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Abstract: In this paper, the order definition obtained from uninorm baen reorganized and some features have been examined in
this way. Order-weakest uninorm and order-strongest unineas determined. Using the notions of order-weakest uniramd order-
strongest uninorm, order-weakest 2-uninorm and ordengest 2-uninorm was also determined. A way to obtain phrimdered
relation via orders obtained from uninorms on subintenfabainded lattice is given. The relation between the ordeaiobd 2-
uninorm and this new construction method is investigated.
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1 Introduction

Uninorms can be seen as a more general class of t-norms amdtrgs. Since t-norms and t-conorms have been studied
extensively, uninorms have been also studied extensivetg shey defined by Yager and Rybald]. In addition to

this, it can be said that they have extra interest becaugehtive a lot of application area$,[Lg]. Althought they were
first described on unit reel interval, they were also defined studied by researchers on bounded lattié,[12,16)].

How important is it that uninorms are a generalization obtms and t-conorms, 2- uninorms are also important for
researchers to define and study on thém,[5)].

Partially ordered relation obtained from logical operatioas been investigated by researcher ded@yl§,15]. In [13],

a partial order defined by means of t-norms bounded lattiessheen introduced. This partial ordgf is called a
T-partial order orl. In addition, there have been some initiatives to define tderoobtained by uninormd4.[]. But, it
was first defined in7]. Again in [7], the order obtained by 2-uninorms is introduced on chainabthout proof. Finally,
the order obtained from 2-uninorms on bounded lattice i®miwith proof, the some properties of the order are
examined §].

In this study, the order definitionsy and <2 have been reorganized. By this way, order-weakest unin@mas
order-strongest uninorms were determined. In additiois ghowed that order-weakest uninorms and order-strongest
uninorms may not be the only one. This new formf. also made it possible to obtain a new order definition from two
orders obtained from two uninorms defined on subintervalbaeinded lattice. The paper is organized as follows: |
shortly recall some basic notions and results in Section Séction 3, firstly, the order notion efy was reconsidered.

In this way, order-weakest and order-strongest uninornewstrdied. The example was given to show they dont need to
be one. In same section, it was studied €. similarly. Using this new definition, a method was given tdaoiv
partially ordered relation from two partially ordered tédas on subintervals of bounded lattice.
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2 Notations, definitions and a review of previous results

Definition 1. [12] Let (L,<,0,1) be a bounded lattice. An operation {12 — L is called a uninorm on L, if it is
commutative, associative, increasing with respect to tith ariables and has a neutral element &.

In this study, the notatiof# (e) will be used for the set of all uninorms on L with neutral eleirec L.

Definition 2. [13] An operation T (S) on a bounded lattice L is called a trianguiarm (triangular conorm) if it is
commutative, associative, increasing with respect to thith bariables and has a neutral elemdnf0.)

Example 1.Let (L,<,0,1) be a bounded lattice. Smallest t-nofiilp and greatest t-norm, on bounded latticé. are
given respectively as follows.

y,ifx=1
Twxy) =4qx,ify=1
0, otherwise
TA(XY) =XAY.

Smallest t-conorn$v and greatest t-nor§y on bounded latticé are given respectively as follows.

S/(Xy) =xVy

y,ifx=0
Sw(xy)=qx,ify=0
1, otherwise.

Definition 3. [13,14] A t-norm T (or a t-conorm S) on a bounded lattice L is divisilbe following condition holds.
For all x,y € L with x <y there is z L such that x= T(y,2) (or y = §(x, 2)).

Definition 4. [13] Let L be a bounded lattice, T a t-norm on L. The order defined by
X=21y:& T(¢y) =xfor some € L

is called a T partial order (triangular order) for t-norm T.
Similarly, the notiorS— partial order can be defined as follows.

Definition 5. Let L be a bounded lattice, S be a t-conorm on L. The order ditfiyels called a S partial order for
t-conorm S
X <sy:& §¢,x) =y for somel € L

is called a S- partial order for t-conorm S
Note that many properties satisfied for- partial order are also satisfied f&— partial order.
Definition 6. [7] Let(L,<,0,1) be a bounded lattice and € % (e). Define the following relation,for,y € L, as
if x,ye[0,e] andthereexist k [0,e] suchthat Uk)y)=x or,
X2uy:e(if x,yelel] andthereexist /€ [e 1] suchthat Ux/¢)=y or, 1)
if (xy)el* and x<y,

where k= {xeL|x||e} and L =[0,€] x [e,1]U[0,€] x leU[e,1] x [0,e]U[e,1] X leUlex [0,€]Ule X [€,1] Ule X le.

Here, note that the notatiori|y denotes that x and y are incomparable.
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Proposition 1.[7] The relation=y defined in 1) is a partial order on L.

Definition 7. [5] Let(L,<,0,1) be a bounded lattice. An operator:A.? — L is called2-uninorm if it is commutative,
associative, increasing with respect to both variables fniiling

¥x <k F(e,x) =x andvx > k F(f,x) =x,

where ek, f e LwithO<e<k< f <1

By Ue 1) We denote the class of @tuninorms on bounded lattice L.

Definition 8. [8] LetU? € Uk(e f)- Define the following relation. For everyxe L,

3¢ <e suchthat U(f,y)=x, when xyec[0,g or,
dme [ek] suchthat B(x,m)=y, when xycl[ek] or,

X=y2Y:& < Inek f] suchthat G(y,n)=x, when xyc[kf] or, 2)
Jpe|[f,1] suchthat B(x,p)=y, when xyc|[f,1] or,
x <Yy, otherwise

Proposition 2.[8] The relation=,. defined in @) is a partial order on bounded lattice L.

3 Order-weakest and order strongest uninorms and 2-uninorns

In this section, the partially ordered relations obtaineszhf uninorm and 2-uninorm on bounded latticehas been
reorganized. By this way, order-weakest and order-strétingeinorms are determined. In addition, considering the
relation between uninorms and 2-uninorms, order-weakeshi2orm and order-strongest 2-uninorms are also
determined. Also, it is showed that order weakest uninomsaninorms and order-strongest uninorms or 2-uninorms
dont need to be one. Further, the partially ordered relatimained two partially ordered relations obtained from two
uninorms on subintervals of bounded lattice is given.

Proposition 3.[12] Let(L,<,0,1) be a bounded lattice, and U a uninorm with a neutral elemente Then

(i) T*=U | [0,€]?:]0,6>— [0,€] is a t-norm on[0, €.
(i) S'=U|[e1?:[e1)?— [e1]is at-conorm ore,1].

Considering Propositio8, the definiton of<y can be reorganized as follow.

Definition 9. Let (L, <,0,1) be a bounded lattice and & % (e) such that U} [0,€> = T* and U | [e,1]°> = S*. (1) can
be represented as following,forwe L, as

if x,ye[0,g and x=t+y or,
X=yy:esif x,yelgl and x=<sy or, 3)
if (xy)el* and x<y,

where I* = [0,¢] x [e, 1] U[0,€] x leU[e,1] x [0,6] U[e 1] x leUlex [0,6] Ule x [€,1] Ule X le.

Remark.[3] Let T be a t-norm ans$ be a t-conorm on bounded lattiteand consider the t-normiy and T, and
t-conormsSy andS,.

Tw is the order-weakest arigl is order-strongest t-norm dni.e.,

ST ESTERT, -
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Similarly, S, is the order-weakest arf)y is order-strongest t-conorm ani.e.,
Sy E3sC=s, -

Proposition 4. Let (L, <,0,1) be a bounded lattice andyJ< % (e) such that 4 | [0,€]2 = Tw and Uy | [e,1]? = Sy.
Then=y,,C=y forallU € Z (e).

Proof. U € % (e) be an arbitrary uninorm such that| [0,€]> = T* andU | [e, 1]2 = S". Let (x,y) €=<uy,-

(i) x,y € [0,€]. Then, it is obtained thaix,y) €<y, . Since=<y, C=1 for any t-norm on0, €], <7, C=T+. Therefore,
(Xy) €xu.
(i) x,y € [e1]. Then, it is obtained thgk,y) €<g,. Since<g, C=<sfor any t-conorm orje, 1], <, C<s. Therefore,
(Xy) €xu.
(iii) For other cases(x,y) €=u,, implies that(x,y) €<. Therefore(x,y) €=<u.

Thus, it is obtained thaty,, C=<u.

Proposition 5.Let (L, <,0,1) be a bounded lattice and\y € % (e) such thatU,, | [0,€>=T, and U, | [e, 1] =S,.
Then=<yC=uy,, forallU € % (e).

Proof. The proof can be done similar proof of Propositibn

Corollary 1. Let (L,<,0,1) be a bounded lattice and & % (e) be an arbitrary uninorm on L. Then\is the order-
weakest and L), is order-strongest uninorms on L,i.e.,

=Uw ESUC2U,y -

Remark. |, is the order-weakest atd),, is order-strongest uninorm drmentioned in Corollary are not the necessarily
the ones. Let show that following example:

Example 2.Consider the latticéL = {0,a,b,c,d,e 1}, <,0,1) whose lattice diagram is displayed in Figure

Fig. 1: (L, <)

Let define the followindJ; andU, uninorms with neutral elementgiven in Table 1 and Table 2 respectively:

(© 2017 BISKA Bilisim Technology



fl

NTMSCI 5, No. 1, 278-286 (2017)www.ntmsci.com BISKA 23
Up|O0O|la|lblc|d|e|l U |O0O|la|lblc|l]|c|1
0O (0jO|j]OjO]|JO|O]|O 0O (0jO|jOjO]|JO|O]|O
a [0j]0|0Oja|a|0fa a [0j]0O|0Oja|a|0fa
b |0]0|O0O|b|{b|O]|Db b |00 |O0O|b|b|O]|Db
c Ola|bjc|d|e|1 c Ola|bjc|d|e|1
d Ojla|b|d|[1l1]e|1 d Olalbjd|1]e|1
e 0/0|0|e|je|0]e e 0/0|0|ejele|e
1 Ola|bj1]|1]e|1 1 Ola|bj1]|1]e|1
Table 1:U; Uninormu. Table 2: U, Uninormu.

One can easily check thah andU, satisfies the conditions of PropositidnthusU; andU;, can be seen dsy but
U; # Uo.

Let define the followindJs andU4 uninorms with neutral elementgiven in Table 3 and Table 4 respectively.

Us|[O|la|bjc|d|e|1l U |Ola|b|lc|l1l]|c|1
0 0O|0j0j0O]jOf0O]O 0 o|l0j0j0j0Of0O]|O
a OlalOjla|la|0]a a OlalOja|la|0]a
b O|O0O|b|b|b|O0O|b b O|O0O|b|b|b|O0O|Db
c Olalbjc|d|e|1 c Olalbjc|d|e|1
d Olalbjd|d|e|1 d Olalbjd|1]e]|1
e 0[0|0O|e|e|0|e e 0[|0|0O|e|le|e|e
1 Olalbjl]|1]e|1 1 Ola|bj1l|1]e|1
Table 3: Uz Uninormu. Table 4: U4 Uninormu.

One can easily check thbls andU, satisfies the conditions of PropositinthusUs andU, can be seen dd,, but
U3z # Ug.

LetU? € Uye ). It is well known thatU? | [0,k]? is an uninorm or{0, k] with neutral elemene andU? | [k, 1]? is an
uninorm on[k, 1] with neutral element. Let we callU? | [0,k]2 asU?; andU? | [k,1]? asU?;.

Similar to the reorganization of the ordg, one can reorganizg;. as follow.

Definition 10. Let U2 € Uy 1) such that & | [0,k]> = U?; and U? | [k, 1]2 = U?,. Define the following relation: For
every xy e L,
if x,ye[0,kl and x=y2 y or,
X=p2yie g if xyelkl] and x=yz,y or (4)
X<Y, otherwise

Proposition 6. Let (L, <,0,1) be a bounded lattice and®¥ ¢ Uk(er) be an 2-uninorm on L such thatdy; = Uw on
[0,K|? and UM, = Uy on [k, 1]2. Then,<aw C <2 for all F2 € Uye ).

Proof. F? € Uk(e r) arbitrary 2-uninorm. Legx,y) €= aw.

(i) x,y € [0,K. Then,(x,y) €=yaw implies that(x,y) €=yaw,==uy- Since=y,, C=y for any uninormu on [0, K],
=yaw C=g2,. Therefore(x,y) €=g2.
(i) x,y € [k,1]. Then,(x,y) €=<yaw implies that(x,y) €=Xyaw,==uy-. Since=y, C=y for any uninormu on [k, 1],
=uw C=F2,. Therefore(x,y) €=<p..
(iii) For other casesx,y) €<yaw implies that(x,y) e<. Therefore(x,y) €<ga.
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Thus, it is obtained thak jaw C=<f2.

Proposition 7. Let (L, <,0,1) be a bounded lattice and ¥ e Uket) be an 2-uninorm on L such that3; = U, on
[0,K]? and U%S; = U, on [k, 1]2. Then =g C=yys for all G2 € Uye ).

Proof. The proof can be done similar proof of Propositin

Corollary 2. Let (L,<,0,1) be a bounded lattice and {ec Uk(e ) be an arbitrary 2-uninorm on L. Then, ¥ is the
order-weakest and & is order-strongest 2-uninorms on L,i.e.,

jUZ\NngZQjUZS .

RemarkThe order-weakest 2-uninord?®’ and order-strongest 2-uninotd?S on L mentioned in Corollary are not the
necessarily the ones. This argue is clearly obtained thaaRe3, Propositior6 and PropositiorT.

RemarkThe relation §) can be seen as a way to obtain order from two uninorms definedlointervalgo, k] and[k, 1]
of L. Check following proposition.

Proposition 8. Let (L, <,0,1) be a bounded lattice, {Juninorm on subintervdl, k] of L with neutral element e and,U
uninorm on subintervdk, 1] of L with neutral element f. Following relation is partialyrdered relation on L.

Forevery xy e L,
if x,ye[0,k and x=yy or,
X2, Yie g if x,yelkl and x=<y,y o, (5)
X<y, otherwise

Corollary 3.(5) In Proposition8 coincides with<y;2 if 2-uninorm U? € Uke f) Provide that P1=UiandU% =Uyie.,
=uU,==y2-

Proposition 9. Let L be a lattice and Us % (e) such that ke L\ {0,1} is comparable with all elements of L. Then,
([0,K], =u,) and([k, 1], <u,) are lattices if and only ifL, <u,u,) is a lattice.

Proof. Suppose that0,k], <u,) and([k, 1], <u,) are lattices.

(i) Letx,y e [0,Kk] be arbitrary. Sincé[0,k], <y, ) is a lattice Xy, y andx Ay, y exist. Let callx vy, y=a € [0,k] and
XAy, Y =b e [0,K. SincexVy, y = a, x <y, aandy <y, a. Thus, it is obtained that <y,u, a andy <y,u, a, that
isace {x, y}Ule.

Lett € {x,y},u, be arbitrary. Therx <y,u, t andy <y,u, t.
Sincek is comparable with the elementslofeithert <k ork <t.

Suppose that < k. Thenx <y, t andy <y, t, that is, we have thate Wul- SincexVy, y=a,a=y, t. Then, it
is obtained thah <y,u, t sincea,t € [0,K]. So,xVy,u, y = a. Similarly, it can be shown thatAy,u, y = b.

(i) Let x,y € [k, 1]. Since([k,1],=u,) is a lattice x Vy, y andx Ay, y exist. Let callx vy, y = a* € [k, 1] andx Ay, y =
b* € [k, 1]. Similarly, it is obtained that vy,u, y = a* andxAy,u, y = b*.

(iii) Let x<kandk <y. Thenitis clear thaxVy,u, y =y andxAu,u, y = X.

(iv) Letk <xandy <k. Thenitis clear that \y,u, y = x andxAy,u, y =Y.

Therefore(L, <u,u,) is a lattice if([0,k], <u,) and([k, 1], <u,) are lattices.

Conversely, if(L, <u,u,) is a lattice, it is clear thaf0,k], <y, ) and([k, 1], <u,) are lattices.
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RemarkIf we drop the condition given in Propositidh that is, ifk is not comparable with all elements bf then the
claim need not be satisfied. Check the following example.

Example 3.Consider the latticéL, <,0,1) given its lattices diagram as follows.

0

Fig. 2: (L, <)

Take the following uninorni; on [0,d] with neutral elemena and its lattice diagram are as follows.

olo|o|w|olc
olo|o|ololo
olo|o|o|olw

olo|o|o|o|o
ololojalalal

[eljelieoliolN el el

0
Table 5: The uninormu;. .
Fig. 3: ([0,d],<u,)-

Also, uninormU, on[d, 1] with neutral element and its lattice diagram are as follows.

U |[d| f |1
d d|d|d
f[d]|f]|1 f
1 [df1]1
Table 6: The uninormiJ,. d

Fig. 4: ([d,1], =u,)-

Finally, the order<y,u, is depicted as follows.
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0

Fig. 5: (L7 leUg)

As itis easily seen in the figures, althoug®, d], <y, ) and([d, 1], <y,) are lattices(L, <y,u, ) is not.

Corollary 4. Let (L,<,0,1) be a bounded lattice, {Juninorm on subinterval0, k] of L with neutral element e such that
Uz | [0,€? divisible t-norm, {4 | [e k]? divisible t-conorm and Wuninorm on subintervak, 1] of L with neutral element
f such thaty | [k, f]2 divisible t-norm, | [f, 1] divisible t-conorm. Thengy,u,=<

4 Conclusion

The order definition o<y has been reorganized. By this way, order-weakest uninonehealer-strongest uninorms are
determined. In addition, order-weakest uninorms and esttengest uninorms may not be the only one. Similarly, the
order definition of< ;2 has been reorganized through the underlying uninorms. fgwsform also made it possible to
obtain a new order definition from two orders obtained frora tminorms defined on subintervals of bounded lattice.

Competing interests

The authors declare that they have no competing interests.

Authors’ contributions

All authors have contributed to all parts of the article. &lithors read and approved the final manuscript.

References

[1] P. Akella, C-sets of n-uninorms, Fuzzy Sets and Systd®®,(2009), 1-21.

[2] P. Akella, Structure of n-uninorms, Fuzzy Sets and Systel58 (2007), 1631-1651.

[3] E. Asicl, F. Karagal, On the T-partial order and prdjesy; Information Sciences, 267 (2014), 323-333.

[4] G. Birkhoff, Lattice Theory, 3 rd edition, Providence9dy.

[5] P. Drygas, E. Rak, Distributivity equation in the clag-uninorms, Fuzzy Sets and Systems, 2016 (291), 82-97.

[6] U. Ertugrul, F. Karacal, R. Mesiar, Modified ordinal sumstdangular norms and triangular conorms on bounded kstic
International Journal of Intelligent Systems, 30 (2015§-802.7.

(© 2017 BISKA Bilisim Technology



=
NTMSCI 5, No. 1, 278-286 (2017)www.ntmsci.com BISKKA 26

[7] U. Ertugrul, M. N. Kesicioglu, F. Karagal, Ordering basen uninorms, Information Sciences, 330 (2016), 315-327.
[8] U. Ertugrul, M. N. Kesicioglu, F. Karacal, Ordering bas&uninorms on bounded lattices, New Trends in MathemlgSiciences,
in press.
[9] J. Fodor, R. Yager, and A. Rybalov, Structure of uningrmgernata. J. Uncertain. Fuzziness Knowledge-Base®8yst5 (1997),
411-427.
[10] M. Grabisch, J.-L. Marichal, R. Mesiar, E. Pap, Aggréga Functions, Cambridge University Press, 2009.
[11] D. Hlinéna, M. Kalina, P. Kral, Pre-orders and orslgenerated by conjunctive uninorms, Information Proogssnd Management
of Uncertainty in Knowledge-Based Systems Communicatiot@omputer and Information Science, 444 (2014), 307-316.
[12] F. Karacal, R. Mesiar, Uninorms on bounded latticag4y Sets and Systems, 261 (2015), 33-43.
[13] F. Karagal, M. N. Kesicioglu, A T-partial order obted from t-norms, Kybernetika, 47(2011), 300-314.
[14] M. N. Kesicioglu, F. Karacal, R. Mesiar, Order-ecpiignt triangular norms, Fuzzy Sets and Systems, 268 (2695)].
[15] M. N. Kesicioglu, R. Mesiar, Ordering based on imptioas, Information Sciences, 276 (2014), 377-386.
[16] M. N. Kesicioglu, On the property of T-distributivitfFixed Point Theory and Applications, 2013, 2013:32.
[17] R. R. Yager, A. Rybalov, Uninorm aggregation operatbiszzy Sets and Systems, 80 (1996), 111-120.
[18] R. R. Yager, Uninorms in fuzzy system modelling, Fuzagssand Systems, 122 (2001), 167-175.

(© 2017 BISKA Bilisim Technology


www.ntmsci.com

	Introduction
	Notations, definitions and a review of previous results
	Order-weakest and order strongest uninorms and 2-uninorms
	Conclusion

