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1 Introduction and main results

LetC denote the complex plane andf be a non-constant meromorphic function inC. We shall use the standard notations
in the Nevanlinna’s value distribution theory of meromorphic functions such asT(r, f ),N(r, f ),N(r, f ) andm(r, f ), as
explained in Yang and Yi[14], L.Yang [13] and Hayman[7]. The notationS(r, f ) is defined to be any quantity satisfying
S(r, f ) = o(T(r, f )), asr → ∞ possibly outside a setr of finite linear measure. A meromorphic functiona(z) is called a
small function with respect tof (z), provided thatT(r,a(z)) = S(r, f ). The following definitions are useful in proving our
main results.

Definition 1. We denote and define order of f(z) by

ρ( f ) = limsup
r→∞

logT(r, f )
logr

If a non-constant meromorphic functionf (z) is of zero order, thenρ( f ) = 0.

Definition 2. Let ′a′ be a finite complex number and k be a positive integer. We denote by Nk)(r,1/( f −a)) the counting
function for the zeros of f(z)− a in |z| ≤ r with multiplicity ≤ k and byNk)(r,1/( f − a)) the corresponding one for
which multiplicity is not counted. Let N(k(r,1/( f −a)) be the counting function for the zeros of f(z)−a in |z| ≤ r with
multiplicity≥ k and byN(k(r,1/( f −a)) the corresponding one for which multiplicity is not counted. Then we have

Nk(r,1/( f −a)) = N(1(r,1/( f −a))+N(2(r,1/( f −a))+ . . .+N(k(r,1/( f −a))

Definition 3. Let f(z) and g(z) be two meromorphic functions in the complex planeC. Let a(z) is a small function with
respect to f and g. If f(z)−a(z) and g(z)−a(z) assume the same zeros with the same multiplicities, then we say that f(z)
and g(z) share the value′a(z)′ CM.

For a meromorphic functionf (z) and a non-zero constantc, f (z+ c) is called the shift off , for a non-zero complex
constantq, f (qz+ c) is called theq-shift of f (z), such thatf (z) is not periodic function with periodc. And also product
of difference as ∏d

j=1 f (q j z + c j)
sj where d,λ (= ∑d

j=1sj for j = 1,2. . . ,d) are positive integers and
q j ,c j( j = 1,2, . . .d) are distinct non-zero complex constants.

A number of papers have focused on value distribution and uniqueness of difference polynomials, which are analogues
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of value distribution and uniqueness of differential polynomials of meromorphic functions in Nevanlinna theory.

In 2014, X.M.Li, H.X.Yi and W.L.Li[8] proved the following theorem on uniqueness of difference polynomials of
meromorphic functions sharing a small function.

Theorem 1.Let f and g be two transcedental meromorphic functions of finite order, letα 6≡ 0 be an entire function such
thatρ(α)< ρ( f ), let η be a non-zero complex number and let n and m be two positive integers such that n≥ m+12and
m≥ 2. Suppose fn(z)( f m(z)−1) f (z+η)−α(z) and gn(z)(gm(z)−1)g(z+η)−α(z) share0, ∞ CM. Then f(z) = tg(z),
where t is a constant satisfying tm = 1.

Further, K.Y.Zhang and H.X.Yi[16] extended the result of X.M.Li, H.X.Yi and W.L.Li[8] and proved the theorem on
uniqueness of product of differential-difference polynomials of entire functions as in the following theorem.

Theorem 2.Let f(z) and g(z) be transcendental entire functions of finite order,α(z) 6≡ 0 be a common small function
with respect to f and g, cj( j = 1,2, . . . ,d) be distinct finite complex numbers and n, m, d and vj( j = 1,2, . . . ,d) are non-
negative integers. If n≥ 4k−m+σ +9 and the differential-difference polynomial( f n(z)( f (z)−1)m∏d

j=1 f (z+ c j)
vj )(k)

and(gn(z)(g(z)−1)m∏d
j=1g(z+ c j)

vj )(k) shareα(z) CM, then f≡ g.

Recently, F.H.Liu and H.X.Yi[10] improved the previous results by considering uniqueness problems on product of
difference polynomials of meromorphic functions.

Theorem 3. Let f(z) and g(z) be non-constant meromorphic functions satisfyingρ( f ) < ∞, ρ(g) < ∞. f(z) and g(z)
share∞ IM. α(z) 6≡ 0 is an entire function satisfyingρ(α) < ρ( f ). m,n,s,µ j( j = 1,2. . . ,s) are non-negative integers,
σ = ∑s

j=1 µ j . cj( j = 1,2. . . ,s) are non-zero complex constants. F(z) = f n( f m− 1)∏s
j=1 f (z+ c j)

µ j , G(z) = gn(gm−

1)∏s
j=1g(z+ c j)

µ j shareα, ∞ CM. If n≥ m+2s+3σ +7 we get f(z) = tg(z), where t is a constant satisfying tm = 1.

In this article, we investigate on uniqueness of differencepolynomials of meromorphic functions sharing a small function
a(z) with counting multiplicity.

Theorem 4. Let f and g be two non-constant meromorphic functions of zeroorder and a(z) is a small function with
respect to both f and g. Let n≥ m+3λ +2d+7 be a positive integer, where m,d,λ (= ∑d

j=1sj for j = 1,2. . . ,d) are finite
positive integers such that d< λ . Let qj ,c j( j = 1,2, . . .d) are distinct non-zero complex constants. If

f n(z)( f (z)−1)m
d

∏
j=1

f (q j z+ c j)
sj

and

gn(z)(g(z)−1)m
d

∏
j=1

g(q jz+ c j)
sj

share a(z) CM, f and g share∞ IM, then

(1) if m≥ 2, then either f= tg for a constant t such that td = 1 where d= GCD(n+m+λ ,n+m+λ −1, . . . ,n+m+
λ − i, . . . ,n+λ ) or f and g satisfy the algebraic equation R( f ,g)≡ 0, where

R(ω1,ω2) = ωn
1(ω1−1)m

d

∏
j=1

ω1(q jz+ c j)
sj −ωn

2(ω2−1)m
d

∏
j=1

ω2(q jz+ c j)
sj

(2) if m= 1, then f= tg for a constant t such that td = 1 where d= GCD(n+λ ,n+1+λ ).

Also, the result in the Theorem 1. holds for entire functionsfor n≥ λ +m+4.

Corollary 1. Let f and g be two non-constant entire functions of zero order. Let n≥ λ +m+4 be a positive integer where
d,λ (= ∑d

j=1sj for j = 1,2. . . ,d) are positive integers. Let qj ,c j( j = 1,2, . . .d) are distinct non-zero complex constants.

If f n(z)( f (z)−1)m∏d
j=1 f (q j z+ c j)

sj and gn(z)(g(z)−1)m∏d
j=1g(q jz+ c j)

sj share a(z) CM, f and g share∞ IM, then

(1) if m≥ 2, then either f= tg for a constant t such that td = 1 where d= GCD(n+m+λ ,n+m+λ −1, . . . ,n+m+
λ − i, . . . ,n+λ ) or f and g satisfy the algebraic equation R(ω1,ω2)≡ 0, where

R(ω1,ω2) = ωn
1(ω1−1)m

d

∏
j=1

ω1(q jz+ c j)
sj −ωn

2(ω2−1)m
d

∏
j=1

ω2(q jz+ c j)
sj
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(2) if m= 1, then f= tg for a constant t such that td = 1 where d= GCD{n+λ ,n+1+λ}.

2 Some lemmas

Lemma 1. [14] Let f(z) be a non-constant meromorphic function, and an(6= 0),an−1, . . . ,a0 be small functions with
respect to f. Then

T(r,an f n+an−1 f n−1+ . . .+a1 f +a0) = nT(r, f )+S(r, f )

Lemma 2. [12] Let f1, f2 and f3 be non-constant meromorphic functions such that f1+ f2+ f3 = 1. If f1, f2 and f3 are
linearly independent, then

T(r, f1)<
3

∑
i=1

N2

(

r,
1
fi

)

+
3

∑
i=1

N2 (r, fi)+o(T(r)),

where T(r) = max1≤i≤3{T(r, fi)} and r 6∈ E.

Lemma 3. [15] Let f1 and f2 be two non-constant meromorphic functions. If c1 f1+ c2 f2 = c3, where c1,c2 and c3 are
non-zero constants, then

T(r, f1)≤ N(r, f1)+N

(

r,
1
f1

)

+N

(

r,
1
f2

)

+S(r, f1)

Lemma 4. [11] Let f(z) be a non-constant meromorphic function of zero order, and let c and q be two non-zero complex
numbers. Then

T(r, f (qz+ c))≤ T(r, f (z))+S(r, f ),

on a set of logarithmic density1.

Lemma 5. [9] Let f be a meromorphic function with zero order and c and q be two non-zero complex numbers. Then

N

(

r,
1

f (qz+ c)

)

≤ N

(

r,
1

f (z)

)

+S(r, f ) N(r, f (qz+ c))≤ N(r, f )+S(r, f )

N

(

r,
1

f (qz+ c)

)

≤ N

(

r,
1

f (z)

)

+S(r, f ) N(r, f (qz+ c))≤ N(r, f )+S(r, f )

outside of a possible exceptional set E with finite logarithmic measure.

Lemma 6.Let f be a transcendental meromorphic function of zero orderand F(z) = f n( f −1)m∏d
j=1 f (q j z+c j)

sj . Then

(n+m−λ )T(r, f )+S(r, f )≤ T(r,F)≤ (n+m+λ )T(r, f )+S(r, f )

Proof.From Lemma1 and Lemma4, we have

T

(

r, f n( f −1)m
d

∏
j=1

f (q jz+ c j)
sj

)

≤ T(r, f n)+T(r,( f −1)m)+T

(

r,
d

∏
j=1

f (q jz+ c j)
sj

)

+S(r, f )

≤ (n+m+λ )T(r, f )+S(r, f ). (1)

On the other hand, from Lemma1 and Lemma5, we have

(n+m+λ )T(r, f ) = T
(

r, f n( f −1)m f λ
)

+S(r, f )

≤ m

(

r,
F f λ

∏d
j=1 f (q j z+ c j)

sj

)

+N

(

r,
F f λ

∏d
j=1 f (q jz+ c j)

sj

)

+S(r, f )

≤ m(r,F)+N(r,F)+m

(

r,
f λ

∏d
j=1 f (q j z+ c j)

sj

)

+N

(

r,
f λ

∏d
j=1 f (q jz+ c j)

sj

)

+S(r, f )

≤ T(r,F)+2λT(r, f )+S(r, f ) (2)

(n+m−λ )T(r, f )+S(r, f )≤ T(r,F). (3)
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Lemma 7. Let f(z) and g(z) be non-constant meromorphic functions of zero order. Let fn( f − 1)m∏d
j=1 f (q jz+ c j)

sj

and gn(g−1)m∏d
j=1g(q jz+ c j)

sj share a(z) CM and n> m+3λ +2d+7 is a positive integer. Then

T(r,g)≤

(

n+m+λ
n+m−2d−λ −3

)

T(r, f )+ logr +S(r,g).

Proof. Let F = f n( f − 1)m∏d
j=1 f (q jz+ c j)

sj and G = gn(g− 1)m∏d
j=1g(q jz+ c j)

sj . Applying Nevanlinna’s second
fundamental theorem toG, we have

T(r,G)≤ N(r,G)+N

(

r,
1
G

)

+N

(

r,
1

G−a(z)

)

+S(r,G)

≤ (d+1)T(r,g)+ (d+2)T(r,g)+N

(

r,
1

G−a(z)

)

+S(r,g) (4)

By the Lemma1, (4) and hypothesis, we have

(n+m)T(r,g)≤ T(r,gn(g−1)m)+S(r,g)

≤ T

(

r,gn(g−1)m
d

∏
j=1

g(q jz+ c j)
sj

)

+T

(

r,
1

∏d
j=1g(q jz+ c j)

sj

)

+S(r,g)

= T(r,G)+T

(

r,
1

∏d
j=1g(q jz+ c j)

sj

)

+S(r,g)

≤ (d+1)T(r,g)+ (d+2)T(r,g)+N

(

r,
1

G−a(z)

)

+λT(r,g)+S(r,g)

≤ (d+1)T(r,g)+ (λ +d+2)T(r,g)+N

(

r,
1

F −a(z)

)

+S(r,g) (5)

By first fundamental theorem, we have

N

(

r,
1

F −a(z)

)

≤ T

(

r,
1

F −a(z)

)

= T (r,F −a(z))+S(r,g)

= T

(

r, f n( f −1)m
d

∏
j=1

f (q jz+ c j)
sj −a(z)

)

+S(r,g)

≤ nT(r, f )+mT(r, f −1)+λT(r, f )+ logr +S(r,g) (6)

From(5) and(6), we have

(n+m)T(r,g)≤ (d+1)T(r,g)+ (λ +d+2)T(r,g)+nT(r, f )+mT(r, f −1)+λT(r, f )+S(r,g)

≤ (2d+3+λ )T(r,g)+ (n+m+λ )T(r, f )+S(r,g)

(n+m−2d−λ −3)T(r,g)≤ (n+m+λ )T(r, f )+S(r,g)

T(r,g)≤

(

n+m+λ
n+m−2d−λ −3

)

T(r, f )+S(r,g) (7)

Hence we get Lemma7.

The following lemma is required to prove our main result.

Lemma 8. Let f(z) and g(z) be two non-constant meromorphic functions with zero order.Let n≥ 3λ + 2d+ 8 be a
positive integer, where d,λ (= ∑d

j=1sj for j = 1,2. . . ,d) are positive integers. Let qj ,c j( j = 1,2, . . .d) are distinct non-

zero complex constants. If fn(z)( f (z)−1)∏d
j=1 f (q jz+ c j)

sj = gn(z)(g(z)−1)∏d
j=1g(q jz+ c j)

sj then we get f= tg for

a constant t such that td = 1 where d= GCD(n+λ ,n+1+λ ).
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Proof.

f n(z)( f (z)−1)
d

∏
j=1

f (q jz+ c j)
sj = gn(z)(g(z)−1)

d

∏
j=1

g(q jz+ c j)
sj . (8)

Let h= f
g , then substitutingf = gh in (8), we get

gn(z)hn(gh−1)
d

∏
j=1

g(q jz+ c j)
sj

d

∏
j=1

h(q jz+ c j)
sj = gn(z)(g(z)−1)

d

∏
j=1

g(q jz+ c j)
sj .

⇒ (gn+1hn+1−gnhn)
d

∏
j=1

g(q jz+ c j)
sj

d

∏
j=1

h(q jz+ c j)
sj − (gn+1−gn)

d

∏
j=1

g(q jz+ c j)
sj = 0.

⇒

[

gn+1

(

hn+1
d

∏
j=1

h(q jz+ c j)
sj −1

)

−gn

(

hn
d

∏
j=1

h(q jz+ c j)
sj −1

)]

d

∏
j=1

g(q jz+ c j)
sj = 0. (9)

If h is not a constant, thenh is a non-constant meromorphic function. From(9), we have

g=
hn ∏d

j=1h(q jz+ c j)
sj −1

hn+1∏d
j=1h(q jz+ c j)

sj −1
. (10)

Next, we show that 1 is not the Picard exceptional value ofH1 = hn+1 ∏d
j=1h(q jz+ c j)

sj , for that we suppose 1 is the
Picard exceptional value ofH1. By the second fundamental theorem, we have

T

(

r,hn+1
d

∏
j=1

h(q jz+ c j)
sj

)

≤ N

(

r,hn+1
d

∏
j=1

h(q jz+ c j)
sj

)

+N

(

r,
1

hn+1∏d
j=1h(q jz+ c j)

sj

)

+N

(

r,
1

hn+1∏d
j=1h(q jz+ c j)

sj −1

)

+S(r,h)

≤ N(r,h)+N

(

r,
d

∏
j=1

h(q jz+ c j)
sj

)

+N

(

r,
1
h

)

+N

(

r,
1

∏d
j=1h(q jz+ c j)

sj

)

+S(r,h)

T

(

r,hn+1
d

∏
j=1

h(q jz+ c j)
sj

)

≤ (2+2d)T(r,h)+S(r,h). (11)

On the other hand from first fundamental theorem and(11), we have

(n+1)T(r,h) = T(r,hn+1)+S(r,h)

≤ T

(

r,hn+1
d

∏
j=1

h(q jz+ c j)
sj

)

+T

(

r,
1

∏d
j=1h(q jz+ c j)

sj

)

+S(r,h)

≤ T

(

r,hn+1
d

∏
j=1

h(q jz+ c j)
sj

)

+T

(

r,
d

∏
j=1

h(q jz+ c j)
sj

)

+S(r,h)

(n+1)T(r,h)≤ (2+2d+λ )T(r,h)+S(r,h). (12)

This is contradiction to the fact thatn≥ 3λ +2d+8> λ +2d+1. Therefore 1 is not the Picard exceptional value ofH1.
Hence there existz0 such thatH1(z0) = h(z0)

n+1 ∏d
j=1h(q jz0+c j)

sj = 1. For further proof we consider the following two
cases.

Case 1.If H1 6≡ 1, then eitherh(z) is a rational function orh(z) is a transcendental meromorphic function. Ifh(z) is a
rational function. From(10), we obtain thatg(z) is also a rational function. This is contradiction to the condition g(z) is
a non-constant transcendental meromorphic function. Hence h(z) is a transcendental meromorphic function. Sincef (z)

c© 2017 BISKA Bilisim Technology

www.ntmsci.com


255 R. S. Dyavanal and A. M. Hattikal: Uniqueness ofq-shift difference polynomials of meromorphic...

andg(z) are trancendental meromorphic function of zero order,h(z) is also trancendental meromorphic function of zero
order. LetH2 = hn ∏d

j=1h(q jz+ c j)
sj andz0 ∈ C is the 1-point ofH1, but not the 1-point ofH2. From (10), we can get

thatz0 is the zero ofH1−1 with multiplicity atleast 1. Now assume thatz1 ∈C is the common zero ofH1−1 andH2−1.
Then from(10), we have

(

hn+1(z1)
d

∏
j=1

h(q jz1+ c j)
sj −1

)

g= hn(z1)
d

∏
j=1

h(q jz1+ c j)
sj −1 (13)

hn+1(z1)∏d
j=1h(q jz1+ c j)

sj = 1 andhn(z1)∏d
j=1h(q jz1+ c j)

sj = 1. Then we have from(13) thath(z1) = 1. Hence

N

(

r,
1

H1−1

)

≤ N

(

r,
1

H1−1= 0,H2−1 6= 0

)

+N

(

r,
1

h−1

)

+S(r,h)

≤ N

(

r,
1

hn+1∏d
j=1h(q jz+ c j)

sj −1

)

+N

(

r,
1

h−1

)

+S(r,h)

≤ (d+1)T(r,h)+T(r,h)+S(r,h)

≤ (d+2)T(r,h)+S(r,h), (14)

whereN
(

r, 1
H1−1=0,H2−16=0

)

denote the counting function of zeros ofH1(z)−1 in | z |< r, such that each point in this is

not a zero ofH2(z)−1 and each such point is counted with ignore its multiplicity. Sinceh is a meromorphic function with
zero order impliesH1 is also a meromorphic function with zero order. Thus, we have

(n+1+λ )T(r,h) = T(r,hn+1+λ )+S(r,h)

≤ T(r,H1)+T

(

r,
hn+1+λ

H1

)

+S(r,h)

≤ T(r,H1)+T

(

r,
hλ

∏d
j=1h(q jz+ c j)

sj

)

+S(r,h). (15)

By second fundamental theorem and(14), we have

T(r,H1)≤ N(r,H1)+N

(

r,
1

H1

)

+N

(

r,
1

H1−1

)

+S(r,H1)

≤ N

(

r,hn+1
d

∏
j=1

h(q j z+c j )
sj

)

+N

(

r,
1

hn+1 ∏d
j=1 h(q jz+c j )

sj

)

+S(r,h)+N

(

r,
1

hn+1 ∏d
j=1 h(q jz+c j )

sj −1

)

+S(r,h)

≤ (d+1)N(r,h)+(d+1)N(r,h)+(d+2)T(r,h)+S(r,h)

≤ (3d+4)T(r,h)+S(r,h). (16)

From(15) and(16), we have

(n+1+λ )T(r,h)≤ (3d+4)T(r,h)+2λT(r,h)+S(r,h)

≤ (2λ +3d+4)T(r,h)+S(r,h).

Which is contradiction ton≥ 3λ +2d+8> λ +3d+3.

Case 2.If H1 ≡ 1, then

(n+1)T(r,h) = T(r,hn+1) = T

(

r,hn+1
d

∏
j=1

h(q jz+ c j)
sj

)

+T

(

r,
1

∏d
j=1h(q jz+ c j)

sj

)

+S(r,h)

≤ T(r,1)+T

(

r,
d

∏
j=1

h(q jz+ c j)
sj

)

+S(r,h)

≤ λT(r,h)+S(r,h).
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Which is contradiction ton ≥ 3λ + 2d+ 8 > λ − 1. Henceh is a constant, then from(10), we havehd = 1 where
d = GCD(n+1+λ ,n+λ ). Hence proved the Lemma (8).

Proof. (Proof of Theorem 1.) LetF(z) = f n(z)( f (z)−1)m∏d
j=1 f (q j z+ c j)

sj andG(z) = gn(z)(g(z)−1)m∏d
j=1g(q jz+

c j)
sj . By the hypothesis we haveF(z) andG(z) sharea(z) CM and f , g share∞ IM. Let

H =
f n(z)( f (z)−1)m∏d

j=1 f (q j z+ c j)
sj −a(z)

gn(z)(g(z)−1)m∏d
j=1g(q jz+ c j)

sj −a(z)
(17)

then,H is a meromorphic function andH 6≡ 0. Therefore, we have

T(r,H) = T

(

r,
f n(z)( f (z)−1)m∏d

j=1 f (q j z+ c j)
sj −a(z)

gn(z)(g(z)−1)m∏d
j=1g(q jz+ c j)

sj −a(z)

)

≤ T

(

r, f n(z)( f (z)−1)m
d

∏
j=1

f (q jz+ c j)
sj −a(z)

)

+T

(

r,gn(z)(g(z)−1)m
d

∏
j=1

g(q jz+ c j)
sj −a(z)

)

+O(1)

≤ T(r, f n)+T(r,( f −1)m)+T

(

r,
d

∏
j=1

f (q jz+ c j)
sj

)

+T(r,gn)+T(r,(g−1)m)

+T

(

r,
d

∏
j=1

f (q jz+ c j)
sj

)

+O(logr)

≤ (n+m+λ )[T(r, f )+T(r,g)]+O(logr).

ThereforeT(r,H)≤ O[T(r, f )+T(r,g)].

From(17), it is clear that the zeros and poles ofH are multiple and also the following inequalities satisfies obviously.

N(r,H)≤ NL(r, f ) and N

(

r,
1
H

)

≤ NL(r,g) (18)

NL(r, f )+NL(r,g)≤ N(r, f ) = N(r,g) (19)

Let

F1 =
f n( f −1)m∏d

j=1 f (q jz+ c j)
sj

a(z)
; F2 = H; F3 =

−Hgn(g−1)m∏d
j=1g(q jz+ c j)

sj

a(z)
(20)

such thatF1+F2 +F3 = 1. Let T(r) denote the maximum ofT(r,Fj) for j = 1,2,3. ∴ we haveT(r,F1) = O(T(r, f )),
T(r,F2) = O(T(r, f )+T(r,g)) andT(r,F3) = O(T(r, f )+T(r,g)). Thus, we also haveS(r, f )+S(r,g) = o(T(r)). Now
we discuss the three possible cases separately.

Case 3.If possible, suppose that neitherF2 norF3 is a constant.

If F1,F2, andF3 are linearly independent, then by Lemma (2) and (20), we have

T(r,F1)<
3

∑
i=1

N2

(

r,
1
Fi

)

+
3

∑
i=1

N(r,Fi)+o(T(r))

≤ N2

(

r,
a(z)

f n( f −1)m∏d
j=1 f (q jz+c j )sj

)

+N2

(

r,
1
H

)

+N2

(

r,
a(z)

−Hgn(g−1)m∏d
j=1 g(q j z+c j )sj

)

+N

(

r,
f n( f −1)m∏d

j=1 f (q jz+c j )
sj

a(z)

)

+N(r,H)+N

(

r,
−Hgn(g−1)m∏d

j=1 g(q jz+c j )
sj

a(z)

)

+o(T(r)). (21)
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SinceH 6= 0,∀ z∈ C, we haveN2(r,
1
H ) = 0. Then (21) becomes

T(r,F1)≤ N

(

r,
1

f n( f −1)m∏d
j=1 f (q jz+c j )sj

)

−N(3

(

r,
1

f n( f −1)m∏d
j=1 f (q jz+c j )sj

)

+2N(3

(

r,
1

f n( f −1)m∏d
j=1 f (q jz+c j )

sj

)

+N

(

r,
1

gn(g−1)m∏d
j=1 g(q jz+c j )

sj

)

−N(3

(

r,
1

gn(g−1)m∏d
j=1 g(q j z+c j )

sj

)

+2N(3

(

r,
1

gn(g−1)m∏d
j=1 g(q jz+c j )

sj

)

+N(r, f )+N

(

r,
d

∏
j=1

f (q jz+c j )
sj

)

+N(r,H)+N(r,−H)+N(r,g)

+N

(

r,
d

∏
j=1

g(q jz+c j )
sj

)

+2logr +o(T(r))

≤ (n+m+λ )N
(

r,
1
f

)

− (n−2)N

(

r,
1
f

)

+(n+m+λ )N
(

r,
1
g

)

− (n−2)N

(

r,
1
g

)

+(d+1)N(r, f )+2NL(r, f )+(d+1)N(r,g)+2logr +o(T(r))

From Lemma (6), we have

(n+m−λ )T(r, f ) < T(r,F1)≤ (n+m+λ −n+2+d+1)T(r, f )+2NL(r, f )

+ (n+m+λ −n+2+d+1)T(r,g)+o(T(r))

< (λ +m+d+3)T(r, f )+2NL(r, f )+ (λ +m+d+3)T(r,g)+o(T(r)) (22)

Let

G1 =
gn(g−1)m∏d

j=1g(q jz+ c j)
sj

a(z)
; G2 =

1
H

; G3 =−
f n( f −1)m∏d

j=1 f (q jz+ c j)
sj

H a(z)

such thatG1+G2+G3 = 1. In the same manner as forF1,F2,F3, we get

(n+m−λ )T(r,g)< (λ +m+d+3)T(r,g)++2NL(r,g)+ (λ +m+d+3)T(r, f )+o(T(r)) (23)

From(19),(22) and(23), we have

(n+m−λ )[T(r, f )+T(r,g)]< (λ +m+d+3)[T(r, f )+T(r,g)]+2NL(r, f )+2NL(r,g)

+ (λ +m+d+3)[T(r, f )+T(r,g)]+S(r, f )+S(r,g)

< (λ +m+d+3)[T(r, f )+T(r,g)]+2N(r, f )+ (λ +m+d+3)[T(r, f )+T(r,g)]

+S(r, f )+S(r,g)

< (λ +m+d+3)[T(r, f )+T(r,g)]+T(r, f )+T(r,g)+ (λ +m+d+3)[T(r, f )+T(r,g)]

+S(r, f )+S(r,g)

< (2λ +2m+2d+7)[T(r, f )+T(r,g)]+S(r, f )+S(r,g).

Which is contradiction ton > 3λ +m+2d+7. Thus our assumptionF1,F2 andF3 are linearly independent is wrong.
HenceF1,F2,F3 are linearly dependent. Thus, there exists three constants(c1,c2,c3) 6= (0,0,0), such that

c1F1+ c2F2+ c3F3 = 0 (24)

If c1 = 0 [c2 6= 0 & c3 6= 0], from (24), we have

F3 =
−c2

c3
F2

⇒ gn(g−1)m
d

∏
j=1

g(q jz+ c j)
sj =

c2

c3
a(z).

c© 2017 BISKA Bilisim Technology



NTMSCI 5, No. 1, 250-263 (2017) /www.ntmsci.com 258

From Lemma6, we have
(n+m−λ )T(r,g)≤ logr +O(1).

Sincen> 3λ +m+2d+7, we get a contradiction. Thusc1 6= 0 and by(24), we have

F1 =
−c2

c1
F2−

c3

c1
F3.

SinceF1+F2+F3 = 1, we get
(

1−
c2

c1

)

F2+

(

1−
c3

c1

)

F3 = 1.

Wherec1 6= c2, c1 6= c3. From(20), we obtain

(

1−
c3

c1

)

(

gn(g−1)m∏d
j=1g(q jz+ c j)

sj

a(z)

)

+
1
H

= 1−
c2

c1

Using Lemma3, we have

T

(

r,
gn(g−1)m∏d

j=1g(q jz+ c j)
sj

a(z)

)

≤N

(

r,
gn(g−1)m∏d

j=1g(q jz+ c j)
sj

a(z)

)

+N

(

r,
a(z)

gn(g−1)m∏d
j=1g(q jz+ c j)

sj

)

+N(r,H)+S(r,g) (25)

Next, we note that

T

(

r,gn(g−1)m
d

∏
j=1

g(q jz+ c j)
sj

)

≤ T

(

r,
gn(g−1)m∏d

j=1g(q jz+ c j)
sj

a(z)

)

+T(r,a(z))

≤ T

(

r,
gn(g−1)m∏d

j=1g(q jz+ c j)
sj

a(z)

)

+ logr (26)

By using(25), we get

T

(

r,gn(g−1)m
d

∏
j=1

g(q jz+ c j)
sj

)

≤ N

(

r,
gn(g−1)m∏d

j=1g(q jz+ c j)
sj

a(z)

)

+N

(

r,
a(z)

gn(g−1)m∏d
j=1g(q jz+ c j)

sj

)

+N(r,H)+S(r,g)

≤ (2d+4)T(r,g)+S(r,g). (27)

By Lemma1 and(27), we have

(n+m)T(r,g) = T(r,gn(g−1)m)+S(r,g)

≤ T

(

r,gn(g−1)m
d

∏
j=1

g(q jz+ c j)
sj

)

+T

(

r,
1

∏d
j=1g(q jz+ c j)

sj

)

+S(r,g)

≤ (2d+4)T(r,g)+λT(r,g)+S(r,g)

(n+m)T(r,g)≤ (λ +2d+4)T(r,g)+S(r,g).

Which is contradiction ton> 3λ +m+2d+7. Hence our assumption neitherF2 norF3 is a constant is wrong. Hence one
of theF2 or F3 is a constant.
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Case 4.Suppose thatF2 = c, wherec(6= 0) is a constant. Ifc 6= 1, then we have from(20)

f n( f −1)m∏d
j=1 f (q jz+ c j)

sj

a(z)
−

cgn(g−1)m∏d
j=1g(q jz+ c j)

sj

a(z)
= 1− c. (28)

Applying Lemma3 to (28), we have

T

(

r,
f n( f −1)m∏d

j=1 f (q jz+ c j)
sj

a(z)

)

≤ N

(

r,
f n( f −1)m∏d

j=1 f (q jz+ c j)
sj

a(z)

)

+N

(

r,
a(z)

f n( f −1)m∏d
j=1 f (q jz+ c j)

sj

)

+N

(

r,
−a(z)

gn(g−1)m∏d
j=1g(q jz+ c j)

sj

)

+S(r, f )

≤ (d+1)N(r, f )+ (d+2)N

(

r,
1
f

)

+(d+2)N

(

r,
1
g

)

+S(r, f ). (29)

Next, we note that

T

(

r, f n( f −1)m
d

∏
j=1

f (q jz+ c j)
sj

)

≤ T

(

r,
f n( f −1)m∏d

j=1 f (q jz+ c j)
sj

a(z)

)

+ logr.

Then from(29), we have

T

(

r, f n( f −1)m
d

∏
j=1

f (q jz+ c j)
sj

)

≤ (d+1)N(r, f )+ (d+2)N

(

r,
1
f

)

+(d+2)N

(

r,
1
g

)

+S(r, f ). (30)

By using Lemma1 and(30), we have

(n+m)T(r, f ) = T(r, f n( f −1)m)+S(r, f )≤ T

(

r, f n( f −1)m
d

∏
j=1

f (q j z+ c j)
sj

)

+T

(

r,
1

∏d
j=1 f (q j z+ c j)

sj

)

+S(r, f )

≤ (d+1)N(r, f )+ (d+2)N

(

r,
1
f

)

+(d+2)N

(

r,
1
g

)

+λT(r, f )+S(r, f )

≤ (2d+λ +3)T(r, f )+ (d+2)T(r,g)+S(r, f )

(n+m−2d−λ −3)T(r, f ) ≤ (d+2)T(r,g)+S(r, f ).

From Lemma7, we have

(n+m−2d−λ −3)T(r, f )≤

(

n+m+λ
n+m−2d−λ −3

)

(d+2)T(r, f )+S(r, f ).

Which is contradiction ton≥ 3λ +m+2d+7. Hencec= 1. Then from(28), we have

⇒ f n( f −1)m
d

∏
j=1

f (q jz+ c j)
sj = gn(g−1)m

d

∏
j=1

g(q jz+ c j)
sj . (31)

Now we consider two subcases.

Subcase 4.1. If m = 1, then from Lemma8, we have f = tg for a constantt such that td = 1 where

d = GCD(n+1+λ ,n+λ ).
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Subcase 4.2If m≥ 2, leth= f
g then f = gh, from (31), we have

gnhn(gh−1)m
d

∏
j=1

g(q jz+ c j)
sj

d

∏
j=1

h(q jz+ c j)
sj = gn(g−1)m

d

∏
j=1

g(q jz+ c j)
sj

⇒ gnhn
(

gmhm−mgm−1hm−1+
m(m−1)

2
gm−2hm−2− . . .+(−1)m

) d

∏
j=1

g(q jz+ c j)
sj

d

∏
j=1

h(q jz+ c j)
sj −gn(gm−mgm−1+

m(m−1)
2

gm−2− . . .+(−1)m)
d

∏
j=1

g(q jz+ c j)
sj

⇒ [gn+m(hn+m
d

∏
j=1

h(q jz+ c j)
sj −1)−mgn+m−1(hn+m−1

d

∏
j=1

h(q jz+ c j)
sj −1)+

. . .+(−1)mgn(hn
d

∏
j=1

h(q jz+ c j)
sj −1)]

d

∏
j=1

g(q jz+ c j)
sj = 0. (32)

If h is a constant, thenhd = 1 where

d = GCD(n+m+λ ,n+m+λ−1, . . . ,n+m+λ − i, . . . ,n+λ )

for i = 0,1,2, . . . ,m. Hencef = tg for a constantt such thattd = 1 where

d = (n+m+λ ,n+m+λ−1, . . . ,n+m+λ − i, . . . ,n+λ ).

If h is not a constant, then by(32) that f andg satisfy the algebraic equationR( f ,g)≡ 0, where

R(ω1,ω2) = ωn
1(ω1−1)m

d

∏
j=1

ω1(q jz+ c j)
sj −ωn

2(ω2−1)m
d

∏
j=1

ω2(q jz+ c j)
sj .

Case 5.Suppose thatF3 = k, wherek(6= 0) is a constant. Ifk 6= 1, then we have from(20)

f n( f −1)m∏d
j=1 f (q j z+ c j)

sj

a(z)
−

k a(z)

gn(g−1)m∏d
j=1g(q jz+ c j)

sj
= 1− k. (33)

Applying lemma3, to the(33), we have

T

(

r,
f n( f −1)m∏d

j=1 f (q jz+ c j)
sj

a(z)

)

≤ N

(

r,
f n( f −1)m∏d

j=1 f (q j z+ c j)
sj

a(z)

)

+N

(

r,
a(z)

f n( f −1)m∏d
j=1 f (q jz+ c j)

sj

)

+N

(

r,
gn(g−1)m∏d

j=1g(q jz+ c j)
sj

a(z)

)

+S(r, f )

≤ (d+1)N(r, f )+ (d+2)N

(

r,
1
f

)

+(d+1)N(r,g)+S(r, f ). (34)

Next, we note that

T

(

r, f n( f −1)m
d

∏
j=1

f (q jz+ c j)
sj

)

≤ T

(

r,
f n( f −1)m∏d

j=1 f (q jz+ c j)
sj

a(z)

)

+ logr.
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From(34), we have

T

(

r, f n( f −1)m
d

∏
j=1

f (q j z+ c j)
sj

)

≤ (d+1)N(r, f )+ (d+2)N

(

r,
1
f

)

+(d+1)N(r,g)+S(r, f ). (35)

By using Lemma1 and(35), we have

(n+m)T(r, f ) = T(r, f n( f −1)m)+S(r, f )

≤ T

(

r, f n( f −1)m
d

∏
j=1

f (q j z+ c j)
sj

)

+T

(

r,
1

∏d
j=1 f (q j z+ c j)

sj

)

+S(r, f )

≤ (d+1)N(r, f )+ (d+2)N

(

r,
1
f

)

+(d+1)N(r,g)+λT(r, f )+S(r, f )

≤ (2d+λ +3)T(r, f )+ (d+1)T(r,g)+S(r, f )

(n+m−2d−λ −3)T(r, f ) ≤ (d+1)T(r,g)+S(r, f ).

From Lemma7, we have

(n+m−2d−λ −3)T(r, f ) ≤

(

n+m+λ
n+m−2d−λ −3

)

(d+1)T(r, f )+S(r, f )

Which is contradiction ton≥ 3λ +m+2d+7. Thereforek= 1 and by(17) and(20) we haveF1+F2 = 0

⇒
f n( f −1)m∏d

j=1 f (q jz+ c j)
sj

a(z)
−

a(z)

gn(g−1)m∏d
j=1g(q jz+ c j)

sj
= 0

⇒ f n( f −1)m
d

∏
j=1

f (q j z+ c j)
sj gn(g−1)

d

∏
j=1

g(q jz+ c j)
sj = a2(z)

⇒ f n( f −1)mgn(g−1) =
a2(z)

∏d
j=1 f (q j z+ c j)

sj ∏d
j=1g(q jz+ c j)

sj
. (36)

From second fundamental theorem, we have

T(r,F)≤ N(r,F)+N(r,
1
F
)+N

(

r,
1

F −a(z)

)

+S(r,F)

≤ N

(

r, f n( f −1)m
d

∏
j=1

f (q jz+ c j)
sj

)

+N

(

r,
1

f n( f −1)m∏d
j=1 f (q jz+ c j)

sj

)

+N

(

r,
1

gn(g−1)m∏d
j=1g(q jz+ c j)

sj − z

)

+S(r, f )

≤ N(r, f )+N

(

r,
d

∏
j=1

f (q jz+ c j)
sj

)

+N

(

r,
1
f n

)

+N

(

r,
1

( f −1)m

)

+N

(

r,
1

∏d
j=1 f (q j z+ c j)

sj

)

+T(r,G)+S(r, f )
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and

(n+m+λ )T(r, f ) ≤ (3+2d)T(r, f )+ (n+m+λ )T(r,g)+S(r, f )

(n+m+λ −2d−3)T(r, f ) ≤ (n+m+λ )T(r,g)+S(r, f )

T(r, f ) ≤

(

n+m+λ
n+m+λ −2d−3

)

T(r,g)+S(r, f ).

Therefore

T(r, f ) = O(T(r,g))

Similarly, we haveT(r,g) = O(T(r, f )). From(36), we have

(n+m)[N(r, f )+N(r,g)]≤ N(r,a2(z))+N

(

r,
1

∏d
j=1 f (q jz+ c j)

sj

)

+N

(

r,
1

∏d
j=1g(q jz+ c j)

sj

)

≤ λN

(

(r,
1
f

)

+λN

(

r,
1
g

)

+S(r, f )+S(r,g). (37)

Since
1

f n( f −1)mgn(g−1)m =
∏d

j=1 f (q jz+ c j)
sj ∏d

j=1g(q jz+ c j)
sj

a2(z)

We obtain

n

[

N

(

r,
1
f

)

+N

(

r,
1
g

)]

+N

(

r,
1

( f −1)m

)

+N

(

r,
1

(g−1)m

)

≤ N

(

r,
d

∏
j=1

f (q j z+ c j)
sj

)

+N

(

r,
d

∏
j=1

g(q jz+ c j)
sj

)

+N

(

r,
1

a2(z)

)

≤ λ (N(r, f )+N(r,g))+S(r, f )+S(r,g). (38)

From(37) and(38), we have

(n+m)[N(r, f )+N(r,g)]+n

[

N

(

r,
1
f

)

+N

(

r,
1
g

)]

+N

(

r,
1

( f −1)m

)

+N

(

r,
1

(g−1)m

)

−λN

(

r,
1
f

)

−λN

(

r,
1
g

)

−λN(r, f )−λN(r,g)≤ S(r, f )+S(r,g)

⇒ N(r, f )+N(r,g)+N

(

r,
1
f

)

+N

(

r,
1
g

)

+N

(

r,
1

( f −1)

)

+N

(

r,
1

(g−1)

)

≤ S(r, f )+S(r,g) (39)

By second fundamental theorem and(39), we have

T(r, f )≤ N(r, f )+N

(

r,
1
f

)

+N

(

r,
1

( f −1)

)

+O(logr)≤ o(T(r, f ))

which is contradiction. HenceF3 is not a constant.
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