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1 Introduction and main results

Let C denote the complex plane arfidbe a non-constant meromorphic functiorinWe shall use the standard notations

in the Nevanlinna’s value distribution theory of meromdrptunctions such a3 (r, f),N(r, f),N(r, f) andm(r, f), as
explained in Yang and Yi[4], L.Yang [13] and Hayman(]. The notationS(r, f) is defined to be any quantity satisfying
S(r,f) =o(T(r, f)), asr — o possibly outside a setof finite linear measure. A meromorphic functiafz) is called a
small function with respect t6(z), provided thafT (r,a(z)) = S(r, f). The following definitions are useful in proving our
main results.

Definition 1. We denote and define order ofzf by

o(f) = limsup' 28T - 1)

r—sc0 logr
If a non-constant meromorphic functidiiz) is of zero order, thep(f) = 0.

Definition 2. Let’a’ be a finite complex number and k be a positive integer. We dédayoly, (r,1/(f —a)) the counting
function for the zeros of (£) —a in [z < r with multiplicity < k and byNy(r,1/(f —a)) the corresponding one for
which multiplicity is not counted. LetNr,1/(f —a)) be the counting function for the zeros dizf—a in |z] <r with
multiplicity > k and byN(r,1/(f —a)) the corresponding one for which multiplicity is not countétien we have

Nk(r,1/(f —a)) =N (r,1/(f —a)) + Npo(r,1/(f —a)) +...+ Ny (r,1/(f — a))

Definition 3. Let f(z) and gz) be two meromorphic functions in the complex pléhd.et &z) is a small function with
respectto f and g. If (z) — a(z) and g z) — a(z) assume the same zeros with the same multiplicities, theayubaat f(z)
and g z) share the valuéa(z)’ CM.

For a meromorphic functiori(z) and a non-zero constant f(z+ c) is called the shift off, for a non-zero complex
constanty, f(qz+ c) is called theg-shift of f(z), such thatf (z) is not periodic function with period. And also product

of difference as |‘|‘J-’:1f(qujL cj)% where d,A(= Z?zlsj for j = 1,2...,d) are positive integers and
0j,Cj(j = 1,2,...d) are distinct non-zero complex constants.

A number of papers have focused on value distribution andquamniess of difference polynomials, which are analogues
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of value distribution and uniqueness of differential paymrials of meromorphic functions in Nevanlinna theory.

In 2014, X.M.Li, H.X.Yi and W.L.Li[8] proved the following theorem on uniqueness of differenoé/pomials of
meromorphic functions sharing a small function.

Theorem 1.Let f and g be two transcedental meromorphic functions aifimider, leta £ 0 be an entire function such
thatp(a) < p(f), letn be a non-zero complex number and let n and m be two positiegerg such that & m+12and
m> 2. Suppose T(z)(f™(z) —1)f(z+n) — a(z) and d'(2)(gd™(z2) — 1)g(z+ n) — a(z) shared, .« CM. Then {z) =tg(2),
where t is a constant satisfyinf & 1.

Further, K.Y.Zhang and H.X.Yi[6] extended the result of X.M.Li, H.X.Yi and W.L.Lg] and proved the theorem on
uniqueness of product of differential-difference polynais of entire functions as in the following theorem.

Theorem 2.Let f(z) and gz) be transcendental entire functions of finite ordefz) # 0 be a common small function
with respect to f and g,j¢j = 1,2,...,d) be distinct finite complex numbers and n, m, d aj(d + 1,2,...,d) are non-
negative integers. If & 4k — m+ o+ 9 and the differential-difference polynomi@"(z)(f (z) — 1)™ %, f (z+¢;)¥i)®
and(9"(2)(9(2) - V™M, 9(z+¢;)"1) ¥ sharea(z) CM, then f=g.

Recently, F.H.Liu and H.X.Yi[O] improved the previous results by considering uniguenesslpms on product of
difference polynomials of meromorphic functions.

Theorem 3. Let f(z) and gz) be non-constant meromorphic functions satisfyo{d) < o, p(g) < ». f(z) and ¢2)
sharew IM. a(z) # O is an entire function satisfying(a) < p(f). mn,s, uj(j = 1,2...,s) are non-negative mtegers
0 =35 1K ¢i(j = 1,2...,s) are non-zero complex constants(zr= f"(f™— )|'|Jflf(zqL cj)H, G(z) =g"(g"—

1) M5-19(z+cj)H sharea, oo CM. If n> m+2s+ 30+ 7 we get {z) =tg(z), where t is a constant satisfying t 1.

In this article, we investigate on uniqueness of differgmalynomials of meromorphic functions sharing a small fiorct
a(z) with counting multiplicity.

Theorem 4. Let f and g be two non-constant meromorphic functions of peder and 4z) is a small function with
respect to both f and g. Letam+ 3A +2d + 7 be a positive integer, where,oh A (= z‘j’:lsj forj=1,2...,d) are finite
positive integers such thatd A. Let g, c;(j = 1,2,...d) are distinct non-zero complex constants. If

d
f'(2)(f(20 —1)™ [ f(ajz+c))®
J]:L jZ+Cj
(2)(9(2) -
9" (2)(9(2 - D)™ [ 9(gjz+c;)™
JI:l1 (djz+cj

share gz) CM, f and g shareo IM, then

(1) if m > 2, then either f=tg for a constantt such thaf t= 1 where d= GCD(n+m-+A,n+m+A —1,....n4+m+
A —i,...,n+A)or f and g satisfy the algebraic equatioriRg) = 0, where

and

d d
R(wr, wp) = @] (wr — )™ [ wu(@z+¢))% — wf(w — ™[] wa(az+¢))°
=1 =1

(2) if m= 1, then f=tg for a constantt such thaft= 1 where d= GCD(n+A,n+1+A).
Also, the result in the Theorem 1. holds for entire functiforan > A + m-+4.

CoroIIary 1. Let f and g be two non-constant entire functions of zero otdgtm> A + m+4 be a positive integer where
A= ZJ 1Sj for j =1,2...,d) are positive integers. Letjocj(j = 1,2,...d) are distinct non-zero complex constants.

Iff”( 2(f(z—1)m |'|J 1 f(gjz+c¢;)% and d'(2)(9(2) — )""|‘|‘jj 19(0jz+c;)Si share dz) CM, f and g shareo IM, then

(1) ifm > 2, then either f=tg for a constantt such thaf t= 1 where d= GCD(n+m+A,n+m-+A —1,...,n+m+
A —i,...,n+A)or f and g satisfy the algebraic equatiorid@, wp) = 0, where

d d
R(wr, wz) = wf (w1 — 1)"“]1@1(qu+ Cj)% — wp(wp — 1>mrLa>z(QjZ+ cj)®
= =
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(2) if m=1, then f=tg for a constantt such thaf t= 1 where d= GCD{n+A,n+1+A}.

2 Some lemmas

Lemma1.[14] Let f(z) be a non-constant meromorphic function, and-40),a,_1,...,a0 be small functions with
respectto f Then
T(ranf"+an 1" 1. +arf+ag) =nT(r, f)+S(r,f)

Lemma 2.[12] Let fi, f; and & be non-constant meromorphic functions such that f, + fz3 = 1. If f1, f, and § are
linearly independent, then

T(r, f1) < IiNz <r, %) +_iNg(r, fi)+0o(T(r)),

where T(r) = max<i<z{T(r, fi)} and rZ E.

Lemma 3.[15 Let f; and £ be two non-constant meromorphic functions. lfict ¢, f, = ¢z, where g, ¢, and g are
non-zero constants, then

T(r, f1) <N(r, f1)) +N <r, %) +N (r, fi) +9(r, f1)
1 2

Lemma4.[11] Let f(z) be a non-constant meromorphic function of zero order, ahd &d g be two non-zero complex
numbers. Then
T(r,f(gz+c)) <T(r,f(2) +S(r, f),

on a set of logarithmic densitl;

Lemma 5.[9] Let f be a meromorphic function with zero order and ¢ and g l®ertan-zero complex numbers. Then

1 1
N <r,m) <N <r, ﬁ) +9(r, f) N(r, f(qz+c)) < N(r, f) + S(r, f)

N (r’f(qzilJrc)) <N (r, le)) +9(r,f)  N(r,f(gz+c)) <N(r, f)+ S(r, f)
outside of a possible exceptional set E with finite logarithmeasure.
Lemma 6.Let f be a transcendental meromorphic function of zero oathet F(z) = f"(f — 1)’“|‘|(j’:l f(gjz+c;)%. Then
(N+m—A)T(r, F)+Sr, ) <T(r,F) < (n+m+A)T(r, f)+S(r, f)
Proof. From Lemmal and Lemma}, we have

d

d
T f"(f—=D" f(ajz+c) | <TO, Y +T(r(fF =™ +T(r,[]f(qjz+c)% | +S(r,f)
(o faesar) (+fraesar)

< (M AT £) + S, 6). 1)

On the other hand, from Lemniaand Lemm&b, we have

(n+m+A)T(rnf)=T (r, f(f — 1)mfA) +S(r, )

<mfr P +N{r P +8(r, f)
U M gz ) "My f(ajz+cj)s ’

fA fA
<m(r,F)+N(r,F)+m{r, - | +N{r, - | +S(r, f)
N f(ajz+c)) M9y f(qjz+¢))

<T(LF)4+2AT(r, )+ S(r, ) 2
(Nn+m—A)T(r,f)+S(r, f) <T(r,F). 3)
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Lemma 7. Let f(z) and gz) be non-constant meromorphic functions of zero order. "¢f £ 1)""'|'|§’:1 f(qjz+c;)®i
and d'(g— 1)""'|'|‘J-’:lg(quaL cj)%i share dz) CM and n> m-+ 3A + 2d + 7 is a positive integer. Then

n+m+A
< .
T < (o pa—y—3) T 1) +loar + Sitg)

Proof. Let F = f"(f —1)™ |‘|J 1 f(gjz+c¢j)% andG =g"(g—1)" |‘|J 19(gjz+c;)%i. Applying Nevanlinna’s second
fundamental theorem 16, we have

T(r,G) <N(r,G) +N(r, é) +N (r, Gla(z)) +95(r,G)
< (d+1)T(r,g)+(d+2)T(r,g)+N(r,%M) +9S(r,g) (4)

By the Lemmal, (4) and hypothesis, we have

(n+m)T(r,g) <T(r,g"(g—1)") +S(r,9)

d 1
<T|rng"(g—1)™[9(gjz+c)% | +T |, - | +S(r,9)
( Dl e M§-19(ajz+cj)%

1
=Tr,G)+T|r, . ,
(r,G)+ (r n?lg(QjZ+CJ)SJ)+S(r 9)

<@+ D)T(ng)+ (d+2)T(rg) + ( 1())+AT<rg>+s<rg>

<(d+1T(r,g)+(A+d+2)T ( )+S( 0) (5)

By first fundamental theorem, we have

_ 1 1
N(re—ag) < (reag ) ~TOF -a@) st
=T <r, f(f — 1)m|£| f(q;z+c;)® a(z)) +9S(r,g)
=1

nT(r, f)+mT(r,f —1)+AT(r, f) +logr +Sr,g) (6)

IN

From(5) and(6), we have

(n+mT(r,g) < (d+1)T(r,g)+ A +d+2)T(r,g) +nT(r, {)+ mT(r,f —1)+AT(r, )+ Sr,Q)
< (2d+3+A)T(r,g) + (n+m+A)T(r, f) + S(r,g)
(n+m—2d—A-3)T(r,g) < (N+m+ A)T(r.f) + Sr.g)

A
109 < (i3 T D+ S0 )

Hence we get Lemma
The following lemma is required to prove our main result.

Lemma 8. Let f(z) and gz) be two non-constant meromorphic functions with zero order.n> 3A +2d+ 8 be a
positive integer, where @ (= z‘j’:lsj for j =1,2...,d) are positive integers. Letjee;(j = 1,2,...d) are distinct non-
zero complex constants. If 2)(f (z) — 1) |‘|‘J-’:1 f(ajz+cj)% =d"(2)(g(2) — 1) nleg(qu+ cj)® then we get =tg for

a constantt such thaf't= 1 where d= GCD(n+A,n+1+A).
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Proof.
d

d
-1 ]'L f(ajz+¢j)% =g"(2)(9(2) — 1) [] 9(ajz+c))". (8
= =1

Leth= - then substituting = ghin (8), we get

d d d
2)h"(gh-1) |'| (9jz+¢j)” I_Ilh(QjZ+CJ)Sj =0"(2)(9(9 - 1) HQ(QjZ+CJ)SJ
j=1 |= 1=

d d
- (gn+1hn+li gnhn> g(q_ZJrC_)sj h(q_ZJrC.) n+1 g qj Z+C
JD] i i JD] j j I_II j j

d
= |g™ [ " h(giz+c)% —1 | —g" [ " [T h(gjz+c))S —1 g(qjz+c)® 9)
o (s flraeeer )] floae e

If his not a constant, themis a non-constant meromorphic function. Fré@), we have

h" -y h(gjz+¢))% —1
hMA g h(gjz+¢))% — 1

g= (10)

Next, we show that 1 is not the Picard exceptional valuélpf h”*1|‘|‘j’:1h(qujL cj)®i, for that we suppose 1 is the
Picard exceptional value &f;. By the second fundamental theorem, we have

d d
T (r, h”*lﬂh(qunL cj)SJ') <N (r, h”*lﬂh(qunL Cj)sj>
— 1 — 1
+N{r, - | +N{r, . +S(r,h
< h 1 iy h(gjz+ Cj)s'> ( het iy h(ayz+cj)¥ —1> Seh

—/( 1 — 1
N(r,h) +N h(gjz4+c¢))3 | +N(r= | +N{r, - | +§(r,h
< ”] Gzt ) ( h> < I'I?lh(QjZ+CJ)SJ> )

T <r, h |i| h(djz+ c,-)si) < (24 2d)T(r,h)+ S(r,h). (11)
=1

On the other hand from first fundamental theorem éirid, we have

(N+21)T(r,h) = T(r,h"1) + S(r h)

1
<T|rh" [ h(gjz+c)® | +T ~ | +S(r,h)
< rlu S rl(jj:l h(ajz+¢j)®

d
<T <r,h”+1rllh(qu+cj)si) +T <r, [1h(ajz+ cj)si) +S(r,h)
I= J=1

(n+1)T(r,h) < (24+2d+A)T(r,h) + S, h). (12)

This is contradiction to the fact that> 3A + 2d + 8 > A +2d+ 1. Therefore 1 is not the Picard exceptional valuélof

Hence there exist such thaH; (zy) = h(z)"** |'|J 1h(djzo+c¢j)® = 1. For further proof we consider the following two
cases.

Case 1.If H; # 1, then eitheh(z) is a rational function oh(z) is a transcendental meromorphic functionh(g) is a
rational function. Fron{10), we obtain thaty(z) is also a rational function. This is contradiction to the dition g(z) is
a non-constant transcendental meromorphic function. ele(® is a transcendental meromorphic function. Siri¢e)
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andg(z) are trancendental meromorphic function of zero orldg) is also trancendental meromorphic function of zero

order. LetH, = h"[]] d_ h(gjz+c¢j)S andz € C is the 1-point ofH;, but not the 1-point oH,. From (10), we can get
thatzy is the zero oHl — 1 with multiplicity atleast 1. Now assume thate C is the common zero dfi; — 1 andH; —
Then from(10), we have

d d
h™1(z) [ h(ajze+¢))S — 1) g=h"(zr) [Th(gjzz+¢j)% — 1 (13)
< 1 J]:[I jZ+¢ 1 J]:[I G

h"3(z) 9.1 h(gjz1 +¢j)% = 1 andh"(z1) [1{_1 h(qjz +¢})S = 1. Then we have fronf13) thath(z) = 1. Hence

_ 1 - 1 N 1
N(r’Hll)SN(r’Hllo,H21¢0)+N( "h— 1)+S(rh
_ 1 N(r L
§N<r’ h 1Sl h(gjz+c)) 1) +N< h— 1>+S(r "
(d+21)T(r,h) +T(r,h) + S(r,h)
(d+2)T(r,h) +S(r,h), )

<
<

whereN (r, WMJ) denote the counting function of zerostéf(z) — 1 in | z|< r, such that each point in this is

not a zero oH,(z) — 1 and each such point is counted with ignore its multiplicGiynceh is a meromorphic function with
zero order implie$d; is also a meromorphic function with zero order. Thus, we have

(N+1+2)T(r,h) = T(r,h"4) 4+ S(r, h)
hn+1+)\

<T(rhbH1)+T <r, ) +S(r,h)
Hi

h)\
: ) +8(r,h). (15)

<T(rhHy)+T|r,
< M§_1h(gjz+c;)®

By second fundamental theorem afidl), we have

T(r,H1) <N(r,H;) +N r,i +N r,i +9S(r,H1)
Hy Hi—1

Sl it & e s LN 1 N 1
<N (r,h + D h(gjz+c;j) ) +N (r, h”*lﬂ?zlh(quJer)si ) +93(r,h)+N (r, h”+1|‘|?:1h(qu+c,-)si 1) +95(r,h)
(d+1)N(r,h) + (d + 1)N(r,h) + (d + 2) T (r,h) + S(r, h)
(3d +4)T (r,h) + S(r,h). (16)

<
<

From(15) and(16), we have

(N+1+A)T(r,h) < (3d+4)T(r,h) +2AT(r,h) + S(r,h)

<
< (2A +3d+4)T(r,h) + S(r,h).

Which is contradictiontmm > 3A +2d+8> A +3d+ 3.
Case 2If H; =1, then

d 1
(N+D)T(rh) =T Y =T [ i [ h(gjz+c)% | +T [, - | +S(r,h)
|_| i M§-1h(gjz+c;)"

< h(djz+c;j) >+S(r h)

<AT(r,h)+S(r,h

\_/ \
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Which is contradiction tan > 3A 4+ 2d +8 > A — 1. Henceh is a constant, then froni10), we haveh® = 1 where
d=GCD(n+1+4A,n+A). Hence proved the Lemm8)(

Proof. (Proof of Theorem 1.) Lef(z) = f"(2)(f(z) — 1)’“|'|?:lf(quwL ¢j)% andG(z) = g"(2)(9(2) — 1)’“|'|?:lg(quwL
cj)%. By the hypothesis we hawe(z) andG(z) sharea(z) CM andf, g sharex IM. Let

f'(2)(f(2) - D™y f(gjz+ )% —a(2)

H=
9"(2)(9(2) — V)™ M§_1 9(ajz+c;)% —a(2)

17)

then,H is a meromorphic function and # 0. Therefore, we have

f"(2)(f(2) — D™ 15y f(gjz+¢))% — a(Z))
9"(9(9(2) — Y™ 1§_1 9(ajz+¢))% —a(2)

d d
<T <r, f"(2)(f(2) - 1)mrllf(QJZ+ cj)¥ a(Z)) +T <r79”(2)(9(2) - rLg(QJZ+ cj)® a(Z)) +0(1)
= =
T fM+Tr(F-D™M+T <r,ﬁf(qu+Cj>si>+T(r,g”)+T(r,(g1)m>
=
d
T[] f(ajz+cj)% | +O(logr)
( J]l (9jz+cj ) (

< (n+m+A)[T(r,f)+T(r,g)] + O(logr).

TrhH)=T (r,

ThereforeT (r,H) < O[T(r,f)+T(r,g)].

From(17), it is clear that the zeros and polestbfare multiple and also the following inequalities satisfibgiously.
NLH) <R ) and () <RLng) (18)

NL(r, f)+NL(r.g) <N(r, ) =N(r,9) (19)

Let J _ d _

f(f —1)"Mj_1 f(ajz+cj)® —Hg"(9—1)™MMf_19(djz+c))
a(2) a(2)

such thatF + F, + F3 = 1. Let T(r) denote the maximum of (r,F;) for j =1,2,3. -. we haveT (r,F) = O(T(r, f)),

T(r,F) =0O(T(r,f)+T(r,g)) andT(r,F3) = O(T (r, f) +T(r,9)). Thus, we also hav&(r, f) + S(r,g) = o(T(r)). Now
we discuss the three possible cases separately.

Fo=H; Fs =

Fr= (20)

Case 3If possible, suppose that neither nor F3 is a constant.

If F1,F, andF; are linearly independent, then by Lemn2aénd @0), we have

T(r,F1) < ZNZ( )ZiNrF.—i-o

([ a(2) ) AN ( a(2) )
: 2<r’f”<f D e gz ) ¢ (1) e " HE (- D™ gz )

+N<r, (-1 (sz+cj)sj)+ﬁ(r,H)+N< —Hg(g- D™ N 1g(q'Z+C’)Sj)+o(T(r)). (21)

a(2) a(2)

(© 2017 BISKA Bilisim Technology


www.ntmsci.com

(_/
257 BISKA R. S. Dyavanal and A. M. Hattikal: Uniquenessop$hift difference polynomials of meromorphic...

SinceH # 0,V ze C, we haveNy(r, ﬁ) = 0. Then Q1) becomes

T(erl)SN r dl ) 7N(3 f, dl )
fr(f — )My f(ajz+c)) fr(f —)™M5oy fajz+cj)®

_ 1 1
+2N3 r, X +N r, N
( ( fn<f1>mn?_1f<q;z+c,->sl> ( g"<g1>mn?_1g<q;z+c,->sj)
1 __ 1
—N r, - +2N r, )
@ ( 09— )™, g(gjz-+¢))¥ ) © ( 9”(9—1)m|‘|?1g(q,'2+<:j)51>

d
+N(r,f)+N (r, I_Ilf(QjZ+Cj)sj) +N(r,H)+N(r,—H) +N(r,g)
j=

d
+N|r, g(q-z+c-)si>+2|ogr+o(T(r))
( ,I:L jZTC

< (n+m+A)N (r,%) —(n—2)N (r,%) +(n+m-+2A)N (r,é) —(n=2)N (r,é)
+ (d+1)N(r, f) + 2N (r, f) + (d + 1)N(r,g) + 2logr +o(T (r))

From Lemma ), we have

N+m-=AT(r, f) <T(rF) <(N+m+A—n+2+d+21)T(r, f)+ 2N (r, f)
+(M+m+A-—n+2+d+1)T(r,g) +0(T(r))

<A +m+d+3)T(r,f)+ 2Ny (r, f)+ (A + m+d+3)T(r,g) +o(T(r)) (22)
- (9—-1)™M§_19( ) (f— )™My f( )
99— D)MAj_19(djz+Cj)% 1 P =-1)™nfo f(ajz+cp)®
G = a(2) » Go= H’ Ga=- Ha(2)

such thatG; + G, + Gz = 1. In the same manner as by, F,, F3, we get
(N+m—=A)T(r,g) < (A +m+d+3)T(r,g) ++2N.(r,g) + (A + m+d+3)T(r, f) +0o(T(r)) (23)
From(19),(22) and(23), we have

(N+m=A)[T(r, f)+T(r,9)] < (A +m-+d+3)[T(r,f)+T(r,g)] + 2N.(r, f) + 2NL(r,9)
+A+m+d+3)[T(r,f)+T(r,g)] + S, f) + S(r,9)
<A +m+d+3)[T(r,f)+T(r,g)] +2N(r, f) + (A + m+d+3)[T(r,f) +T(r,9)]
+8(r, f)+S(r,9)
<A4+m+d+3)[TrH)+T(rg)]+T(rf)+Trg)+A+m+d+3)[T(r,f)+T(r,9)]
+8(r, f)+S(r,9)
< (A +2m+2d+7)[T(r,f)+T(r,9)] + S(r, f) + r,Q).

Which is contradiction toy > 3A + m+ 2d + 7. Thus our assumptioRy, F, andFs are linearly independent is wrong.
HenceF;, F,, F5 are linearly dependent. Thus, there exists three condants, c3) # (0,0,0), such that

ciFi+ R+ ez =0 (24)
If c1 =0]co # 0 & c3 # 0], from (24), we have
Fs= —C
=

d R
=g"(g-1" jz+¢j)% = = a(2).
g'(9-1) Dg(qJ )7 =g, a2
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From Lemmab, we have
(n+m—2A)T(r,g) < logr +O(1).

Sincen > 3A +m+ 2d+ 7, we get a contradiction. Thus # 0 and by(24), we have

—Cp C3
Fl=—2F— —Fs.
e F ClFs

C2 C3 .
(1-3)R+ (1-3)R-2

Wherec; # ¢y, €1 # ¢3. From(20), we obtain

<1g> (g”(g1>m|'|?19(q1'2+cj)51>+% @

C1 a(z)

SinceF1 + R+ F3 =1, we get

Using LemmaB, we have

T <r7 9"(g- )™ Mf-19(ajz+¢))® ) <N (r, 9"(g— )™ Mf-19(ajz+¢))" )

a(2) a(2)

a(2)

N(r,H ) 25
g”(g1)m|'|§’19(cu2+<3j)51>+ rHEShg - @9)

Next, we note that

d
T i n( 71)m ( . + _)Sj ST
(rg g JDg 0jZ+C;j ) <

g"(g— )™, 9(ajz+c))”
: o ) +T(ra()
N(g—1)"md_ . \Sj
=T ’g 9= Hz;(zl)g(qu+CJ) J) + logr (26)
By using(25), we get
Mg 1™ gl g s | <N g"(9— D)™ §-19(0jz+¢))”
T (r,g (9-1) Dlg(qu+ cj) ) <N <r, Q) )
= a(z) —
N, - | +N(r,H :
(r g”(g1)m|'|ﬁ’19(cuZ+CJ)SJ>+ R+ srg
<(2d+4)T(r.9) +9S(r.9). (27)

By Lemmal and(27), we have

(n+m)T(r,g) =T(r,g"(g—1)™) + S(r,9)

d 1
<T(rg"(g-1" iz4+cj)¥ | +T|r, - | +3(r,
< g"(9-1) Dg(qj i) ) < H?lg(qJHCj)S') r.9)

<(2d+4)T(r,g)+AT(r,g)+ S(r,9)
(n+m)T(r,g) < (A +2d+4)T(r,g) + S(r,Q).

Which is contradiction t > 3A +m+2d 4 7. Hence our assumption neitHernor F3 is a constant is wrong. Hence one
of theF, or F3 is a constant.
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Case 4 Suppose th&, = ¢, wherec(+ 0) is a constant. IE # 1, then we have froni20)

(=)™ f(gjz+c))S cd'(g- D™N910(gjz+cj)S

2 e =1-c (28)

Applying Lemma3 to (28), we have

T <r7 f(f — )™, f(ajz+¢)) )

a(z) a(2)

N <r7 f(f — D)™y F(a2+ )% )

N(r a(z) N( , —a(z) ) t
’ <r fn(f — 1y f(ajz+c)) N g"(9— D)™ M- 9(ajz+ ) Rl
— —( 1 —( 1
< (d+1)N(r, f)+ (d+2)N (r, ?) +(d+2)N (r,a) +9(r, ). (29)

Next, we note that

(- )™y f @2+ ¢)Y

d
Trnf"(f=1"[] f(qjz+c))% | <T[r, +logr.
( frassar) < 0 )

Then from(29), we have

Trf(f —1)m|i| f(qjz+c)¥ | < (d+1)N(r f)+(d+2)N(r E) + (d+2)N (r }) +9(r, ). (30)
9 L ] ] = 9 7f 7g )

By using Lemmal and(30), we have

1
: - | +S(r, f)
M- f(gjz+ CJ)S’>

< (d+2)N(r, f) + (d+2)N <r,£) +(d+2)N (r,é) +AT(r, f)+9(r,f)

(N+mT(r ) =T(r "(F—1)™+Sr,f)<T (r, fN(f 1)mﬁf(QJZ+cj)sj> +T (r
J:

f
< (2d+A+3)T(r, f)+(d+2)T(r,9) +S(r, f)
(n+m—-2d—A =3)T(r, f) < (d+2)T(r,g) + S(r, f).

From Lemma/, we have

(n+m—2d—A —3)T(r.f) < (nH:*;:j“/\ 3) (d+2)T(r. )+ (1, ).

Which is contradiction tm > 3A + m+2d+ 7. Hencec = 1. Then from(28), we have

d d
= f"(f-1)"[ f(gjz+¢j)% =g"(g—1)" [ 9(ajz+c;)%. (31)
J]:L jZ+C;j JI:[I jZ+C¢j

Now we consider two subcases.

Subcase 4.1. If m = 1, then from Lemma8, we have f = tg for a constantt such thatt® = 1 where
d=GCD(n+1+A,n+A).
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Subcase 4.2f m> 2, leth= é thenf = gh, from (31), we have

d
g"h"(gh—1)™[1 9(gjz+¢;)% [1h(gjz+cj)% =g"(g—1) g(gjz+cj)®
,Du j i I_II j j I_[I j i

_ d
= gnhn <gmhm_mdnlhm1+ m(m 1) gm th 2 ) ) I—II q,z+cJ
2
d h( .Z+C,)5j _ n( m_mdnfl_’_ m(m_l) m-2 d Z+C
JI:II q j g9 — 5 g I:l (qj i)°

d

= [gn+m(hn+m I—Ilh(qu+cj)sj _ 1) _ mgﬁ+m—1(hn+m—l I—llh(qu+ Cj)sj _ 1)+
= =

d

”g(qu+ ¢j)% =0. (32)

A+ (=)"g(h" Iillh(qu+ ¢j)% —1)]
- =
If his a constant, theh = 1 where
d=GCD(n+m+A,n+m+A—-21...n+m+A—i,....n+A)
fori =0,1,2,...,m Hencef = tgfor a constant such that® = 1 where

d=MN+m+An+m+A-21....n+m+A—i,....n+A).

If his not a constant, then KB2) that f andg satisfy the algebraic equatid{ f,g) = 0, where

d d
R(w1, wp) = @] (e — )™ [ wu(@z+¢))% — wh(w — 1™ [] wa(az+¢))°.
=1 =1

Case 5Suppose thdt; = k, wherek(+£ 0) is a constant. Ik # 1, then we have froni20)

f(f-)mfiy flajzhe)® ka(z) —1-k (33)

a(2) g"(g— V™Mf_19(ajz+¢))¥

Applying lemma3, to the(33), we have

T (r, f(f — D)™y f(az+c))¥ )

a(2)

_ a(2) (@)1 9(gjz+c))
+N<r’fn(f1)mn?lf(qu+cj)5j +N<r, 20 +9(r, f)

S(d+1)N(r,f)+(d+2)N(r,%) (d+1)N(r,g) + S(r, ). (34)

IN

N (r, f(F = D™ f a2+ ¢)° )

a(2)

Next, we note that

d f(f — )M, f(gjz+cj)S
T(r,f”(fl)m f(quJer)SJ)ST(r, (=17 f@z+ &) >+Iogr.
J

a(2)
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From(34), we have
T(r (e f(q-z+c-)sl> (d+ DN(r, )+ (d+2)N< 1) d+DN(rg) +S1, 7).  (35)
) JI:II J ] f

By using Lemmal and(35), we have

N+m)T(r, f)=T(r, f"(f —1)™ )+S(r f)
1

<T|r,f"(f=1™[] f(qiz+c))% | +T |, - | +9(r, f
( ( ) Dl N 2 ) ( ﬂ?lf(QJ’Z"‘CJ)SJ) il

g(d+1)N(r,f)+(d+2)N( i) (d+N(r,g) +AT(r, f) +S(r, )

<@2d+A4+3)T(r,f)+(d+21)T(r,g)+ S(r, f)
(n+m—2d—A =3)T(r, f) < (d+1)T(r,g9)+S(r, ).
From Lemma’, we have

n+m-+A
n+rm—-2d—A -3

(n+m—-2d—A —3)T(r,f) < ( )(d+1)T(r,f)+S(r,f)

Which is contradiction te > 3A +m+ 2d+ 7. Thereforek = 1 and by(17) and(20) we haveF; +F, =0

_ N -)mny flaz+e)® a(2) 0o
a(Z) g"(9— )™Mf_19(ajz+¢))¥
d
= f"(f |_| f(qjz+¢j)%g"(g—1) I'l (9jz+c))% = a%(2)
&(2)

(36)

= f'(f-1)"g"(g—1)= . -
My f(ajz+cj)% 1%y 9(ajz+ )

From second fundamental theorem, we have

T(r,F) <N(r,F)+N(r, é)+N (r, F—;a()) +9(r,F)

1
< I_Ilf gjz+c¢j) ) <r7 fn(f_l)ml—l?lf(qu+cj)sj>

+9(r, f)

| /\

+
Z|

(r g"(g—1™m njflg(quJrCJ)SJ Z)
<N(r, f) +N< rllf ajz+cj) ) <,f—1n)

_ 1 — 1
*N(Wfl)m) +N<r’ Mo f(a2+ )° )”“ G+ s
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and
(N+m+A)T(r, f) < (3+2d)T(r,f)+ (n+m+A)T(r,g) + S(r, f)
(n+m+A—-2d—-3)T(r,f) < (n+m+A)T(r,g) + S(r, f)
e < (A e s
Therefore
T(r,f) =0(T(r.9))
Similarly, we haveT (r,g) = O(T(r, f)). From(36), we have
2 1 1
(n+m)[N(r, f) +N(r,9)] <N(r,a%(z)) + N <r, |'|‘J-’:1f(qu+cj)si ) +N <r, ﬂ?lg(QJ’ZJFCJ)Sj)
§/\N<(r,%)+/\N<r,é)+8(r,f)+8(r,g). (37)
Since
1 _ M= f(gjz+¢))% M1 9(q;z+¢))
fr(f —1)mgn(g—1)™m @(2)
We obtain
1 1 1 1
() N o) () N (o a)
d 1
<N (djz+cj) g(gjz+cj)
(firamss)enefloameer) n(eig)
<A(N(r, ) +N(r,g)) + S(r, f) + S(r,0). (38)
From (37) and(38), we have
et ) ()
1
+N(r’7(gl) ) AN( ) ( ) —AN N(r,g) < S(r, f) + S(r,g9)
S NEOENEG N (17 ) 4N (r D) ( ) Mgty ) SSenisre @)

By second fundamental theorem af3®), we have

T(r, f) <N(r, f)+N< :) +N<r,(fil))wLO(logr)go(T(r,f))

which is contradiction. Hendgs is not a constant.
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