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Abstract: The aim of this paper is to proved some new fixed point theofem@-, @, ¢ ) —weak contractions on ordered S-complete
Hausdorff uniform spaces. Our results extend existinglt®suthe literature.
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1 Introduction

Aamri and El Moutawaki[2] proved some common fixed point theorems for some new coivieamtexpansive maps in
uniform spaces by introducing the notions of aadistance. Some other authors proved fixed point theoremg tisis
concept ([1],[3-5],[8],[10],[11],[18],[19],[22],[23]

Existence of fixed points in partially ordered metric spaees first investigated in 2004 by Ran and Reurings [21] and
then by Nieto and Lopez [17]. Recently, some results weregatin this direction ([9],[10],[13],[16],[20]).

Definition 1. ([2]) Let (X,3) be a uniform space. A function:fX x X — R™ is said to be an A distance if for any
V € 3, there exist® > 0, such that z,x) < d and p(z y) < J for some = X imply (x,y) € V.

Definition 2. ([2]) Let (X, &) be a uniform space. A function: X x X — R™ is said to be an E- distance if

(pl) pis anA—distance{p2) p(x,y) < p(x,2) + p(zy) for all x,y,z€ X.

Example 1.(]2]) Let X = [0,+) andp(X,y) = max{x,y}. The functionp is anA—distance. Alsop is anE—distance.
The following lemma embodies some useful properties-efdistance.

Lemma 1.([1],[2]) Let(X, &) be a Hausdorff uniform space and p be an E-distance dreX{x,} and{y,} be arbitrary
sequences in X angh,},{B.}be sequences iR converging t. Then, for xy,z € X, the following holds

(@) If p(xn,Y) < anandp (X, z) < Bnforall ne N, theny =z In particular, ifp(x,y) = 0 andp(x,z) = 0, theny =z
(b) If p(Xn,¥n) < an andp(xn,z) < By foralln e N, then{y,} converges ta

(©) If p(Xn,Xm) < oy forall m> n, then{x,} is a Cauchy sequence [{X,3).
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Let (X,3) be a uniform space equipped with- distancep. A sequence itX is p—Cauchy if it satisfies the usual metric
condition. There are several concepts of completenesssisétting.

Definition 3. ([1],[2]) Let (X, 3) be a uniform space and p be an-Hlistance on XThen

(i) X is said to bes—complete if for everyp—Cauchy sequencx,} there existx € X with rllmo P (Xn,X) =0,
(i) X is said to bep—Cauchy complete if for everp—Cauchy sequence, } there existx € X with r',iﬂloX“ = x with
respect tar (9),
(i) f:X — Xis p—continuous ifnirog p(Xn,X) =0 impliesnirpo p(fxn, fX) =0,
(iv) f:X — XisT1(89)—continuous ifnirg.p(n = x with respect tar (9) impliesnli%r?ofxn = fxwith respectta ().

Remark.([2]) Let (X,3) be a Hausdorff uniform space and Iet,} be ap—Cauchy sequence. Suppose thats
S—complete, then there existss X such tha%ﬂgwp(xn,x) =0.Lemma 4 (b) then givensHLiom, = X with respect to the
topologyT (3) . ThereforeéS—completeness impligs—Cauchy completeness.

In 2014, the concept @-class functions were introduced by H. Ansari in [6]. Aftente fixed point theorems were gived
using this concept ([7],[12],[14]).

Definition 4. ([6]) A mapping F: [0,)2 — R is called C-class function if it is continuous and satisf@kfving axioms.

(1) F(st) <s;
(2) F(st) = simplies that either s 0 ort = O; for all s,t € [0, ).

Note for somé= we have thakF (0,0) = 0. We denot€-class functions ag’.

Example 2. The following functionsF : [0,00)? — R are elements of, for all st € [0, ).

(1) F(st)=s—t,F(st)=s=t=0;
(2) F(s,t):ms 0<m<1,F(st) =s=s=0;
(3) F(sit) = 1+tr- € (0,00), F(s;t)=s=s=0ort=0;
(4) F(st)=log(t+a%/(1+t),a>1,F(st)=s=s=0ort=0;
(5) F(st)=In(1+a%/2,a>e F(s,1) =s=s=0;
(6) F(s,t) = (s+ M) | | > 1r e (0,w), F(st)=s=t=0;
(7) F(sit) =slog_ ,aa>1,F(st)=s=s=0ort=0;
(8) F(st)=s (%jrrg)(fﬁ) F(st)=s=1t=0;
(9) F(s,t) =sB(s), B:[0,0) — (0,1),and is continuous; (s,t) = s=s=0;
(10) F(st) =s— k+t, F(st)=s=t=0;
(11) F(st) =s—¢(s),F(s;t) =s=s=0,here¢ : [0,0) — [0, ) is a continuous function such thft) =0 <t =0;
(12) F(st) =sh(st),F(s,t) = s= s=0,hereh: [0,0) x [0,0) — [0, )is a continuous function such tha(,s) < 1 for
allt,s>0;
(13) F(st) =s— (&, F(st) =s=t=0;
(14) F(st) = ¥/In(1+9"), F(st) =s=5s=0;

(15) F(s,t) = ¢(s),F(s,t) = s= s=0,herep: [0,0) — [0,) is a upper semicontinuous function such tp&d) = 0
ande(t) < tfort > 0;

(16) F(Svt) (1+s)ry re (0 °°) (S,t) =s=s5=0.

We shall also state the following definition of altering diste function which is required in the sequel to establiskealfi
point theorem in uniform space.
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Definition 5. ([15]) A functiony : [0,00) — [0, ) is called an altering distance function if the following perties are
satisfied:

() ¥(0)=0,

(ii) @ is continuous and monotonically nondecreasing.
RemarkWe denote set of altering distance functionshy
In this paper, we assume that

Definition 6. ([6])An ultra altering distance function is a continuousymdecreasing mapping : [0,00) — [0, ) such
that¢(t) >0 ,t >0and¢(0) > 0.

RemarkWe denote set ultra altering distance functionsiiy

2 Fixed point results

In this section, we prove some fixed point results using Gscfanction in ordered uniform spaces.

Theorem 1.Let (X, 3, =) be an ordered Hausdorff uniform space and p be an E-distanc®ocomplete and p-bounded
space X . Let ffg: X — X be two commuting p-continuous (3 ) —continuos selfmappings such that

i) f(X)<cg(X),
(i) f is g—nondecreasing,

(i) w(p(fx,fy)) <F(@(p(gxay)),¢ (p(gxgy))) for all x,y € X with gx=< gy whereyy € ¥, ¢ € dyand F€ ¢

If there exists g€ X with g < fxg then f and g have an unique common fixed point.

Proof.If xg € X such thagxy < fxg. Sincef (X) C g(X), we can choose, € X such thaff xo =gx. Thengxy < fxo=0x.
As f isg—nondecreasing, we géky < fx;. Continuing this process, we can construct a sequérgein X such that

O% = fXno1, n=21,2,...

for which
Po=fXo=0u =002 X 1=0%=--.

From (iii),

Y(P(fXn, TXni1)) < F(W(P(G%, 9% 11)), ¢ (P(9%,0%+1)))
< Y (p(g%,9%+1)) = W (P(fXn-1, FXn)) 1)

S0 P(fXn, FXnr1) < p(fXn_1, FXn),therefore{ p(fxn, fxn+1)}, is decreasing so tend to> 0,
In (1), on taking limit as — oo, by definiton ofF,

Wr) <FY(r),¢(r) <y(r).
So,y(r)=0,o0r ,¢ (r) =0, thereforer =0 . Hence

Aiinm P (Xn+1,%) = 0.
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Similarly, we can show

lim p(%n,Xnt1) = 0.

Next we show tha{x,} is a p—Cauchy sequence. Assurfi, = fxn} is not p—Cauchy. Then there exists an> 0 for
which we can find subsequencgy } and{ynw) } of {yn} with m(k) > n(k) > k such that

P (Yn(k): Ymik)) = €. 2

Further, corresponding to(k) , we can choosen(k) in such a way that it is the smallest integer witttk) > n(k) and
satisfying (2). Hence,
p(yn(k)aym(k)fl) <E.
Then we have
£ p(yn(k)aym(k)) < p(yn(k)vym(k)fl) + p(ym(k)flaym(k)) )
that is
€ < P (Ynky»Ym) < €+ P (Ym—1,Yn(k)) -
Taking the limit ak — oo, we have
lim p (Xn(k)» Xmii)) = € (3)

From (p2),

p (yn(k)vym(k)) <p (yn(k)aYn(k)Jrl) + p(yn(k)+1aYm(k)+1) +Pp (Ym(k)+1aYm(k))
and

P (Yn(k+1: Ymo+1) < P (Yn(k)+1ayn(k)) + P (Yn(k)» Ym(k) + P (Ym(i» Ym(i+1) -

Taking the limit ask — o we have

lim p (Yogo-+1: Y +1) = € (4)
From (iii),
W (P (Ynr+1: Ym+1)) = ¥ (P (FXagg+1: FXmig+1))
<F (¢ (P (Pk+1, PKng+1) ) » ¢ (P (P +1, Pn+1) )
=F (W (p (X, PXmi)) »® (P (FXaw) fxm K)))
=F (W (p (Y- Ymik))) - & (P (¥ 7ym(k))))'

Letting k — o in the above inequality, using (3), (4), the continuitieg/odnd¢$ and definition of~, we have

p(e) <F(y(e),o(e)) <d(e).

Soy(e) =0or ¢ () =0, thereforee = 0 which is a contradiction. Hencgfx,} is a p-Cauchy sequence. Since
S—completeness of, there exists @ € X such that

lim p(fx1,2) = 0and limp(gx,2) =0
Moreover, thep—continuity of f andg implies that

lim p(gfx,g2) = lim p(fgx, fz) = 0.
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Sincef andg are commuting, thefig = gf. So we have
lim p(fgx,92) = lim p(fgx, f2) =

By Lemma 4(a), we havéz= gz Sincefg= gf, we havef fz= fgz= gfz=ggz . From (iii) and definition of, ) and
¢1

Y(p(fz ffz)) <F(Y(p(929f2),¢ (p(9z9f2)))
=F(W(p(fzff2),¢ (p(fz, ff2))) (5)

so,y(p(fz,ffz))=0,0r ,¢ (p(fz ffz)) =0.Thusp(fz ffz) =0. Again From (iii), we have
Y(p(fz f2)) <F(¥(p(9292).¢ (P(9292)))
= F(¢(p(f212),6 (p(f212) ()

so, Yy (p(fz,fz)) =0, or ,¢(p(fz fz)) =0 . Thusp(fz fz) = 0. Thus from (5) , (6) and Lemma 4(a), we get
ffz= fz Hencefzis common fixed point of andg. The proof is similar wheff is 7 () —continuous.

Now, we show uniqueness. Suppose that there exjsts X such thatfu = gu= uandft = gt =t. Then by (iii) ,

Y(p(u,t) = g(p(fu,ft))

<F(@(p(guat)),¢ (p(gu.gt)))
=F((p(ut)),¢(p

(u,1)))

so, Y(p(u,t))=0,0r ,¢ (p(u,t))=0.Thusp(u,t) = 0. Similarly, we show thap(t,u) = 0. By (p2)

p(u,u) < p(ut)+p(tu)
and thereforg (u,u) = 0. By Lemma 4 (a), we have=t.

Corollary 1. Let (X,3,=) be an ordered Hausdorff uniform space. Suppose p be an Brdiston S-complete and
p—bounded space X. Let:fX — X be a p-continuous ort (3 ) —continuous nondecreasing mapping such that for all
comparable xy € X with

P(p(fx fy)) <F(@(p(xy)). 9 (P(X.Y)))
wherey e ¥ ¢ e dand Fe %.

If there exists g€ X with % < f (xo) then f has a fixed point.

Corollary 2. ([23]) Let (X, 3, <) be a Hausdorff uniform spacé= " be a partial order on X and p be an E-distance on
S-complete space X . Let X — X be a p-continuous ort () —continuous nondecreasing mapping such that for all
comparable xy € X with

Y(p(fx fy)) <@ (p(xy)) — ¢ (p(xy))

wherey, ¢ : [0,00) — [0, ) are altering distance functions.

If there exists g€ X with % < f (xp) then f has a fixed point.

Corollary 3. Let (X,3,=) be an ordered Hausdorff uniform space. Suppose p be an Brdiston S-complete and
p—bounded space X. Let:fX — X be a p-continuous ort (3 ) —continuous nondecreasing mapping such that for all
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comparable xy € X with
Y (p(fx fy)) <ky(p(xy))

wherey : [0,0) — [0,) is an altering distance function artl< k < 1.

If there exists € X with % < f (Xp) then f has a fixed point.

Example 3.Let F(s,t) =In(1+s) , X = [0,1] equipped with usual metritt(x,y) = |[x—y| and a partial order be defined
asx < ywhenever < x and suppose
F={VCXxX:ACV}.

Define the functiorp asp(x,y) =y for all x,y in X and f,g: X — X defined byf (t) = % andg(t) = % . Consider the

functiony and¢ defined as follows .

W) =g andg (1) =7,

Definition of 3, NycsV = A and this show that the uniform spafé,3) is Hausdorff uniform space. And als¢is
S—complete.On the other hang,is anE—distance.f,g are commutingp—continuous and is g—nondecreasing. We
have that for alk,y € X

p(fx, fy) <In(1+y(p(xy))) =F (@ (p(gx.9y),¢ (p(9xay)))-

And 0 is the unique common fixed point 6fandg.

References

[1] M. Aamri, S. Bennari, D. El Moutawakil, Fixed points andanational principle in uniform spaces, Siberian Elecicon
Mathematical Reports 3 (2006) 137-142.
[2] M. Aamri, D. El Moutawakil, Common fixed point theoremsrfB-contractive or E-expansive maps in uniform spaces, Acta
Mathematica Academiae Peadegogicae Nyiregyhaziensizi®a) 83-91.
[3] M. Alimohammady, M. Ramzannezhad, @n-fixed point for maps on uniform spaces, J. Nonlinear Sci. appgl 4 (1) (2008)
241-143.
[4] 1. Altun, Common fixed point theorems for weakly increagimappings on ordered uniform spaces, Miskolc Matheniatiotes
12 (1) (2011) 3-10.
[5] I. Altun, M. Imdad, Some fixed point theorems on orderedamm spaces, Filomat, 23 (3) (2009) 15-22.
[6] A. H.Ansari,Note on"¢ —-contractive type mappings and related fixed point”,The Regional Conference on Mathematics
And Applications,PNU,September (2014) 377-380.
[71A. H. Ansari, S. Chandok, C. lonescu, Fixed point theaseon b-metric spaces for weak contractions with auxiliary
functions,Journal of Inequalities and Applications 202@14) Article ID 429.
[8] A.O. Bosede, On some common fixed point theorems in umifspaces, General Mathematics 19 (2) (2011) 41-48.
[91L.J. Cirie, N. Caki¢, M. Rajovit, J.S. Ume, Monotone generell nonlinear contractions in partially ordered metriccgsaFixed
Point Theory Appl. 2008 (2008) Article ID 131294.
[10] R. Chugh, M. Aggarwal, Fixed points of intimate mapprig uniform spaces, Int. Journal of Math. Analysis 6 (9) (20429 -
436.
[11] V.B. Dhagat, V. Singh, S. Nath, Fixed point theoremsmnifarm spaces, Int. Journal of Math. Analysis 3 (4) (20097 1202.
[12] Z. M. Fadail, A. G. Bin Ahmad, A. H. Ansari, S. Radenovi®M. Rajovic, Some common fixed point results of mappings in
0— o—complete metric-like spaces via new function, Applied Mamtiatical Sciences, 9 (83) (2015) 4109 - 4127
[13] J. Harjani, K. Sadarangani, Fixed point theorems foaklg contractive mappings in partially ordered sets, Nogdir Anal. 71
(2009) 3403-3410.

(© 2017 BISKA Bilisim Technology



=
NTMSCI 5, No. 1, 243-249 (2017)Www.ntmsci.com BISKA 249

[14] E. Hoxha, A. H.Ansari, K. Zoto, Some common fixed poinsuks through generalized altering distances on disldcatetric
spaces, Proceedings of EIIC, september 1-5 (2014) 403-409.

[15] M.S. Khan, M. Swaleh, S. Sessa, Fixed point theorems Itayieg distances between the points, Bulletin of the Aal&in
Mathematical Society 30 (1) (1984) 1-9.

[16] H.K. Nashine, B. Samet, Fixed point results for mappisatisfying(y, ¢) — weakly contractive condition in partially ordered
metric spaces, Nonlinear Anal. 74 (6) (2011) 2201-2209.

[17] J.J. Nieto, R.R. Lopez, Contractive mapping theorempartially ordered sets applications to ordinary difféi@nequations,
Order. 22 (2005) 223-239.

[18] M.O. Olatinwo, On some common fixed point theorems of Alaand El Moutawakil in uniform spaces, Applied Mathematics
E-Notes 8 (2008) 254-262.

[19] M.O. Olatinwo, Some common fixed point theorems for -seifppings in uniform space, Acta Mathematica Academiae
Peadegogicae Nyiregyhaziensis 23 (2007) 47-54.

[20] V. Ozturk, D. Turkoglu, Common fixed point f@iy, ¢ )-weak contractions on ordered gauge spaces and applisafiournal Of
Nonlinear Sci. Appl. 16(3) (2015) 473-483

[21] A.C.M. Ran, M.C.B. Reurings, A fixed point theorem in palty ordered sets and some applications to matrix eqosti€roc.
Amer. Math. Soc. 132 (2004) 1435-1443.

[22] S. Sedghi, N. Shobkolaei, S. Firouzian, I. Altun, Cgghi—contractions or$—complete Hausdorff uniform spaces, Kuwait J. Sci.,
42 (1) (2015) 55-63.

[23] D. Turkoglu, V. Ozturk, (/,¢ )-weak contraction on ordered uniform spaces, Filomat 28084) 1265-1269.

[24] S. Willard, General Topology, Addison-Wesley Pubiigl 1970.

(© 2017 BISKA Bilisim Technology


www.ntmsci.com

	Introduction
	Fixed point results

