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Abstract: In this paper, new classes of lacunary ideal convergentaahbry ideal bounded sequences combining an infinitexmatri
and an Orlicz function are defined. Some properties of thesees are investigated and also some inclusion relatienstaained.
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1 Introduction

The idea of statistical convergence of real sequences wesepted by Fast2] as a generalization of ordinary
convergence. It is a practical tool to study the problemateel to convergence of numerical sequences by means of the
concept of density. Subsequently, Kostyrkd][extended the set of statistical convergent sequenceg#b abnvergent
sequences by the aid of ideal which is a family of subsets of natural numbé¥sSince then, ideal convergence has
been studied by many researchers including Kostyrko et1d], [Mursaleen and Alotaibi 42, Mursaleen and
Mohiuddine P3,24], Mursaleen et al25], Das [1], Komisarski [L0], Lahiri and Das 15|, Sahiner et al28], Gurdal et al
[5,7,6], Tripathy and Hazarikad9,30] some of which are on topological spaces and normed spaces.

A family .# of subsets of a non-empty sktis called anideal on X if for eachA,B € .#, we haveAUB € .# and for
eachAe .# andB C A, we haveB e .#. If X ¢ .7, it is called a non-trivial ideal. A non-trivial ideal is shto be
admissible if it contains all finite subsetsXf Throughout the study, by, we mean an admissible ideal B

Recall that a sequenae= (xx) of reel numbers is said to be ideal convergent to a real nuiribéar every € > 0 the set
{ke N:|x—I| > €} belongs to the ideal {{1]). A sequencex = (X«) of real numbers is called ideal bounded if there is a
K >0 suchthatke N: || > K} € .7 ([12).

By w, we denote the space of all real valued sequencesOLet(8;) be an increasing sequences of positive integers
such that9y = 0 andh; = 6 — 6,1 — o« asr — «. Then® is called a lacunary sequence and the inter¢&ls; — 6]
specified byO is detoned byA, for all r € N. Using lacunary sequences, Tripathy et 2d][introduced the space of
lacunary ideal convergent sequences

{x(xj)ea):{reN:hi Z\ |xjL|2£}efforevery£>0andsom¢}

" jeA
which is more extensive than lacunary strongly convergemiisnce space defined by Freedman e2]al |

A functionM : [0,) — [0, ) is called arOrlicz function if M is continuous, nondecreasing and convex Witd) = 0,
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M(x) > 0 for x > 0 andM(x) — o asx — c. By convexity ofM andM(0) = 0, it is obtained thaM(Ax) < AM(x) for
allA € (0,1).

In [14], it is said thatM satisfiesAz-condition for allx € [0, ) if there exists a constait > 0 such thaM(2x) < KM(x)
and it can be easily seen thiét> 2. Also this is equivalent to the satisfaction of conditifLx) < KLM(x), where
L>1.

By using the idea of Orlicz function, Lindenstrauss and Tizdf16] definedOrlicz sequence space

Iy = {xe w: z M (l%"') < 00, forsomep>0}
K=1

which is a Banach space with the norm

x| = |nf{p>0 ZM(";") Sl}.

In the literature many authors defined various types of idealvergent sequence spaces by using Orlicz functions,
infinite matrices, lacunary sequences. Some of them canumelfio [4,8,9,19,20,21,27].

Let o be an injective mapping from the set of the positive integeitself such thatP(n) # n for all positive integers
and p, whereoP(n) = o(aP~1(n)). An invariant mean or a-mean is a continuous linear functional defined on the
space of all bounded sequenégssatisfying following conditions for alk = (X,) € {«,

1.if X, > O for alln, then¢(x) 0,
2.9(e) =1, wheree=(1,1,1,...)

3.0(SX) = ¢(x), wherexX = (Xg(n))-

Vs denotes the set of bounded sequences all of whose invar@entsrare equal which is also called as the space of
o-convergent sequences. 2d, it is defined by

Vo ={XE Ll : Iirkntkn(x) =1, uniformly inn,l = o —limx},
where
Xn + Xo-l( ) + + Xak(n)
k+1

o-mean is called a Banach limit & is the translation mapping— n+ 1. In this caseY, becomes the set of almost
convergent sequences which is denoted bynd defined in17] as

tkn(X) =

C={x€/lsx: Iirkn din(X) exists uniformly inn},

where Xn+ X1+ oo X
1+ ... K
O (X) = = n+k+1 n

The space of strongly almost convergent sequences wasdefiridaddox [L8] as follow:

€l ={x€ln: IiLn dkn(|X — l€]) exists uniformly inn for somel }.

(© 2017 BISKA Bilisim Technology



=
NTMSCI 5, No. 1, 234-242 (2017)www.ntmsci.com BISKKA 236

Let p= (pk) be a sequence of positive real numbers such tkahG= inf py < px < H = suppk < . For eactk € N the
inequalities
o+ Bl ™ < D{| o ™+ | B >} 1)

and
la|P < max{1,|a|"} )

hold, wherea, ay, B« € C andD = max{1,2"-1}.

Let A= (&j) be an infinite matrix of complex numbeas, wherei, j € N. We write Ax = (Ai(X)) if Ai(X) = § aijXj
=1

converges for eache N. Throughout the text, big,(Ax), we mean

An(X) +A01(n)(x) e +Aak(n)(x)
k+1

tkn(AX) =
forallk,ne N.

A sequence spackis called asolid (or normal) if (\xx) € X whenever(xy) € X and(y) is a sequence of scalars such
that|y| <1 forallk e N.

Let X be a sequence space aKd= {k; < k, < ...} C N. The sequence spa@f = {(x,) € w: (%) € X} is called
K-step space of X.

A canonical preimage of a sequencéxy,) € ZX is a sequencéy,) € w defined by

) X, ifneN,
Yo = 0, otherwise.

A sequence space is monotoneif it contains the canonical preimages of all its step spaces

Lemma 1. ([13],p.53) If a sequence space X is solid, then X is monotone.

2 Main results

Throughout the studyy = (px) andq = (qx) be bounded sequences of positive real numbersAlbet an infinite matrix
andM be an Orlicz function. We define the following spaces:

0 1 Itin (AX) |\ T P
7 —Ng o(M,A,p) = xew:f—hm—z\ M(—= =0forallnc Nandsome >0,
) rhy A, P

.1 tin (AX — | P
J—Ne,a(M,A,D)Z{xe w:f—h{nh— Z\ [M (M)] =0 forallne N, somep > 0 andl EC},
rkEr

f Noo _ . |tkn(AX)| P H
—Ngo(M,Ap) = {X€ w: S Z\ M v is #-bounded for alh € N and some >0 ;.
r ke r
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If we takepy = 1 for allk € N, then the above spaces are denoted/by Ngya(M,A), S —Ngo(M,A), 7 —Ng (M, A),
respectively.

Theorem 1. The spaces.¥ — NS’G(M,A, p), ¥ —Ngo(M,A p), I — N;G(M,A, p) arelinear spaces.

Proof. We prove the result for the spacé— Ng‘U(M,A, p). The proofs for the other spaces follow similarly. keandy
be any two elements of the spage— NS’G(M,A, p). Then there exigb; > 0 andp, > 0 such that

g )

ik o) o

I keAr

and

That is, for every > 0, we have that

le{rel\l:h_lrkez/\r [M (|tkn;()7?x)|)}pk

1 [tkn (AY)] )} _ ¢
To=<reN:— M — >_—sc 7.
2 { hr k€z/\r|: ( P2 — 2D

Since M is non-decreasing and convey, it follows from indigyd that

23 (g () ()

ofia bR a b))

wherep = max{2|a|p1,2|b|p.} anda,b € C.

Pk
1 5 {M<|tkn<A<ax+by>>|>} e
hr keAr p
Therefore the inclusion

Lermg (=g e =i g b (5 5)

ferd g ()] 5)

holds. Since the sets in the right side of the inclusion bglorthe ideal, this implies that

{reN: h_lrk; [M (ltkn<A<a;+by>>|)]pk28} s

v
Sl
——
m
A

and

If r ¢ T UT,, then we obtain that

which meangx+ by € .# —NJ (M, A, p). Hence we conclude that —Ng ,(M,A, p) is a linear space.
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Theorem 2. Let M1 and M5 Orlicz functions, then we have
S —Ng (M1, A, p)N.7 —N§ 5(M2,A, p) € & —Ng ;(M1+ Mz, A, p),

& —Ng o(M1,A,p)N.¥ —Ng 5(M2,A p) C ¥ —Ng (M1 +Mg2,A, p),
S — N;O’(MlaAv p) N — N;o’(szAa p) - I — N;U(M1+ M27Aa p)

Proof. Letx € .# —Ng ;(M1,A, p) N .# —NJ ,(M2,A, p). Then, given ang > 0 we have

T;]_{I'EN:i Z -Ml(w)-pkzi}ezﬁ

hrke/\r p 2D
and
1 [ |tkn(Ax)|)' P £
To=<{reN: — My [ ——~ >_—scd
2 { hrkez/\r_ 2( o )| ~ 2D

for somep > 0. Letr ¢ T; UT,. By the following inequality

1

[ (S (420 (2
oft g b 25 b (2]

p
and definition of ideal, we obtain that{r eN: h—lr S ke, {(MlJr Ma) (W)} “ > s} € #. This means
xe.J — Ngya(Ml + Mgz, A p) and completes the prof. The proof for the other cases folkmdarly.

Theorem 3. Let M; and M5 be Orlicz functions and M satisfy A, condition. Then the inclusions
I —Ng 5(M1,A,p) € .7 —N§ ;(M20 My, A, p),

I — NQ,G(MLAa p) g S — NG,G(MZO MlaA7 p)7
I — N;U(MLA, p) C 7 — N;G(Mzo M4, A, p)
hold.

p :
Proof. Letx € .# —NJ ,(M1,A, p). Then, for some > 0 we have that.s —lim; o= ¥, [Ml (M)} “— 0. Given

p
anye > 0 choos& with 0 < & < 1 such thaM,(u) < € whenever < u < d.

Firstly, assume thatl; (W) > J. SinceM, satisfiesAA,; condition, there exist& > 1 such that

M, (Ml (lt"“f.fo)') 612) < KM ('tk”i.fo)l) 5 IM,(2). (3)
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By using inequalities?) and @), we obtain that

L5 [ o (S20))]" < 2 5 oo (B2 5
< 3, [ v (v (20} 5 2)
“h 2 SMe(2) 5K ('tk(,fo)') 6%(2)} §
keAr L
Shl Z\ :KMl <|tk”f.fAX>|) 51M2(2)} Pk

< max{1,(K5 *Mp(2))"} h_lr kez/\r [Ml ('tknf.fo)'ﬂ pk.

The following inclusion follows from the last inequality

{rEN b [MZ<M1<MTAX)|)>TK>S} {rEN i {W('tkn(pﬂﬂpkzmax{L(K;le(z))H}}'

Hence the se{k eN: h—l, S ke [Mz (Ml (W))} & > e} belongs to ideal.

Now, suppose tha¥l; (‘ n(AKX ‘) < . SinceM; is continuous, for alE > 0 we haveM, (Ml (‘ (AX)‘)) < €. Thisyields

hr SkeA {Mz( (‘tk” (A S))} a < max{e, e"}. Thus, we conclude tha¥ — lim, h 2keAr [Mz EMl (W))} " 0

ase — 0 andr — oo,
This completes the proof and the other cases can be provddrbm
Theorem 4. If sug[M(u)]P« < oo for all u> 0, then theinclusion
& —Ngo(M,A,p) C .7 —Ng 5(M,A, p)
holds.

Proof. Letx € .# — Ng (M, A, p). The inequality

Ly [n(tef)]* <o 2 5 [ (Leltol)] T 2 5 (et

holds by (), wherep = 2p;. By hypothesis, we havé S keAs [M (W)} Pk < . Hence, we obtain

{rEN:h_lfkeZ\r [M <W)]pk2K}§{reN:h—%k;r {M (W)}pkz.s}

for someK > 0. This completes the proof.

Theorem 5. Let 0 < py < gk < o for every k € N and ( ) be bounded. Then we have

f—Ng)U(M,A,q)gf—Nng(M,A, p),
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J —Ngg(M,A,q) € 7 —Ng g(M,A, p).
Proof.It can be easily proved with the same technique as in Theorieni9.
Theorem 6. The spaces.# — NJ (M, A, p) and .# — Ng (M, A, p) are solid.
Proof. We prove the result for the spacé — Ng’U(M,A, p). For.# —Ng ;(M, A, p), the result can be proved similarly.

Letxe .# — Ng‘U(M,A, p). Then for everye > 0, we have

{kEN:h_lrkez/\ [M (ltk”f.fAX)')rkz‘e} c.7.

If A = (Ax) is a sequence of scalars such thaf < 1 for all k € N, then the following inequality holds:

Pk Pk
SRl g g o)
hr keAr p by keA p
Hence we obtain

{reI\T:h—lrkez/\r [M ('tkn(;ﬂﬂmz‘s} - {kel\l:hirkez/\r [M ('tknf.fo)'ﬂkaS}

{reN:h—lrkezA [M(W)rkz‘s}eﬂ

which means\x € .# —Ng ;(M, A, p).

and so

We conclude that the spacé — Ng (M, A, p) is solid.

Corollary 1. The spaces .# — Ngya(M,A, p) and .# —Ng ;(My, A, p) are monotone.
Proof. The proof follows from Lemm4.

Theorem 7. If limy pe > 0and x — | (.# —Ng o(M, A, p)), then | is unique.

Proof. Let lim, px = po > 0. Assume thak — |(.# — Ng ¢(M,A, p)) andx — I'(.# — Ng o(M,A, p)). Then there exist
p1, P2 > 0 such that

_ Pk
A AT
hrkeAr P1 2D
and
I Pk
hrkEr p2 2D

for everye > 0. Putp = max{2p1,2p-}. Hence we have

w3 (] <ot g, () 5 ()
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/ Py
This inequality implies that {r eN: h—lr S keAs [M (w” “> e} e 4 that is,

2 >
/ P
S —lim, h—lr SkeA {M (Mj"m)} “— 0. Also we have

() )

/ P
ask — o and so[M (W” °_0. Hence, we conclude thia& I,
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