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Abstract: Uninorms and nullnorms are hot topics to study nowadaysithgaper, a new order definition on bounded lattice is given
using the uninorm and nullnorm on sub-interval of bounddticka order defined on. Some interesting properties of tlieroare
investigated. It is posed that even if L chain with order dedion, L may not be chain with the order UV.
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1 Introduction

In the last decade, researchers have intensely studiedgvagagion functions ([1,12]). aggregation functions can be
found in [9] in detail. These studies also had some special aggredatimtions such as uninorms, nullnorms, t-norms
and t-conorms.

Uninorms are highly interested in having structures thaiegalize the notions of t-norms and t-conorms by reseascher
[4,5,6,7]. Uninorms were first defined by Yager and Rybalov on the umérival[0, 1][16]. As mentioned nullnorms that
are originally spesial aggregation operators were firstgmted in ,15]. Later on, these operators worked on clusters
because these constructions are quite geng@l [

Recently, the order generating problem has been seen a<ialsgtedy area13,14]. This studies that started with
t-norms continued in uninorms and nullnornisg, 13]. Main motivation of this paper is to define new order obtdine
from the orders induced by uninorms and nullnorms.

This paper consist of four parts. In the first part, the paghefsubject was briefly mentioned, and in the second part

some necessary definitions and theorems were expressdtk thitd part, new order definition was given and some
features were studied. In the last part, the works in theystvete shortly summarized.

2 Notations, definitions and a review of previous results

A bounded latticdL, <) is a lattice which has the top and bottom elements, which aiteew as 1 and 0, respectively,
i.e., there exist two elementsde L suchthat 0< x < 1, forallx e L.

Definition 1. [2] Given a bounded latticé_, <,0,1), and ab € L, if a and b are incomparable, in this case we use the
notation &|b.
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Definition 2. [2] Given a bounded latticéL, <,0,1), and ab € L, a < b, a subintervala,b] of L is a sublattice of L
defined as
[a,b]={xelL|a<x< b}.

Similarly, (a,b] = {xeL|a<x< b}, [ab)={xelL|]a<x<b}and(ab)={xeL|a<x<Db}.

Definition 3. [12] Let (L,<,0,1) be a bounded lattice. An operation {12 — L is called a uninorm on L, if it is
commutative, associative, increasing with respect to tith kariables and has a neutral elemerg &.

In this study, the notatiof# (e) will be used for the set of all uninorms on L with neutral eleirec L.

Definition 4. [5] An operation T (S) on a bounded lattice L is called a trianguiarm (triangular conorm) if it is
commutative, associative, increasing with respect to tth bariables and has a neutral elemdn({0).

Let(L,<,0,1) be a bounded lattice, & % (e) and ec L. It is known that if it is e= 1, uninorm U coincides t-norm and
if itis e =0, uninorm U coincides t-conormon L.

Proposition 1.[12] Let(L,<,0,1) be a bounded lattice, ¢ % (e). Then

(i) Tu :=U |jgg2: [0,6]> = [0,€] is a t-norm on(0, €.
(i) S :=U Jeq2:[61)*— [e1]is at-norm onle,1].

Definition 5. [13] A t-norm T (or a t-conorm S) on a bounded lattice L is divisibiie following condition holds. For
all x,y € L with x<y there is z= L such that x= T(y,z) (ory = S(x,2)).

Definition 6. [11] Let (L,<,0,1) be a bounded lattice. An operation M.> — L is called a nullnorm on L, if it is
commutative, associative, increasing with respect to th#h lvariables and there is an elementcal such that
V(x,0) =xforallx<a,V(x,1) =xforall x> a.

It can be easily obtained that(¥,a) = a for all x € L. So, the element a L that provide \(x,a) = a for all xe L is
called (absorbing) zero element for operator V on L. In thisdy, the notatiorn? (a) will be used for the set of all
nullnorms on L with zero elemental.

Proposition 2.[11] Let(L,<,0,1) be a bounded lattice, ¥ ¥'(a). Then

() Sy =V ljgq2: [0, a)2 — [0,a] is a t-conorm or{0, a].
(i) Tvi=V gyt (a, 1]?> — [a,1] is a t-norm onfa, 1].

Definition 7. [13,14] A t-norm T (or a t-conorm S) on a bounded lattice L is divisiiblihe following condition holds.
For all x,y € L with x< y there is z= L such that x= T(y,2) (ory = S(x, 2)).

Definition 8. [13] Let L be a bounded lattice, T be a t-norm on L. The order defiryed b
X=1y:& T(ly) =xforsome € L

is called a T partial order (triangular order) for t-norm T .
Similarly, the notionS— partial order can be defined as follows:
Definition 9. Let L be a bounded lattice, S be a t-conorm on L. The order difayeis called a S partial order for
t-conorm S
X <sy:& §(¢,x) =y for some/ € L

is called a S- partial order for t-conorm S
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Note that many properties satisfied for partial order are also satisfied fd3— partial order.
Definition 10.[6] Let(L,<,0,1) be a bounded lattice and d % (e). Define the following relation,for,y € L, as

if x,ye[0,e] andthereexist k [0,e] suchthat Uky)=x or,
Xx=2uy:e 4 if x,ye[el andthereexist £€[el1] suchthat Ux¢) =y or, Q)
if (xy)elL* and x<y,

where b= {xeL|x||e} and L* =[0,€] x [e,1]U[0,€] x leU[e,1] x [0,e]U[e,1] X leUlex [0,€]Ule X [€,1] Ule X le.

Here, note that the notatiorj|y denotes that x and y are incomparable.
Definition 11.[1] Let(L,<,0,1) be a bounded lattice and ¥ ¥ (a). Define the following relation,for,y € L, as

if x,ye[0,a andthereexist k [0,a] suchthat \Wkx)=y or,
X=2vy:e ¢ if xyelal andthereexist £/ €[a 1] suchthat \y¢)=x or, (2)
if (xy)el® and x<y,

where b= {xe L |x||e} and L' =[0,€] x [e,1]U[0,€] x leU[e,1] x [0,6]U[e, 1] x leUlex [0,€] Ule x [€,1] Ule X le.

3 The order UV obtained by uninorm and nullnorm

Definition 12. Let (L, <,0,1) be a bounded lattice, U[0,a]> — [0,a] be an uninorm with neutral element e and V
[e,1]? — [, 1] be a nullnorm with zero element a such that e< a < 1 and U teaz=V leap - Define the following
relation: For every xy € L,
x=uy. if (xy)e0.a
UV (xy)={x=vy, if (xy) €lel] (3)

x<y, otherwise.
Proposition 3. The relation<yy defined in ) is a partial order on bounded lattice L.

Proof. (i) If x € [0,a], it is obtained thak <yy X sincex <y x. If x € [e,1], it is obtained thak <yy X sincex <y X.
Otherwise, since < ¥, it is obtained thak <yy x. Then, reflexivity property is hold.
(ii) Let x=<yv yandy <yy xfor elementsqy € L.
1.xe[0,a].
1.1.y € [0,a]. For this casex <yv y andy <yyv ximply thatx <y y andy <y x, respectively. It followsx=y
from <y is a partial order of0,a).
1.2.y ¢ [0,a). For this casex <yv y andy <yy x imply thatx < y andy < x, respectively. Then, it is obtained
thatx=y.
2.x€ [e1].
2.1.y € [e,1]. For this casex <yv Yy andy <yv X imply thatx =y y andy =y X, respectively. It follows =y from
=y is a partial order offie, 1].
2.2.y ¢ [e 1]. For this casex <yv y andy <yyv ximply thatx <y andy < x, respectively. Then, it is obtained
thatx=vy.
3.xe L\ {[0,a]U[e1]}. In this case, it is obtained that< y andy < xforally € L. Thus,x =Y.
So the anti-symmetry property holds.
(iii) Let x<yy yandy <yy zfor elementsy,z€ L.
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Possible cases are as follows:
3.1.x€[0,a].
3.1.1ye0.a].
3.1.1.1z€[0,a).
Sincex <yv y andy =<yv z, it is obtained thax <y y andy <y z, respectively. Then, it follows <y zfrom
transitivity of <y. Sincex,z € [0,a] andx =y z, it is obtained thax <yy z.
3.1.1.2z¢0,al.
X =yv Yyimplies thatx <y y. Sincex <y Y, X < y. On the other hand; <yy zimplies thaty < z. Sincex <y
andy < z, itis obtained thax < z It follows x <yy zfrom thatx < z.
3.1.2y¢][0,a).
Sincey ¢ [0,a], x <yv yimplies thatx < y. If z€ [0,a], y <uv zimplies thaty < z It is a contradiction. Thus,
it must be thatz ¢ [0, a].
Possible cases are as follows for this case:
(i) y.ze [e1],
(i) yelel] andz¢ [e 1],
(i) y ¢ [e, 1] andz € [e 1],
(V) y.2¢ [e1].
If y,z€ [e 1], y <uv zimplies thaty <v z, namelyy < z. Then, it followsx <yy zfromx < z
For other all casey,<yv zimplies thaty < z. Sincex <y andy < z, it is obtained thax < z Thusx <yv z
3.2.xelel].
Lety ¢ [e 1]. It is obtained thak <y sincex <yv Y, it is a contradiction. Thery, € [e,1].
3.2.1ye[e1].
Letz¢ [e1]. Itis obtained thay < zsincey =yy z, itis a contradiction. Therg € [e, 1].
3.21.1z€[e1].
Sincex <yy y andy <yv z, it is obtained thak <y y andy =<y z, respectively. Then, it followg <y zfrom
transitivity of <v. Sincex,z € [e,1] andx <y z, it is obtained thak <yy z
3.3.xe L\ {[0,aU[e1]}.
In this casex <yy yimplies thatx <'y.

If y,z€ [0,a). y <uv z implies thaty <y z, namelyy < z. Sincex <y andy < z, it is obtained thak < z. It is
obtained thak <yy z sincex € L\ {[0,a] U[e, 1]}.

If y,z€ [e1]. y =uv z implies thaty <y z, namelyy < z Sincex <y andy < z, it is obtained thak < z It is
obtained thak <yv z sincex € L\ {[0,a] U [e, 1]}. So the transitivity holds.

Remark. (i) If a=1is taken in 8)in Definition12, then=<yy==y.
(i) If e=0istaken in ) in Definition 12, then=<yy==yv.

Proposition 4. Let (L,<,0,1) be a bounded lattice,U [0,a]?> — [0,a] be an uninorm with neutral element e and:V
[e,1]° — [e,1] be a nullnorm with zero element a such that e < a < 1 and Uleaz=V lea2 Then,(L,=<uv,0,1) is
bounded partially ordered set.

Proof. It follows (L, <yv) is a partially ordered set from Propositi8n

Letx € [0,a]. SinceU (0,x) <U(0,e) = 0, we have that (0,x) = 0. It is obtained that &yy x.
Letx ¢ [0,€]. Then, it follows O=<yy xfrom 0< x. So, foranyx € L, 0 <yv X.

In similar way, one can show that 1 is the greatest elemehtnegpect to<yv.

(© 2017 BISKA Bilisim Technology



=
NTMSCI 5, No. 2, 47-52 (2017) www.ntmsci.com BISKA 51

Proposition 5. Let (L, <,0,1) be a bounded lattice, U[0,a]2 — [0,a] be an uninorm with neutral element e and V
[e,1]2 — [ 1] be a nullnorm with zero element a such tile e <a < 1 and U beaz=V a2 - If X Zuv y for any
X,y € L, then x<y.

Proof.Letx <yy yforx,y € L.

If x,y € [0,a], then it is obtained that <y y. Since=y is partial order orf0, a}, it is obtained thax <'y.
If X,y € [e,1], then it is obtained that <y y. Since=y is partial order orje, 1], it is obtained thak <.
Otherwise, since& <yy Y, itis clear thak <'y.

Remark. The converse of Proposition5 may not be satisfied. For example, consider the lattice
(L={0,a,b,c.d,e f,g,1},<,0,1)suchthatdc a<b<c<d<e< f <g< 1and define the functions$ on [0,a] and
V on|e 1] as follows

UTolalblcld]e b eTatetetote
O|O0|0OjO]|O]O]|O

cl|lcle|le|lelele]|e
aj0j0jajajaja d|d|e|je|e|le|e]|e
b|O|lalb|c|d]|e

el|leleje|lelele]|e
c|Olajclejee fle|lele|le|le|e]|f
d|O|ajd|e|e|e c e el el e
e|O0Ojajeje|e|e 9 919

l|lejeleje|f|g]|l

Table 1:U on[0,3] Table 2:V on|e 1]

One can easily show th&t is an uninorm on0, €] with neutral elemenb andV is an nullnorm onb, 1] with zero
elementand itis satisfied that& b <e<1landU | g2=V | g2.

Diagram of=<yy are as follows

Fig. 1: <uv

RemarkTaking into account the example given in Remarkt is easily seen that even(E,<,0,1) is a chain,L, <uy
,0,1) may not be chain.

Corollary 1. (L,<,0,1) be a bounded lattice, U[0,a]®> — [0,a] be an uninorm with neutral element e and & 1)> —
[e,1] be a nullnorm with zero elementa such that e<a<1land U¢[e,a}2:V i[e,a]z .Then, §,S =Sy, Ty are divisible
if and only if <yy=<.
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4 Conclusion

In this paper, an order relation on bounded lattice is predaga uninorm and nullnorm on sub-intervals of bounded
lattice. Some properties of the order are studied. The dedeompared with the orders obtained from uninorm and
nullnorm.
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