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Abstract: In this paper, new classes of lacunary ideal convergent and lacunary ideal bounded sequences combining an infinite matrix
and an Orlicz function are defined. Some properties of these spaces are investigated and also some inclusion relations are obtained.
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1 Introduction

The idea of statistical convergence of real sequences was presented by Fast [2] as a generalization of ordinary
convergence. It is a practical tool to study the problems related to convergence of numerical sequences by means of the
concept of density. Subsequently, Kostyrko [11] extended the set of statistical convergent sequences to ideal convergent
sequences by the aid of idealI which is a family of subsets of natural numbersN. Since then, ideal convergence has
been studied by many researchers including Kostyrko et al [12], Mursaleen and Alotaibi [22], Mursaleen and
Mohiuddine [23,24], Mursaleen et al [25], Das [1], Komisarski [10], Lahiri and Das [15], Şahiner et al [28], Gürdal et al
[5,7,6], Tripathy and Hazarika [29,30] some of which are on topological spaces and normed spaces.

A family I of subsets of a non-empty setX is called anideal on X if for eachA,B ∈ I , we haveA∪B ∈ I and for
eachA ∈ I and B ⊆ A, we haveB ∈ I . If X /∈ I , it is called a non-trivial ideal. A non-trivial ideal is said to be
admissible if it contains all finite subsets ofX . Throughout the study, byI , we mean an admissible ideal onN.

Recall that a sequencex = (xk) of reel numbers is said to be ideal convergent to a real numberl if for everyε > 0 the set
{k ∈N : |xk − l| ≥ ε} belongs to the ideal ([11]). A sequencex = (xk) of real numbers is called ideal bounded if there is a
K > 0 such that{k ∈ N : |xk|> K} ∈ I ([12]).

By ω , we denote the space of all real valued sequences. LetΘ = (θr) be an increasing sequences of positive integers
such thatθ0 = 0 andhr = θr − θr−1 → ∞ asr → ∞. ThenΘ is called a lacunary sequence and the intervals(θr−1− θr]

specified byΘ is detoned byΛr for all r ∈ N. Using lacunary sequences, Tripathy et al [31] introduced the space of
lacunary ideal convergent sequences

{

x = (x j) ∈ ω : {r ∈ N :
1
hr

∑
j∈Λr

|x j −L| ≥ ε} ∈ I for everyε > 0 and someL

}

which is more extensive than lacunary strongly convergent sequence space defined by Freedman et al [3].

A functionM : [0,∞)→ [0,∞) is called anOrlicz function if M is continuous, nondecreasing and convex withM(0) = 0,
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M(x) > 0 for x > 0 andM(x) → ∞ asx → ∞. By convexity ofM andM(0) = 0, it is obtained thatM(λ x) ≤ λ M(x) for
all λ ∈ (0,1).

In [14], it is said thatM satisfies∆2-condition for allx ∈ [0,∞) if there exists a constantK > 0 such thatM(2x)≤ KM(x)

and it can be easily seen thatK > 2. Also this is equivalent to the satisfaction of conditionM(Lx) ≤ KLM(x), where
L > 1.

By using the idea of Orlicz function, Lindenstrauss and Tzafriri [ 16] definedOrlicz sequence space

ℓM =

{

x ∈ ω :
∞

∑
k=1

M

(

|xk|

ρ

)

< ∞, for someρ > 0

}

which is a Banach space with the norm

‖x‖= inf

{

ρ > 0 :
∞

∑
k=1

M

(

|xk|

ρ

)

≤ 1

}

.

In the literature many authors defined various types of idealconvergent sequence spaces by using Orlicz functions,
infinite matrices, lacunary sequences. Some of them can be found in [4,8,9,19,20,21,27].

Let σ be an injective mapping from the set of the positive integersto itself such thatσ p(n) 6= n for all positive integersn
and p, whereσ p(n) = σ(σ p−1(n)). An invariant mean or aσ -mean is a continuous linear functional defined on the
space of all bounded sequencesℓ∞ satisfying following conditions for allx = (xn) ∈ ℓ∞,

1.if xn ≥ 0 for all n, thenϕ(x)≥ 0,
2.ϕ(e) = 1, wheree = (1,1,1, ...),
3.ϕ(Sx) = ϕ(x), whereSx = (xσ(n)).

Vσ denotes the set of bounded sequences all of whose invariant means are equal which is also called as the space of
σ -convergent sequences. In [26], it is defined by

Vσ = {x ∈ ℓ∞ : lim
k

tkn(x) = l, uniformly in n, l = σ − lim x},

where

tkn(x) =
xn + xσ1(n)+ ...+ xσ k(n)

k+1
.

σ -mean is called a Banach limit ifσ is the translation mappingn → n+ 1. In this case,Vσ becomes the set of almost
convergent sequences which is denoted by ˆc and defined in [17] as

ĉ = {x ∈ ℓ∞ : lim
k

dkn(x) exists uniformly inn},

where
dkn(x) =

xn + xn+1+ ...+ xn+k

k+1
.

The space of strongly almost convergent sequences was defined by Maddox [18] as follow:

[ĉ] = {x ∈ ℓ∞ : lim
k

dkn(|x− le|) exists uniformly inn for somel}.
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Let p = (pk) be a sequence of positive real numbers such that 0< h = inf pk ≤ pk ≤ H = suppk < ∞. For eachk ∈N the
inequalities

|αk +βk|
pk ≤ D{|αk|

pk + |βk|
pk} (1)

and
|α|pk ≤ max{1, |α|H} (2)

hold, whereα,αk,βk ∈C andD = max
{

1,2H−1
}

.

Let A = (ai j) be an infinite matrix of complex numbersai j, wherei, j ∈ N. We writeAx = (Ai(x)) if Ai(x) =
∞
∑
j=1

ai jx j

converges for eachi ∈ N. Throughout the text, bytkn(Ax), we mean

tkn(Ax) =
An(x)+Aσ1(n)(x)+ ...+Aσ k(n)(x)

k+1

for all k,n ∈N.

A sequence spaceX is called assolid (or normal) if (γkxk) ∈ X whenever(xk) ∈ X and(γk) is a sequence of scalars such
that|γk| ≤ 1 for all k ∈N.

Let X be a sequence space andK = {k1 < k2 < ...} ⊆ N. The sequence spaceZX
K = {(xkn) ∈ ω : (xn) ∈ X} is called

K-step space of X .

A canonical preimage of a sequence(xkn) ∈ ZX
K is a sequence(yn) ∈ ω defined by

yn =

{

xn, if n ∈ N,

0, otherwise.

A sequence spaceX is monotone if it contains the canonical preimages of all its step spaces.

Lemma 1. ([13],p.53) If a sequence space X is solid, then X is monotone.

2 Main results

Throughout the study,p = (pk) andq = (qk) be bounded sequences of positive real numbers. LetA be an infinite matrix
andM be an Orlicz function. We define the following spaces:

I −N0
θ ,σ (M,A, p) =

{

x ∈ ω : I − lim
r

1
hr

∑
k∈Λr

[

M

(

|tkn(Ax)|
ρ

)]pk

= 0 for all n ∈ N and someρ > 0

}

,

I −Nθ ,σ (M,A, p) =

{

x ∈ ω : I − lim
r

1
hr

∑
k∈Λr

[

M

(

|tkn(Ax− le)|
ρ

)]pk

= 0 for all n ∈N, someρ > 0 andl ∈ C

}

,

I −N∞
θ ,σ (M,A, p) =

{

x ∈ ω :
1
hr

∑
k∈Λr

[

M

(

|tkn(Ax)|
ρ

)]pk

is I -bounded for alln ∈ N and someρ > 0

}

.
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If we takepk = 1 for all k ∈N, then the above spaces are denoted byI −N0
θ ,σ (M,A), I −Nθ ,σ (M,A), I −N∞

θ ,σ (M,A),
respectively.

Theorem 1. The spaces I −N0
θ ,σ (M,A, p), I −Nθ ,σ (M,A, p), I −N∞

θ ,σ (M,A, p) are linear spaces.

Proof. We prove the result for the spaceI −N0
θ ,σ (M,A, p). The proofs for the other spaces follow similarly. Letx andy

be any two elements of the spaceI −N0
θ ,σ (M,A, p). Then there existρ1 > 0 andρ2 > 0 such that

I − lim
r

1
hr

∑
k∈Λr

[

M

(

|tkn(Ax)|
ρ1

)]pk

= 0

and

I − lim
r

1
hr

∑
k∈Λr

[

M

(

|tkn(Ay)|
ρ2

)]pk

= 0.

That is, for everyε > 0, we have that

T1 =

{

r ∈ N :
1
hr

∑
k∈Λr

[

M

(

|tkn(Ax)|
ρ1

)]pk

≥
ε

2D

}

∈ I

and

T2 =

{

r ∈ N :
1
hr

∑
k∈Λr

[

M

(

|tkn(Ay)|
ρ2

)]pk

≥
ε

2D

}

∈ I .

Since M is non-decreasing and convex, it follows from inequality 1 that

1
hr

∑
k∈Λr

[

M

(

|tkn(A(ax+ by))|
ρ

)]pk

≤
1
hr

∑
k∈Λr

[

M

(

|tkn(Ax)|
ρ1

)

+M

(

|tkn(Ay)|
ρ2

)]pk

≤ D

{

1
hr

∑
k∈Λr

[

M

(

|tkn(Ax)|
ρ1

)]pk

+
1
hr

∑
k∈Λr

[

M

(

|tkn(Ay)|
ρ2

)]pk
}

,

whereρ = max{2|a|ρ1,2|b|ρ2} anda,b ∈C.

If r /∈ T1∪T2, then we obtain that
1
hr

∑
k∈Λr

[

M

(

|tkn(A(ax+ by))|
ρ

)]pk

< ε.

Therefore the inclusion
{

r ∈N :
1
hr

∑
k∈Λr

[

M

(

|tkn(A(ax+ by))|
ρ

)]pk

≥ ε

}

⊆

{

r ∈ N :
1
hr

∑
k∈Λr

[

M

(

|tkn(Ax)|
ρ1

)]pk

≥
ε

2D

}

∪

{

r ∈ N :
1
hr

∑
k∈Λr

[

M

(

|tkn(Ay)|
ρ2

)]pk

≥
ε

2D

}

holds. Since the sets in the right side of the inclusion belong to the ideal, this implies that

{

r ∈ N :
1
hr

∑
k∈Λr

[

M

(

|tkn(A(ax+ by))|
ρ

)]pk

≥ ε

}

∈ I

which meansax+ by ∈ I −N0
θ ,σ (M,A, p). Hence we conclude thatI −N0

θ ,σ (M,A, p) is a linear space.
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Theorem 2. Let M1 and M2 Orlicz functions , then we have

I −N0
θ ,σ (M1,A, p)∩I −N0

θ ,σ (M2,A, p)⊆ I −N0
θ ,σ (M1+M2,A, p),

I −Nθ ,σ (M1,A, p)∩I −Nθ ,σ (M2,A, p)⊆ I −Nθ ,σ (M1+M2,A, p),

I −N∞
θ ,σ (M1,A, p)∩I −N∞

θ ,σ (M2,A, p)⊆ I −N∞
θ ,σ (M1+M2,A, p).

Proof. Let x ∈ I −N0
θ ,σ (M1,A, p) ∩ I −N0

θ ,σ (M2,A, p). Then, given anyε > 0 we have

T1 =

{

r ∈N :
1
hr

∑
k∈Λr

[

M1

(

|tkn(Ax)|
ρ

)]pk

≥
ε

2D

}

∈ I

and

T2 =

{

r ∈N :
1
hr

∑
k∈Λr

[

M2

(

|tkn(Ax)|
ρ

)]pk

≥
ε

2D

}

∈ I

for someρ > 0. Letr /∈ T1∪T2. By the following inequality

1
hr

∑
k∈Λr

[

(M1+M2)

(

|tkn(A(x)|
ρ

)]pk

=
1
hr

∑
k∈Λr

[

M1

(

|tkn(A(x)|
ρ

)

+M2

(

|tkn(A(x)|
ρ

)]pk

≤ D

{

1
hr

∑
k∈Λr

[

M1

(

|tkn(A(x)|
ρ

)]pk

+
1
hr

∑
k∈Λr

[

M2

(

|tkn(A(x)|
ρ

)]pk
}

and definition of ideal, we obtain that
{

r ∈ N : 1
hr

∑k∈Λr

[

(M1+M2)
(

|tkn(A(x)|
ρ

)]pk
≥ ε

}

∈ I . This means

x ∈ I −N0
θ ,σ (M1+M2,A, p) and completes the prof. The proof for the other cases followssimilarly.

Theorem 3. Let M1 and M2 be Orlicz functions and M2 satisfy ∆2 condition. Then the inclusions

I −N0
θ ,σ (M1,A, p)⊆ I −N0

θ ,σ (M2◦M1,A, p),

I −Nθ ,σ (M1,A, p)⊆ I −Nθ ,σ (M2◦M1,A, p),

I −N∞
θ ,σ (M1,A, p)⊆ I −N∞

θ ,σ (M2 ◦M1,A, p)

hold.

Proof. Let x ∈ I −N0
θ ,σ (M1,A, p). Then, for someρ > 0 we have thatI − limr

1
hr

∑k∈Λr

[

M1

(

|tkn(Ax)|
ρ

)]pk
= 0. Given

anyε > 0 chooseδ with 0< δ < 1 such thatM2(u)< ε whenever 0≤ u ≤ δ .

Firstly, assume thatM1

(

|tkn(Ax)|
ρ

)

> δ . SinceM2 satisfies∆2 condition, there existsK > 1 such that

M2

(

M1

(

|tkn(Ax)|
ρ

)

δ−12

)

≤ KM1

(

|tkn(Ax)|
ρ

)

δ−1M2(2). (3)
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By using inequalities (2) and (3), we obtain that

1
hr

∑
k∈Λr

[

M2

(

M1

(

|tkn(Ax)|
ρ

))]pk

≤
1
hr

∑
k∈Λr

[

M2

(

1+M1

(

|tkn(Ax)|
ρ

)

δ−1
)]pk

≤
1
hr

∑
k∈Λr

[

1
2

M2(2)+
1
2

M2

(

M1

(

|tkn(Ax)|
ρ

)

δ−12

)]pk

≤
1
hr

∑
k∈Λr

[

1
2

M2(2)+
1
2

KM1

(

|tkn(Ax)|
ρ

)

δ−1M2(2)

]pk

≤
1
hr

∑
k∈Λr

[

KM1

(

|tkn(Ax)|
ρ

)

δ−1M2(2)

]pk

≤ max
{

1,(Kδ−1M2(2))
H} 1

hr
∑

k∈Λr

[

M1

(

|tkn(Ax)|
ρ

)]pk

.

The following inclusion follows from the last inequality

{

r ∈ N :
1
hr

∑
k∈Λr

[

M2

(

M1

(

|tkn(Ax)|
ρ

))]pk

≥ ε

}

⊆

{

r ∈N :
1
hr

∑
k∈Λr

[

M1

(

|tkn(Ax)|
ρ

)]pk

≥
ε

max{1,(Kδ−1M2(2))H}

}

.

Hence the set
{

k ∈ N : 1
hr

∑k∈Λr

[

M2

(

M1

(

|tkn(Ax)|
ρ

))]pk
≥ ε

}

belongs to ideal.

Now, suppose thatM1

(

|tkn(A(x)|
ρ

)

≤ δ . SinceM2 is continuous, for allε > 0 we haveM2

(

M1

(

|tkn(Ax)|
ρ

))

< ε. This yields

1
hr

∑k∈Λr

[

M2

(

M1

(

|tkn(Ax)|
ρ

))]pk
≤ max{ε,εh}. Thus, we conclude thatI − limr

1
hr

∑k∈Λr

[

M2

(

M1

(

|tkn(Ax)|
ρ

))]pk
= 0

asε → 0 andr → ∞.

This completes the proof and the other cases can be proved similarly.

Theorem 4. If supk[M(u)]pk < ∞ for all u ≥ 0, then the inclusion

I −Nθ ,σ (M,A, p) ⊆ I −N∞
θ ,σ (M,A, p)

holds.

Proof. Let x ∈ I −Nθ ,σ (M,A, p). The inequality

1
hr

∑
k∈Λr

[

M

(

|tkn(A(x)|
ρ

)]pk

≤ D

{

1
hr

∑
k∈Λr

[

M

(

|tkn(Ax− le)|
ρ1

)]
pk

+
1
hr

∑
k∈Λr

[

M

(

|tkn(le)|
ρ1

)]pk
}

holds by (1), whereρ = 2ρ1. By hypothesis, we have1hr
∑k∈Λr

[

M
(

|tkn(le)|
ρ1

)]pk
< ∞. Hence, we obtain

{

r ∈ N :
1
hr

∑
k∈Λr

[

M

(

|tkn(Ax)|
ρ

)]pk

≥ K

}

⊆

{

r ∈ N :
1
hr

∑
k∈Λr

[

M

(

|tkn(Ax− le)|
ρ1

)]pk

≥ ε

}

for someK > 0. This completes the proof.

Theorem 5. Let 0< pk ≤ qk < ∞ for every k ∈ N and ( qk
pk
) be bounded. Then we have

I −N0
θ ,σ (M,A,q)⊆ I −N0

θ ,σ (M,A, p),
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I −Nθ ,σ (M,A,q)⊆ I −Nθ ,σ (M,A, p).

Proof.It can be easily proved with the same technique as in Theorem 4in [9].

Theorem 6. The spaces I −N0
θ ,σ (M,A, p) and I −N∞

θ ,σ (M,A, p) are solid.

Proof. We prove the result for the spaceI −N0
θ ,σ (M,A, p). ForI −N∞

θ ,σ (M,A, p), the result can be proved similarly.

Let x ∈ I −N0
θ ,σ (M,A, p). Then for everyε > 0, we have

{

k ∈N :
1
hr

∑
k∈Λr

[

M

(

|tkn(Ax)|
ρ

)]pk

≥ ε

}

∈ I .

If λ = (λk) is a sequence of scalars such that|λk| ≤ 1 for all k ∈N, then the following inequality holds:

1
hr

∑
k∈Λr

[

M

(

|tkn(Aλ x)|
ρ

)]pk

≤
1
hr

∑
k∈Λr

[

M

(

|tkn(Ax)|
ρ

)]pk

.

Hence we obtain
{

r ∈N :
1
hr

∑
k∈Λr

[

M

(

|tkn(Aλ x)|
ρ

)]pk

≥ ε

}

⊆

{

k ∈ N :
1
hr

∑
k∈Λr

[

M

(

|tkn(Ax)|
ρ

)]pk

≥ ε

}

and so
{

r ∈ N :
1
hr

∑
k∈Λr

[

M

(

|tkn(Aλ x)|
ρ

)]pk

≥ ε

}

∈ I

which meansλ x ∈ I −N0
θ ,σ (M,A, p).

We conclude that the spaceI −N0
θ ,σ (M,A, p) is solid.

Corollary 1. The spaces I −N0
θ ,σ (M,A, p) and I −N∞

θ ,σ (M1,A, p) are monotone.

Proof. The proof follows from Lemma1.

Theorem 7. If limk pk > 0 and x → l(I −Nθ ,σ (M,A, p)), then l is unique.

Proof. Let limk pk = p0 > 0. Assume thatx → l(I −Nθ ,σ (M,A, p)) andx → l′(I −Nθ ,σ (M,A, p)). Then there exist
ρ1,ρ2 > 0 such that

{

r ∈ N :
1
hr

∑
k∈Λr

[

M

(

|tkn(Ax− le)|
ρ1

)]pk

≥
ε

2D

}

∈ I

and
{

r ∈ N :
1
hr

∑
k∈Λr

[

M

(

|tkn(Ax− l′e)|
ρ2

)]pk

≥
ε

2D

}

∈ I

for everyε > 0. Putρ = max{2ρ1,2ρ2}. Hence we have

1
hr

∑
k∈Λr

[

M

(

|tkn(le− l′e)|
ρ

)]pk

≤ D

{

1
hr

∑
k∈Λr

[

M

(

|tkn(Ax− le)|
ρ1

)]pk

+
1
hr

∑
k∈Λr

[

M

(

|tkn(Ax− l′e)|
ρ2

)]pk
}

.
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This inequality implies that
{

r ∈N : 1
hr

∑k∈Λr

[

M
(

|tkn(le−l′e)|
ρ

)]pk
≥ ε

}

∈ I ; that is,

I − limr
1
hr

∑k∈Λr

[

M
(

|tkn(le−l′e)|
ρ

)]pk
= 0. Also we have

[

M

(

|tkn(le− l′e)|
ρ

)]pk

→

[

M

(

|tkn(le− l′e)|
ρ

)]p0

ask → ∞ and so
[

M
(

|tkn(le−l′e)|
ρ

)]p0
= 0. Hence, we conclude thatl = l′.
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