
NTMSCI 5, No. 1, 172-178 (2017) 172

New Trends in Mathematical Sciences
http://dx.doi.org/10.20852/ntmsci.2017.135

Conformable variational iteration method
Omer Acan1,2∗ Omer Firat3 Yildiray Keskin1 Galip Oturanc1

1Department of Mathematics, Science Faculty, Selcuk University, Konya, Turkey
2Department of Mathematics, Faculty of Arts and Science, Siirt University, Siirt, Turkey
3Department of Mathematics, Faculty of Arts and Science, Kilis 7 Aralik University, Kilis, Turkey

Received: 6 April 2016, Accepted: 28 April 2016
Published online: 11 February 2017.

Abstract: In this study, we introduce the conformable variational iteration method based on new defined fractional derivative called
conformable fractional derivative. This new method is applied two fractional order ordinary differential equations.To see how the
solutions of this method, linear homogeneous and non-linear non-homogeneous fractional ordinary differential equations are selected.
Obtained results are compared the exact solutions and theirgraphics are plotted to demonstrate efficiency and accuracyof the method.
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1 Introduction

Fractional differential equations are located in the center of numerous research area in recent years because of the their

commonly appearance in different kinds of applied sciences. Therefore, it was dealt to solve fractional ordinary and

partial differential equations by many researches. Some authors such as Poldlubny [1], Schneider and Wyss [2],Beyer

and Kemplfe [3] and Mainardi [4], discussed fractional order of ordinary and partial differential equations.

The variational iteration method (VIM) which was developedby He [5–10] are applied to different type differential

equations such asv autonomous ordinary differential systems, delay differential and strongly nonlinear equations.

Wazwaz [11] solved systems of fourth-order Emden-Fowler type equations by the vim. There are too much application

of variational iteration method, some of them in [12–18] Theadvantage of the method is not specific requirements, such

as linearization, small parameters and so on.

Recently, there is too much interest in new well-behaved simple fractional derivative introduced by Khalil et al. [19]

named conformable derivative depending just on the limit definition of the derivative. Abdeljawad [20] provide fractional

versions of the chain rule, exponential functions, Gronwall’s inequality, integration by parts, Taylor power series

expansions and Laplace transforms. Cenesiz and Kurt [21,22] give the solutions of time and space fractional heat

differential equations by conformable fractional derivative and approximate analytical solution of the time conformable

fractional Burger’s equation via Homotopy Analysis Method. The solution of space-time fractional Fornberg–Whitham

equation in series form is given by Iyiola and Olayinka [23] via using the relatively new method called q-homotopy

analysis method. By this new defined conformable drivetive,Acan et al. [24] proposed new type reduced differential

transform method called conformable fractional reduced differential transform method (CFRDTM) and gave some

applications [25].

In this paper, we introduce conformable variational iteration method (C-VIM) based on conformable fractional
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derivative. Some necessary basic definitions are given, then this technique is applied fractional ordinary differential

equations(FODEs)and results are given comparatively.

2 On the conformable fractional derivative

In this section, we present some basic definitions and important properties of conformable fractional calculus

[19,20,26,27].

Definition 1. [19]. Given a function f: [0,∞) →. Then the conformable fractional derivative of f orderα is defined by

Fractional Calculus

(Tα f )(x) = lim
ε→0

f (x+ εx1−α)− f (x)
ε

for all x > 0, α ∈ (0,1].

Theorem 1.[19]. Let α ∈ (0,1] and f,g beα-differentiable at a point x> 0. Then

(i) Tα(a f +bg) = a(Tα f )+b(Tαg) for a,b∈,

(ii) Tα(xp) = pxp−α , for all p∈,

(iii) Tα( f (x)) = 0, for all constant functions f(x) = λ ,

(iv) Tα( f g) = f (Tα g)+g(Tα f ),

(v) Tα( f/g) = g(Tα f )− f (Tα g)
g2 ,

(vi) If f (x) is differentiable, then Tα( f (x)) = x1−α d
dx f (x).

Definition 2. [19]. Given a function f: [a,∞) →. Then the conformable fractional derivative of f orderα is defined by

Fractional Calculus

(Ta
α f )(x) = lim

ε→0

f (x+ ε(x−a)1−α)− f (x)
ε

for all x > 0, α ∈ (0,1].

All properties in Theorem 1 is valid also for Definition 2 when(x− a) is placed instead ofx. Conformable fractional

derivative of certain functions for Definition 2 is given following as.

(i) Ta
α ((x−a)p) = p(x−a)p−αforallp∈ R,

(ii) Ta
α

(

ek (x−a)α
α

)

= kek (x−a)α
α ,k∈ R,

(iii) Ta
α

(

sin
(

k(x−a)α

α + c
))

= kcos
(

k(x−a)α

α + c
)

,k,c∈ R,

(iv) Ta
α

(

cos
(

k(x−a)α

α + c
))

=−ksin
(

k(x−a)α

α + c
)

,k,c∈ R,

(v) Ta
α

(

(x−a)α

α

)

= 1.

3 Conformable variational iteration method (C-VIM)

We will briefly introduceC-VIM for linear and non-linearFODEs in this section. For the purpose of illustration of the

methodology to the proposed methods, we write the non-linear FODEsin the standard operator form

Tαu(x)+L(u(x))+N(u(x)) = g(x) (1)
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whereLis a linear operator,N is a nonlinear operator,g(x) is an non-homogeneous term andTα is conformable fractional

derivative of orderα with 0< α ≤ 1. To solve differential equation (2.1) viaC-VIM write the differential equation (1) in

the form by the theorem 1,

x1−α du(x)
dx

+L(u(x))+N(u(x)) = g(x) . (2)

As in classical VIM, the correction functional for equation(2.2) can be constructed as

un+1(x) = un(x)+

x
∫

0

λ (ζ )[ζ 1−α dun(ζ )
dζ

+L(un(ζ ))+N(ũn(ζ ))−g(ζ )]dζ , (3)

whereλ is a general Lagrangian multiplier and it can be optimally determined by the aid of variational theory [5–10]. Here

ũn is a restricted variation [5–10] whereδ ũn = 0. The first required to determineλ which is the Lagrangian multiplier

will be optimally identified. By using the determined Lagrangian multiplier and any selected functionu0, un+1,which is

the successive approximations ofu(x) for n≥ 0, will be obtained readily. Hence, we get the solution as

u(x) = lim
n→∞

un(x). (4)

4 Numerical applications

Example 1.Considering the following fractional differential equation[26].

Tαu(x)+u(x) = 0,0< α ≤ 1 (5)

with the initial condition

u(0) = 1. (6)

Exact solution of this problem is

u(x) = e−
xα
α . (7)

For solving byC-VIM we obtain the recurrence relation

un+1(x) = un(x)+

x
∫

0

λ (ζ )[ζ 1−α dun(ζ )
dζ

+un(ζ )]dζ , (8)

and the following conditions:
λ ′(ζ )|ζ=x = 0,

λ (ζ )|ζ=x =−1.
(9)

Therefore, the Lagrange multiplier can be identified asλ =−1. As a result we obtain the following iteration formula.

un+1(x) = un(x)−

x
∫

0

[ζ 1−α dun(ζ )
dζ

+un(ζ )]dζ . (10)

By the initial condition (6) we write

u0(x) = u(0) = 1, (11)
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now, substituting (9) with (10) respectively, we obtain

u1(x) = 1− x

u2(x, t) = 1−2x+ x2−α

2−α + x2

2

u3(x, t) = 1−3x+ 3x2−α

(2−α)
− x3−2α

3−2α + 3x2

2 − x3−α

2−α − x3

6
...

(12)

when we considerα = 1, the solution byC-VIM is obtained as

un(x, t) = 1− x+
1
2

x2−
1
3!

x3+ · · · (13)

From (12), theC-VIM solution

u(x) = lim
n→∞

un(x) = e−x. (14)

This is also exact solution. Now, we analyze theC-VIM and exact solutions graphically for someα values.

 

 

 

 

 

 
Fig. 1. Comparison of five iterationC-VIM solutions with the EXACT solutions for eq. (5):(a) α = 1,(b) α = 0.9,(a) α = 0.8,

Example 2.Considering the following nonlinear fractional Ricatti differential equation[26].

Tαu+u2−1= 0,0< α ≤ 1 (15)

with the initial condition

u(0) = 0. (16)

Exact solution of this problem is

u(x) =
e

2xα
α −1

e
2xα

α +1
. (17)

For solving byC-VIM we obtain the recurrence relation

un+1(x) = un(x)+

x
∫

0

λ (ζ )[ζ 1−α dun(ζ )
dζ

+u2
n(ζ )−1]dζ , (18)

and the following conditions.
λ ′(ζ )|ζ=x = 0,

λ (ζ )|ζ=x =−1.
(19)

c© 2017 BISKA Bilisim Technology



NTMSCI 5, No. 1, 172-178 (2017) /www.ntmsci.com 176

Therefore, the Lagrange multiplier can be identified asλ =−1. As a result we obtain the following iteration formula.

un+1(x) = un(x)−

x
∫

0

[ζ 1−α dun(ζ )
dζ

+u2
n(ζ )−1]dζ , (20)

By the initial condition (15) we write

u0(x) = u(0) = 0, (21)

now, substituting (18) with (19) respectively, we obtain

u1(x) = x

u2(x, t) = 2x− x2−α

2−α − x3

3
...

(22)

when we considerα = 1, theC-VIM solution is obtained as

u(x, t) = lim
n→∞

un(x) = x− 1
3x3+ 2

15x5− 17
315x

7 · · ·

= e2x−1
e2x+1

(23)

This is also exact solution. Now, we analyze theC-VIM and exact solutions graphically for someαvalues.

 

 

 

 

 

 
Fig. 2. Comparison of five iterationC-VIM solutions with the EXACT solutions for eq. (14):(a) α = 1,(b) α = 0.9,(a) α = 0.8,

5 Conclusion

In this study, the conformable fractional variational iteration method(C-VIM) has been successfully applied to two

different version ofFODEs. It is seen in applications, the method have good results with compared exact solutions for

linear homogeneous and non-linear non-homogeneous fractional type of ordinary differential equations. The graphicsof

the solutions are plotted for distinct value ofα to see clearly how goodC-VIM is. As a result,C-VIM is useful, effective

and has high accuracy to solve fractional ordinary differential equations.

Acknowledgment
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