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Abstract: In this paper we introduce the idea of relative Ritttype and relative Ritt*-weak type of entire functions represented
by vector valued dirichlet series. Further we wish to stuoiyns growth properties of entire functions represented bgchov valued
Dirichlet series on the basis of relative Ritt-type and relative Ritt*-weak type.
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1 Introduction, definitions and notations

Let f (s) be an entire function of the complex varialde- 0 +it (o andt are real variables) defined by everywhere
absolutely convergenector valued Dirichlet series

f(s) = i ane®n 1)

n=1

where a,’s belong to a Banach spacdE,|.|]) and Ay’s are non-negative real numbers such that
0 < An < Apt1(n>1),A, — 0 @asn — o and satisfy the conditions

. logn
I|msupi =D< o
n—co n
and
imsup®dlanl _
msupT = —oo0,
n—co n

If 0, and o. denote respectively the abscissa of convergence and ébsolavergence ofl), then in this case clearly
O-a == GC = 00,

The functionM; (o) known asmaximum modulutunction corresponding to an entire functiéris) defined by(1) is
written as follows.
Mi (o) = l.ub. |f(o+it)|.

—oo<t<oo
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In the sequel the following two notations are used:

log x = log (Iog[kfl] x) fork=1,2,3,--;

log x = x
and

expdx= exp(exdkfl] x) fork=1,2,3, -

expx=x.

Taking this into account, thRitt order (See[1]) of f (s), denoted bys, which is generally used in computational purpose,
is defined in terms of the growth df(s) with respect to the exp exgfunction as follows.

. loglogMs (o) . log? M (o)
=limsu =limsup———=.
Pt O—w pIog l0gMexpexz (0) O30 o

Similarly, one can define thRitt lower orderof f (s), denoted by; in the following manner:

2
At liminf—0910OM¢ (0) ;109" Me (0).

- loglogMexpex (0) g—

Further an entire functiofi (s) defined by(1) is said to be ofegular Ritt growthif its Ritt order coincides with itsRitt
lower order.Otherwisef (s) is said to be ofrregular Ritt-growth

During the past decades, several authfesy., cf., 1],[2],[3],[5],[7]} have made intensive investigations on the
properties of entire Dirichlet series relatedRdt order. Further, Srivastave] defined different growth parameters such
asorder andlower orderof entire functions represented kgctor valued Dirichlet seriedHe also obtained the results

for coefficient characterization afder.

Somasundaram and Thamizhard&i introduced the notions of-order (-lower order ) for entire functions where
L =L(o) is a positive continuous function increasing slowly ile(ag) ~ L(g) aso — o for every positive constant
‘a. In the line of Somasundaram and Thamizhar&$j pne may introduce the notion &itt L-order for an entire
functions represented hyector valued Dirichlet serie the following manner.

Definition 1. Let f be an entire function represented \ictor valued Dirichlet serieThen theRitt L-orderpfL of fis
defined as
: log? M¢ (o)
L
=limsu
Pt o—00 oL (U)

Similarly one may defin&k, theRitt L-lower orderof f in the following way.

. __log?Ms (o)
L_
A= it

Further one may introduce more generalized conceRitif L-order and Ritt L-lower order of an entire functions
represented byector valued Dirichlet seriei the following way.
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Definition 2. TheRitt L*-orderand Ritt L*-lower orderof an entire function f represented bgctor valued Dirichlet
seriesare defined as

L log? M (o) . .. log? Mg (o) .
L*_ Ls_
Jor- _Ilmajgpia @) and Ag —I'UmJQf 5d () respectively.

Srivastava4] introduced theelative Ritt ordetbetween two entire functions represented/bgtor valued Dirichlet series
to avoid comparing growth just with expexps follows.

py(f) =inf{u>0:M¢ (0) <Mg(ou) forall o> oo (H)}

. Mg M (0)
= limsup——.
g0 o
Similarly, one can define thelative Ritt lower orderof f (s) with respect tag(s), denoted byAq () in the following
manner. 1My (0)
M;*M¢ (o
—— liminf_Jd
Ag(f) == I'E—"Jgf .
Extending the notion ofelative Ritt orderas introduced by Srivastavd][ next in this paper we introduaelative Ritt

L*-order between two entire functions represented/bgtor valued Dirichlet serieas follows.

py ()= inf{u >0:M¢ (0) < Mg (aeua)u) forall o > O'o(u)}

y Mg 1M (0)

=limsup————.

g—s00 O'el‘(a)

Similarly, one can define thelative Ritt L*-lower orderof f (s) with respect ta(s) , denoted by\g“ () in the following

manner. L

« M; “Ms (0)

L —— liminf_.9
Ag (f)== “cr;nJDQf ol

Further to compare the relative growth of two entire funesioepresented byector valued Dirichlet serieBaving same

non zero finiteelative Ritt L*-order with respect to another entire function representeddsnjor valued Dirichlet serigs

one may introduce the definitions @flative Ritt-typeandelative Ritt-lower typén the following manner.

Definition 3. The relative Ritt E-type and relative Ritt t-lower type denoted respectively klg* (f) and Z;* () of
an entire function f with respect to another entire functmpiboth represented by vector valued Dirichlet series are
respectively defined as follows.

. : expMy *M¢ (0)
A () =1 g
g (1) I?jgpexp[pg*(f)-aé(a)}

and

e o exng*le (0)
A, (F) =1 f
9 () IELIQ exp[pg*(f).ae'—(a)]

,0< pg () <oo.

Further to determine the relative growth of two entire fumes represented by vector valued Dirichlet series havamges
non zero finiterelative Ritt L*-lower orderwith respect to another entire function representesdstor valued Dirichlet
seriesone may also introduce the definitionrefative Ritt L*-weak typen the following way.
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Definition 4. [8] The relative Ritt I*-weak type denoted Iayg* () of an entire function f with respect to another entire
function g both represented by vector valued Dirichleteers defined as follows.

L ey g expMy*Ms (0) L
T (O = R oy (f)-od@] 0= A (D) <=

Also one may define the growth indicalig (f) of an entire function f with respect to another entire fuantg both
represented by vector valued Dirichlet series in the follmymanner.

. expMg Mg (o
Tg (f) =limsup PM; Mr ()

0< AL (f :
P exp AT (1)-ga@] * 0= A (1) <

g

In the paper we study some relative growth properties ofeffitinctions represented lwector valued Dirichlet series
usingrelative Ritt L*-order, relative Ritt *- typeandrelative Ritt L*-weak type

2 Main results

In this section we present the main results of the paper.

Theorem 1.If f, g, h and k be any four entire functions represented by vectaredDirichlet series such thdl <
—L* * —L* * * *
A (f) <AL () <, 0< 4y (9) <A (9) <oandpy (f) = p (g), then

—L* 1
A, () glimsupeXth Mt (o) <

A (9~ oo expM *Mg(0) T A (g) ~ oo expMMg(0) T A (g)

Proof. From the definition ofAkL* (9) anth* (), we have for arbitrary positive and for all sufficiently large values of
o that
expM, ™M+ (0) > (By (f)—¢) exp|pk ()- oe-@)], 2)

and
expM "My (0) < (4L (g)+ ) exp|pLic(9) - 9e-)] . 3)
Now from (2), (3) and the conditiomp} (f) = pL (), it follows that for all sufficiently large values df,

expM;, *M¢ (o) - A (f)—¢

expM Mg (0) ~ AL (9)+¢€

As g (> 0) is arbitrary , we obtain from above that

liminf - 4
7= expM Mg(a) ~ 4 () )

Again for a sequence of values gftending to infinity,
expM;, *M¢ (0) < (Zt (f)+ s) exp{ph” (f)- GeL(")} (5)
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and for all sufficiently large values df,
_ —L* .
expM "My (0) > (B (g)— &) exp|pl (g)- 9e-)] . ()

Combining(5) and(6) and the conditiom}” (f) = pk (g), we get for a sequence of valuesmtending to infinity that

expM;, *M¢ (o) - A (f)+e
expM, Mg (0) ~ A, (g) - ¢

Sincee (> 0) is arbitrary, it follows from above that

liminf - < = )
g expM, Mg (0) At 9)
Also for a sequence of values ofending to infinity it follows that
_ —L* *
expMy Mg (0) < (Ak (g>+£) exp[pkL (g>~0eL(")} : ®)

Now from (2), (8) and the conditiorpk* (f)y= pkL* (g) , we obtain for a sequence of valuesmfending to infinity that

_L*

expM;, M (o) J A, ()¢
-_ _L*

expM Mg (0) ~ A (g)+¢

As £ (> 0) is arbitrary, we get from above that

expM;, 1M (o) . ar ()

liTjgpexnglMg(a) " A (9 ®)
Also for all sufficiently large values of ,
expM, IMy (0) < (45" () +¢) exp|pk (f)- o€ . (10)
In view of the conditiorp}” (f) = pt" (g), it follows from (6) and(10) for all sufficiently large values of that
expM;, tMs (o) _ AL (f)+e
expM, "My (0) ~ A, (g)—¢
Sincee (> 0) is arbitrary, we obtain that
Iimsupe)(p'\/l'ilvIf (0) < e*i(f) . (12)
oo €XpM, “Mg (0) A, (9)

Thus the theorem follows frorf4), (7), (9) and(11).
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Theorem 2.1f f, g, h and k be any four entire functions represented by vectarediDirichlet series such thd <
AL (f) <w,0< AL (g) < andph (f) = p (g), then

AL (f M, M
liminf P h <20 (D i supSXPM Me(0)
o expM, “Mg (o) ~ 4¢ (9) e eXpM, “Mg (o)

Proof. From the definition oﬂk* (g), we get for a sequence of valuesmtending to infinity that
expMy My (0) > (4L (9) — £) exp| ot (9) - €] . (12)
Now from (10), (12) and the conditiop}:™ (f) = pt" (g), it follows for a sequence of values oftending to infinity that

expM;, M (0)
expM, Mg (0)

A (f)+e
A (9)—€

<

As g (> 0) is arbitrary, we obtain that

M, M L
liminf b h_ 19 _ 4 (0 (13)
o= expM, "Mg (o) ~ A¢ (9)
Again for a sequence of values aftending to infinity that
expM;, *M¢ (o) > (Aﬁ (f)— 8) exp{phL* (f)- aeL(U)} . (14)

So combining 3) and(14) and in view of the conditiop, (f) = p« (g), we get for a sequence of valuesamtending to
infinity that

expM;, *Ms (o) . Al (f)—¢

expM, Mg (0) ~ AL (9)+¢€

Sincee (> 0) is arbitrary, it follows that

(15)

Thus the theorem follows frorfl3) and(15).
The following theorem is a natural consequence of Thedramd Theoren?2.

Theorem 3.1If f, g, h and k be any four entire functions represented by vectaredDirichlet series such thdl <
—* % —L* * * *
A (f) <AF (1) <,0< 4y (9) <A (9) <oandpy (f) =p (g), then

—L* N 1
MM
< maxL* ﬁt*(f)7AT_*(f) < |imSUM.
A (9) A (9 oo eXpM, “Mg (0)

~—

liminf I
o—o expM, “Mg(0)

-1 —L* *
expM,, “Mt (0) < min ﬁt*(f)vAhL*(f
Ay (9) 4¢ (9

Now in the line of Theoreni, Theorem?2 and Theoren3 respectively one can easily prove the following six theaem
using the notion ofelative Ritt L*-weak typeand therefore their proofs are omitted.

Theorem 4.If f, g, h and k be any four entire functions represented by vectaradiDirichlet series such théit< rﬁ* (f)
<Th (f) <0,0< 15 (g) <Tk (g) <oandAl (f) = AL (g), then

T ()

L* M-IM
T (D) _ i syp™ @M Mr(9) 1t (g)
k

Tk (@) ~ 9= expM Mg (0) ~ T (9) ~ ooe expM, Mg (0)

<
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Theorem 5.1f f, g, h and k be any four entire functions represented by vectareghDirichlet series witl < Th* (f)
<0,0< Tk (g) <wandAl (f) = AL (g), then

. expM;, *M¢ (o)
1 = <limsu = )
o expM, "Mg(a) — Ty (9) o0 exXpM, Mg (0)

Theorem 6.If f, g, h and k be any four entire functions represented by vectaradDirichlet series such that< rﬁ* (f)
<Th (f) <0,0< 1" (g) < Tk (g) <oandAl' (f) = AL (g), then

liminf I
o—o expM, “Mg(0)

-1 L* —L* L* =L ~1
expM,, “Mt (0) < min ThL*(f)azE*(f) < max ThL*(f),sz,*(f) < limsu expM,lle(o)_
T (9 T (9) 5 (9) T¢ (9) o0 €XPM, "Mg ()

We may now state the following theorems without their prdedsed omrelative Ritt L*-typeandrelative Ritt L*-weak
type

Theorem 7.1f f, g, h and k be any four entire functions represented by vectaredaDirichlet series such thdt <
By () <af (f) <w,0< 1L (9) <TH (g) <wandp} (f) = AL (g), then
Ar () . expM, M¢ (o)
1 < =) ~——— <limsup h
T (9) — 97 expM, "Mg(0) — 1 (9 oo eXpM, “Mg(0)

AL (f)
T (9)

IN

Theorem 8.1f f, g, h and k be any four entire functions represented by vectaradhDirichlet series witt) < AhL* (f)
<0,0< T (g) <wandpt (f) =AL (g), then

. expM;, *Ms (o)
1 <= <limsu =) .
o—° expM, "Mg(o) — Ty (9) oo eXpM, Mg (0)

Theorem 9.1f f, g, h and k be any four entire functions represented by vectaredaDirichlet series such thdt <
By () <af (f) <w,0< 1L (9) <TH (g) <wandp} (f) = AL (g), then

~—

MM
T oo < limsup > h_ t(9)
T (9) T¢ (9) o €XPM, Mg (0)

oaMy Mi(0) _ o fBn () A (D) o f36 () 4
(@ T

Theorem 10.If f, g, h and k be any four entire functions represented by vectaredaDirichlet series witl) < rﬁ* (f)
<TE (f) <o, 0<Ag (9) <AL (g) < wandAL’ (f) = pL’ (h), then
expM;, *M¢ (o) - T (f)

: < — < == <limsup L < 40—
A (9) T o expM Mg (0) T A7 (g) oo expM'Mg(o) T A (g)

Theorem 11.1f f, g, h and k be any four entire functions represented by vectaredhDirichlet series such thdt <
Th (f) <o,0< AL (g) <wandAt (f) = pt (g), then

-1 =L ~1
expM;, “M¢ (o) T (f) < limsu expM,, “Mt (0)

liminf _ .
AL (9) T oo expM, Mg (0)

o= expMy ‘Mg (0)
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Theorem 12.If f, g, h and k be any four entire functions represented by vectaradhDirichlet series witl) < rﬁ* (f)
<TH (f) <w0,0< Ay (g) <AL (g) <wandAL’ (f) = pt’ (g), then
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