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1 Introduction

The notion of warped product manifolds were introduced bshBp and O’Neill ] and later it was studied by many
mathematicians and physicists. These manifolds are gesian of Riemannian product manifolds. The existence or
non-existence of warped product manifolds plays some itaporole in differential geometry as well as physics.

The notion of slant submanifolds in a complex manifold wasoiduced and studied by B.-Y. Chef][which is a
natural generalization of both invariant and anti-invatiaubmanifolds. B.-Y. Cheng[ also found examples of slant
submanifolds of complex Euclidean spag& andC*. Then Lotta 4] has defined and studied slant immersions of a
Riemannian manifold into an almost contact metric manifalsd proved some properties of such immersions.
Thereafter, many authors studied slant submanifolds odsirwontact metric manifolds.

In [18], N. Papaghiuc introduced the notion of semi-slant subfolds of almost Hermitian manifolds. Then Cabrerizo
et. al B] defined and investigated semi-slant submanifolds of Sasaknanifolds. In this connection, it may be
mentioned that Sahirlp] studied warped product semi-slant submanifolds of Kaetmianifolds. Also in ], Atceken
studied warped product semi-slant submanifolds in locBRilgmannian product manifolds. Again Atceke?} ftudied
warped product semi-slant submanifolds in Kenmotsu métsf@eside these, Uddin and his co-authors studied warped
product submanifolds in different context such as3]] [28]) etc. Recently, Hui and Atcekerl{)] studied warped
product semi-slant submanifolds @fCS),-manifolds.

Next, A. Carriazo T] defined and studied bi-slant submanifolds in almost Heamitnanifolds and simultaneously gave
the notion of pseudo-slant submanifolds in almost Hermitiaanifolds. The contact version of pseudo-slant
submanifolds has been defined and studied by Khan and KhalZjnlh this connection it may be mentioned that
Atceken and Hui 3] studied slant and pseudo-slant submanifoldd.6fS),-manifolds. Recently, Khan and Chahal]
have been studied warped product pseudo-slant submaoffolahs-Sasakian manifolds.
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In 2003, Shaikh 20] introduced the notion of Lorentzian concircular struetumanifolds (briefly,(LCS)-manifolds),
with an example, which generalizes the notion of LP-Sasakianifolds introduced by Matsumot&q] and also by
Mihai and Roscal6]. Then Shaikh and Baishya2®), [23]) investigated the applications gECS),-manifolds to the
general theory of relativity and cosmology. THeCS),-manifolds is also studied by HuBJ, Hui and Atceken (8],
[10Q]), Shaikh and his co-authorX1], [24], [25], [26], [27]) and many others.

Motivated by the studies the object of the present paper istudy warped product pseudo-slant submanifolds of
(LCSn-manifolds. The paper is organized as follows. Section 2ieerned with preliminaries. In section 3, we study
warped product pseudo-slant submanifolds(lo€S),-manifolds. It is shown that there do not exist warped produc
pseudo-slant submanifolds of &nCS),-manifoldM of the typeM = N, x ¢ Ng such thatN, andNg are anti-invariant
and proper slant submanifolds i, respectively such thdt is tangent td\g, where as the warped products of the form
M = N, x¢ Ng exist, wheneverg is tangent toNgy. Finally, the existence of such submanifolds is ensured by a
interesting example.

2 Preliminaries

An n-dimensional Lorentzian manifoldl is a smooth connected paracompact Hausdorff manifold witlorantzian
metric g, that is,M admits a smooth symmetric tensor figjcf type (0,2) such that for each poiptc M, the tensor
gp: ToM x TyM — R is a non-degenerate inner product of signature+, - - - ,+), whereT,M denotes the tangent vector
space oM at p andR is the real number space. A non-zero vester T,M is said to be timelike (resp., non-spacelike,
null, spacelike) if it satisfiegp(v,v) < 0 (resp,< 0, = 0,> 0) [17].

Definition 1. In a Lorentzian manifoldM, g) a vector field P defined by
9(X,P) = A(X),
for any Xe I (TM), is said to be a concircular vector fie[@Q] if
(OxA)(Y) = a{g(X,Y) + w(X)A(Y)}

wherea is a non-zero scalar and is a closed 1-form an@ denotes the operator of covariant differentiation withpest
to the Lorentzian metric g.

Let M be ann-dimensional Lorentzian manifold admitting a unit timeilconcircular vector fieldf, called the
characteristic vector field of the manifold. Then we have

9(§,¢)=-1. (1)

Sinceé is a unit concircular vector field, it follows that there d@gia non-zero 1-form such that for

9(X, &) =n(X), )

the equation of the following form holds
(Oxm)(Y) = a{g(X,Y) +n(X)n(Y)} (a#0) ©)
Ox€ =a{X+n(X)&}, a#0 4)
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for all vector fieldsX, Y, where denotes the operator of covariant differentiation wittpees to the Lorentzian metrig
anda is a non-zero scalar function satisfies

Txa = (Xa) = da(X) = pn(X), (5)

p being a certain scalar function given py= — (¢ a). If we put

1

PX = EEXE, (6)

then from @) and ) we have
X =X+n(X)E, ™)
9(@X,Y) = g(X, ¢Y) (8)

from which it follows thatp is a symmetric (1,1) tensor and called the structure terfsbeananifold. Thus the Lorentzian
manifoldM together with the unit timelike concircular vector fidigits associated 1-form and an (1,1) tensor fielgd is
said to be a Lorentzian concircular structure manifoldgftyj (LCS)h,-manifold), [20]. Especially, if we takex = 1, then
we can obtain the LP-Sasakian structure of Matsumbsh [n a (LCS),-manifold (n > 2), the following relations hold
[20].

n(€)=-1 @& =0, n(eX)=0, g(eX,pY)=g(X,Y)+nX)n(Y), 9)
X =X+n(X)¢, (10)

S(X,&) = (n—1)(a®~p)n(X), (11)

R(X,Y)E = (a® = p)[n(Y)X = n(X)Y], (12)

R(£,Y)Z = (a®~p)[g(Y,2)& ~n(2)Y], (13)

(Ox@)Y = a{g(X,Y)& +2n(X)n(Y)& +n(Y)X}, (14)

(Xp) =dp(X) = Bn(X), (15)

R(X,Y)Z = @R(X,Y)Z+ (a®— p){g(Y,Z)n(X) —9g(X,Z)n(Y)}¢, (16)

forall X, Y, Ze M(TM) andp = —(&p) is a scalar function, wherR is the curvature tensor argis the Ricci tensor of
the manifold.

LetM be a submanifold of &.CS),-manifoldM with induced metrig. Also letJ and0+ are the induced connections
on the tangent bundi€M and the normal bundi@M of M respectively. Then the Gauss and Weingarten formulae are
given by

OxY = OxY +h(X,Y) (17)
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and
OxV = —AyX + OxV (18)

for all X,Y € [(TM) andV € I"(T+M), whereh and Ay are second fundamental form and the shape operator
(corresponding to the normal vector fildl respectively for the immersion o4 into M. The second fundamental fotm
and the shape operatdy are related by

g(h(XaY)aV) = g(A\/X,Y), (19)

foranyX,Y € I (TM) andV € I (T M).

For anyX € I (T M), we can write
X =EX+FX, (20)

whereE X is the tangential component ai& is the normal component giX.

Also, for anyV € I (T+M), we have
@V =BV 4 CV, (21)

whereBV andCV are also the tangential and normal componentg\bfespectively. FromZ0) and 1), we can derive
the tensor field&, F, B andC are also symmetric, becaugas symmetric. Also from&) and 0) we have

9(EX,Y) =9(X,EY) (22)
foranyX,Y e I (TM).

Throughout the paper, we considgto be tangent tv. The submanifoldM is said to be invariant iF is identically
zero, i.e.,pX € '(TM) for any X € ' (TM). Also M is said to be anti-invariant iE is identically zero, that is
PX €[ (T+M) foranyX € I (TM).

For anyX,Y € I (TM), we have fromT), (17) and QO0) that

Ox& = aEX, (23)

h(X,&) = aFX. (24)

Definition 2. Let M be a submanifold ¢f.CS),-manifoldM. For each non-zero vector X tangentto M at x, the argjbe),
0< 6(x) < 7 betweerpX and EX is called the slant angle or the Wirtinger angle. ¥ #ant angle is constant then the
submanifold is called the slant submanifold. Invariant amdi-invariant submanifolds are particular slant submfatis
with slant angle = 0 and 8 = 7 respectively. A slant submanifold is said to be proper sitite slant anglef lies
strictly between 0 and, i.e.,0< 6 < 7 [6].

Theorem 1[2] Let M be a submanifold of &.CS),-manifoldM such tha€ is tangent to M. Then M is slant submanifold
if and only if there exists a constahte [0, 1] such that

E2=A(I+n&&). (25)
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Moreover, if@ is the slant angle dfl, thenA = co 6.
Also from (25) we have
9(EX,EY) = cos'8[g(X,Y) +n(X)n(Y)], (26)

9(FX,FY) =sir’ 8[g(X,Y) +n(X)n(Y)] (27)
for any X, Y tangent taM.

Definition 3. LetM be a(LCS)p-manifold and M be an immersed submanifoldMn Then M is said to be pseudo-slant
submanifold oM if there exist two orthogonal complementary distribuiddy and D" such that

() TM=D"&Dgd <& >,
(i) the distribution D is anti-invariant, that isg(D*) C (T+M),

(iii) the distribution Iy is slant with slant angl@® # 7.

From the above definition, it is obvious thatit= 0 and@ = 7, then the pseudo slant submanifold becomes semi-invariant
submanifold and anti-invariant submanifold, respectivein the other hand, if we denote the dimensionBgfandD+
by d1 anddy, respectively, then we have the following cases.

(i) if d; =0, thenM is an anti-invariant submanifold,
(i) if dp andf =0, thenM is an invariant submanifold,
(iii) if dp=0andf # 0, thenM is a proper slant submanifold.

A pseudo submanifold is called propedif.d; # 0, 8 # 0 and@ # 7.
In this connection it may be mentioned that Atceken and H8ji $tudied pseudo-slant submanifolds of
(LC9pn-manifolds.

The notion of warped product manifolds were introduced tshBp and O'Neill f].

Definition 4. Let (N1,91) and (N2, g2) be two Riemannian manifolds with Riemannian metjiagd @ respectively and
f be a positive definite smooth function on Mhe warped product of \and N is the Riemannian manifoldiN ¢ N =
(N1 x Np,Q), where

g=01+ f°g,. (28)

A warped product manifol&il; x s Ny is said to be trivial if the warping functiofiis constant.
More explicitely, if the vector fieldX andY are tangent t?\; x s N, at (p,q) then

9(X,Y) = gu(m + X, 15+ Y) + f2(p)ga2(Te+ X, TR+ Y),

wherers (i = 1,2) are the canonical projections biff x N, ontoN; andN, respectively and * stands for the derivative
map.

Let M = N; x ¢ N be warped product manifold, which means thatandN, are totally geodesic and totally umbilical
submanifolds oM respectively.
For warped product manifolds, we have.

Proposition 1.Let M= Nz x t N, be a warped product manifold. Then
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(i) OxY € TNy is the lift of OxY on N,
(i) OuX=0xU =(XInf)U,
(i) OuV =0,V -9U,V)OInf, forany X, Ye ' (TNy) andU, Ve I (TN,), wherell and ' denote the Levi-Civita
connections on Nand N, respectively.

3 Warped product pseudo-slant submanifolds of LCS),-manifolds

Let us suppose thavl = N; xt N, be a warped product pseudo-slant submanifold ¢t@S),-manifold M. Such
submanifolds are always tangent to the structure vectad fiellf Ng and N, are proper slant submanifolds and
anti-invariant submanifolds of &.CS),-manifoldM then their warped product pseudo-slant submanifolds magives
by one of the following:

(1) N x 1 Ng, (il) Ng x§ N_.

We now prove the following.

Theorem 2.LetM be a(LCS),-manifold. Then there does not exist warped product psalmiat-submanifold o of the
type M= N, x ¢ Ng in M where N is an anti-invariant submanifold andgNs a proper slant submanifold & such that
¢ istangentto N.

Proof. From Proposition 1, we have
OxZ =0zX = (ZInf)X (29)

for any vector fieldX € I' (TNg) andZ € ' (TN,). If £ € ' (T Ng), then we have

0z& = (ZInf)¢&. (30)
On the other hand, fron#, (17) and Proposition 1, we have

Z(Inf)¢ =az (31)

Taking the inner product wit§ in (31), we getZ(In f) = 0, which means that is constant oM and hence the proof is
complete.

Theorem 3.LetM be a(LCS),-manifold. Then there exist warped product pseudo-slabtr&nifolds ofM of the type
M = Ng x ¢ N, in M such that Iy is a proper slant submanifold tangent§cand N, is an anti-invariant submanifold of
M.

Proof. For any vector fieldX € I' (TNg) andZ € I (TN, ), from Proposition 1, we get the relatiod9). Then foré €
I (TNg) we have from 29) that

0z =(&Inf)Z (32)

Again, from @) and (L7), we get
0z = az, (33)
h(z,&)=0. (34)

From (32) and 33), we geté Inf = a(#£ 0) forall Z € I (TN, ). That means we get a non-zero and non-constant warping
function f. Hence such a structure exist and consequently the thesrproved.
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Example 1. Consider the semi-Euclidean spak&! with the cartesian coordinatés;,y; --- ,Xs,ys, t) and paracontact

structure 5 5 5 5 5
A Z ) == (X)) = <i,j <5.
o(3) =7 *(37) ~ 3 o(3) -0 1<ii<s

It is clear thatR! is a Lorentzian metric manifold manifold with usual semielidiean metric tensor. Letl be a
submanifold ofR'! defined by

X(u,v,w, t) = (vcosu, vsinu, wcosu, wsinu, v+ 2w, —2v+ W, —wcosU, Wsinu, —vcosu, vsinu, t)
with non-zerau, v, w andu € (O, g) Then the tangent space Mifis spanned by the following vectors

Z1 = fvsinui +vcosui — Wsinui +WCOSJ1 wstinui +Wcosui +vsinui +vcosui
! %1 oy1 OX2 0y> 0%4 0Ya 0xs dys’

Zo = cosui +sinui + i - 2i — cosui +sinui
2= 0%1 dy: ' Oxz  dys 0%s dys’
Z3 = cosui + sinui + 2i +— - Cosui + sinui
3 0% oy, 0xz 0Oys 0%q oys’
0
Z4 = P

Then with respect to paracontact structuréfdh, we get

.0 7} .0 0 .0 7} .0 0
¢Zy = —VSiNuU—=— + VCOU5— — WSiNU—— -+ WCOSU—— + WSinU—— + WCOSU—— + VSinu—— + VCOSU——

oy1 0%, ay, 0% 0Ya 0Xq ays 0xs’
Q0Zy = cosui + sinui + i — 2i — cosui + sinui
oy1 Ox1  0ys  0x3 0ys 0xs’
Q©Z3 = cosui + sinui + 2i + i — cosui + sinui
dy> Oxp  0ys 0%3 0Ya4 x4’

9Z4 = 0.

It is easy to see tha¥® = Spar{Zy,Z3} is a slant distribution with slant angi= cos ! (%) and2+ = Spar{Z;} is an
anti-invariant distribution. ThuM is a pseudo-slant submanifold BfL. It is easy to see that both the distributions are
integrable. We denote the integral manifoldsaft and 2 by Mg andM ,, respectively. Then the product metgof M

is given by

g=—dt?+ 7 (dV? +dw?) +2(V* + W) diP.

Hence M is a warped product pseudo-slant submanifoldR3f of the type Mg x M, with warping function

f=1/2(V2+w2),

4 Conclusion

LetNg andN, be proper slant and anti-invariant submanifolds gf@s),-manifoldM then their warped product pseudo-
slant submanifolds may be given by one of the following.

() N x¢Np,

(i) Ng x¢ N, . Here we prove two theorems. Theorem 2 states that therembbexist warped product pseudo-slant
submanifolds of LCS),-manifoldM of the typeM = N, x t Ng such thatN; andNg are anti-invariant and proper
slant submanifolds dff so thaté is tangent tdNg. And theorem 3 states that there exist warped product pseudo
slant submanifolds of 8.CS),-manifoldM of the typeM = Ny x t N, such thalNg is a proper slant submanifold
tangent tof andN, is an anti-invariant submanifold ®1. The example 1 also support the Theorem 3. So there is a
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natural question arises. Does there exist warped prodeatipsslant submanifolds of(CS),-manifoldM of the
type,

(i) M =N, x;Ng and (iv)M = Ny x; N such thatNg is a proper slant submanifold amdl is an anti-invariant
submanifold tangent t§ of M? These problems are still open.
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