm

z

For f(z) e K(a), we usezf'(z) € S*(a). This means that

’ 4
zf (2= 7(1_2)2(1702,)
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since,
/ 1

1
If a = 577,then

f(z)—/tidt——lo (1-t))§=Ilo L
TS 0=1087

If o # 52 then

f(z) = /‘Z;dt: /‘Z(l_t)Z(azhl}dt
Jo I—tz@am T g

s

2r+1

17 (17 Z)aerrlil
= q2+1_1

This completes the proof.

3 Conclusion

In this study we obtained extremal functions for starlikel annvex functions according = Zr—lﬂ values changing to
between X a < 1forr=0,1,2,....
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