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Abstract: In this paper we study some growth properties of entire fonstrepresented by a vector valued Dirichlet series ondbkish
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1 Introduction, definitions and notations

Let f (s) be an entire function of the complex varialsle- ¢ + it (o andt are real variables) defined by everywhere
absolutely convergenector valued Dirichlet series

f(s) = i ane™n 1)

n=1

where a,’s belong to a Banach spacdE,|.||) and Ay’'s are non-negative real numbers such that
0< An < App1(n>1),Ay — o asn — o and satisfy the conditions

. logn
lim supi =D<o
n—co n
and
imsup/@@lenll _
|msup)\— =—00.
n—co n

If 0, and o denote respectively the abscissa of convergence and ébsolovergence ofl), then in this case clearly
aa = GC = 00,

The functionM; (o) known asmaximum modulutunction corresponding to an entire functidiis) defined by(1) is
written as follows.
Mt (o) = lLub. |f(o+it)| .

—oo<t<oo
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In the sequel the following two notations are used:

log¥ x = log (Iog[kfl] x) fork=1,2,3,--;

logl¥ x = x
and
expx= exp(exﬂk’l] x) fork=1,2,3,-;

exp%x=x.

Taking this into account, thRitt order (See[1]) of f (s), denoted by, which is generally used in computational purpose,
is defined in terms of the growth df(s) with respect to the expexdunction as follows:

pi = limsup0910M (0) i < pl09 " Mr (9)
F= o—0 10g10gMexpexz (0) e .

log? M¢ (0)
o
Similarly, one can define thRitt lower orderof f (s), denoted by; in the following manner.

Ar — liminf09109Mr (@) . i¢109
00— |Og IOgMexpeXFz(U) 00—

2IM¢ (0)
—

Further an entire functiofi (s) defined by(1) is said to be ofegular Ritt growthif its Ritt order coincides with itsRitt
lower order.Otherwisef (s) is said to be ofrregular Ritt-growth

During the past decades, several authfesy., cf., [L1,[2],[3],[5],[7]} have made intensive investigations on the
properties of entire Dirichlet series relatedRit order. Further, Srivastaved] defined different growth parameters such
asorder andlower orderof entire functions represented bgctor valued Dirichlet seriedHe also obtained the results

for coefficient characterization ofder.

Somasundaram and Thamizhar&i introduced the notions of-order (-lower order ) for entire functions where
L =L (o) is a positive continuous function increasing slowly ile(ac) ~ L (o) asg — o for every positive constant
‘a. In the line of Somasundaram and Thamizhar&}j pne may introduce the notion &itt L-order for an entire
function represented byector valued Dirichlet seriei the following manner.

Definition 1. Let f be an entire function represented \mctor valued Dirichlet serie§hen theRitt L-orderpt of f is
defined as
log? M+ (o)

b= limsup—— .
P o— UL(O')

Similarly one may definka, theRitt L-lower orderof f in the following way.

. log? Mg (o)
L_
Ar = liminf oL(o)

Further one may introduce more generalized concepRitf L-order and Ritt L-lower orderof an entire function
represented byector valued Dirichlet seriefs the following way.
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Definition 2. TheRitt L*-orderand Ritt L*-lower orderof an entire function f represented bgctor valued Dirichlet
seriesare defined as

[@m @M
o = Ilror_1 supgT() andA} = I|m|nngTo)() respectively.
—00

Srivastava4] introduced theelative Ritt orderbetween two entire functions representedrbgtor valued Dirichlet series
to avoid comparing growth just with exp exps follows.

pg(f) =inf{u > O'Mf (0) <Mg(op) forall o> gg (1)}

" Ms (0)
im supi
g—00
Similarly, one can define thelative Ritt lower orderof f (s) with respect tag(s), denoted byAg () in the following
manner.

Ag(f)—llmlnfw.

0—00 o
Extending the notion ofelative Ritt orderas introduced by Srivastavd][ next in this paper we introduaelative Ritt
L*-order between two entire functions represented/bgtor valued Dirichlet serieas follows.

py ()= inf{u >0:M¢(0) < Mg (aeL(U)u) forall o > ao(u)}

g ‘Mt (0)
= ImsupT

g—00

Similarly, one can define thelative Ritt L*-lower orderof f (s) with respect ta(s), denoted by\gL* (f) inthe following

manner. L
* Mg M

AE () fllmlnfgif() .

9 o—o  gglo)
For entire functions, the notions of their growth indicateuch agitt orderis classical in complex analysis and during
the past decades, several researchers have already béeringxieir studies in different directions using the siasl
growth indicators. But at that time, the conceptgedative Ritt orderof entire functions and as well as their technical
advantages of not comparing with the growths of expese not at all known to the researchers of this area. Thexefor
the studies of the growths of entire functions in the lighttadir relative growth indicators are the prime concern & th
paper Actually in this paper we establish some newly developediteselated to the growth rates of entire functions on
the basis of theirelative Ritt L*-order andrelative Ritt *-lower order.

2 Main results

In this section we present the main results of the paper.

Theorem 1. If f, g,h and k be any four entire functions represented bytoreealued Dirichlet series such th&t <
Ay (F) <pf (f) <oand0 < Ag (9) < pg (9) < o then

MM (o) M (6) _ L My™Mi(0) g (1)
P (g) ~ oo MflMg(G) TAS(9) T oo M[lMg(U) ()
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Proof. From the definition obkL* (9) and/\hL* (f), we have for arbitrary positive and for all sufficiently large values of
o that
My M (0) > (AF () — &) o€ )

and
My Mg (0) < (k" () +¢) 0@ @3)

Now from (2) and(3), it follows for all sufficiently large values of that

My *Mi (0) _ (K (f) — &) e
My Mg (0) ~ (pE (9)+¢) 0@

As g (> 0) is arbitrary, we obtain that
My Mi (9) AL ()

liminf —2 >-h A/
o= M Mg (0) ~ P (9)

(4)

Again for a sequence of values aftending to infinity,

My My (0) < (A (1) +¢) 0@ )
and for all sufficiently large values df,

M Mg (0) > (AL (9) — &) €@, ©
Combining(5) and(6) , we get for a sequence of valuesmtending to infinity that

M, M¢ (0)
M, *Mq (0)

—~
>
S
*
—
—
~—
+
3]

) oe-(@)
(AL (9) —€) ge-0)

<

Sincee (> 0) is arbitrary, it follows that
My M AL (f
iming Mo Mt (9) Ay (1)
o= M "Mg(0) ~ A (9)

()

Also for a sequence of values aftending to infinity that
M *Mg(0) < (AF () +¢) 0e-@). (8)

Now from (2) and(8), we obtain for a sequence of valuesmtending to infinity that

*

(A (f)—¢) oe-(@)
(AL (9)+¢€) oe-0)”

M, Mg (0)
My Mg (0)

>

As g (> 0) is arbitrary, we get from above that

MM L
lim sup—2 1(0) >/\h (H)

T . 9
s M, My (o) ~ AL (9) ®)

Also for all sufficiently large values af,

My Mg (0) < (pﬁ (f)+ 8) oe-9), (10)
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Now it follows from (6) and(10), for all sufficiently large values of that

My *Mr (0) _ (pk' () +¢) o€
M Mg (o) ~ (AF (0) — ) oe-(@)”

Sincee (> 0) is arbitrary, we obtain that

(11)

Thus the theorem follows frort4), (7),(9) and(11).

Theorem 2.1f f, g, h and k be any four entire functions represented by vectarediDirichlet series such thd <
pt (f) < and0 < pt' (g) < e then
MyMi (o) _pk (f) _ . MM (o)

liminf —P— -~ < :

Proof. From the definition opkL* (g), we get for a sequence of valuesmtending to infinity that
M Mg (0) > (pk (g) — ) o€, (12)
Now from (10) and(12), it follows for a sequence of values oftending to infinity that

M, ‘Mt (0)
M, Mg (0)

(o (f)+¢) e
(o¢ (@) —¢) ge-(o)”

<

As g (> 0) is arbitrary, we obtain that

-1 L*
fimint Mo Mi(9) _ o (1)
o= M Mg (0) P (9)

(13)
Again for a sequence of values gftending to infinity,
My M (0) > (o ()~ &) o€, (14)

So combining 3) and(14), we get for a sequence of valuesmtending to infinity that

M, tMs (0) . (Pt (f) —€) oe-o)
M Mg (o) ~ (pf (9)+¢€) 0e-@)

Sincee (> 0) is arbitrary, it follows that

M-1IM L*
limsup—" 1(0) > Pn ()

o0 M Mg (o) = pE(9) (15)

Thus the theorem follows frorfl3) and(15).

The following theorem is a natural consequence of Thedramd Theoren?2.
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Theorem 3.1f f, g, h and k be any four entire functions represented by vectaredaDirichlet series such thdl <
AL (F) <pb (f) <wand0< AL (g) < pt (g) < = then

M, 'M ’ L*
imin M ME(9) g [ An (F) P
o= M "Mg (0) Ac (@) pc (9)

N
~—

—h
~—

The proof is omitted.
Theorem 4.Let f, g and h be any three entire functions represented bipkealued Dirichlet series such th@f (9) <

co. If AL (f) = oo then

M- IM; (o
lim @lif” —w
reaMk Mg(O')

Proof. Let us suppose that the conclusion of the theorem do notTwdeh. we can find a constafit> 0 such that for a
sequence of values of tending to infinity

M, Mt (0) < BM Mg (0) . (16)
Again from the definition obkL* (9), it follows that for all sufficiently large values af that
M Mg (0) < (ot (9) +¢) 0. (17)

Thus from(16) and(17), we have for a sequence of valuesmfending to infinity that

My IMf (0) < B(pE (@) +¢) e,
that is,
My M () B(pk (9)+¢) 0
ge-(o)  — ge-(0).
Therefore,
|ipli9f% AF () <o

This is a contradiction. This proves the theorem.

RemarkTheoren# is also valid with “limit superior” instead of “limit” ifAL™ (f) = oo is replaced by} (f) = « and the
other conditions remaining the same.
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