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Abstract: In this paper, the change-of-variable method introducedBbgdways [1] is presented for solving a two-dimensional
Burgers’ equation. The results are compared with thoseradataearlier by other authors [3, 6, 9].
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1 Introduction

Burgers’ equation has been fundamental partial diffeatr@quation from fluid mechanics. Systems of this partial
differential equations have attracted much attention dyhg evolution equations describing turbulence, the
approximate theory of flow thorough a shock wave travelingairviscous fluid. Fletcher using the Hope-Cole
transformation [2] gave an analytic solution of two dimemsil Burgers’ equations. The numerical solutions of this
equations have been studied by several authors. Jain ard [3bldeveloped two algorithms based on cubic spline
function method and Goyon [4] used several multilevel sabemwith ADI, Wubs and Goede [5] have applied an
expilicit-implicit method, Bahadir [6] have applied imgili finite-difference method, El-Sayed and Kaya [7] and Zhu e
all. [8] have applied Adomian decomposition method , Stavea et all. [9] have applied a Crank-Nicolson method.

In this study, we proposed a relatively simple numericaltradtfor solution two-dimensional Burgers’ equation by
independent variable interchange which is an extensioredisa& modification of Boadway'’s transformation [10,11,12]

2 Two-dimensional Burgers equations

Consider the following system of two-dimensional Burgeguations taken from [6].

ou 1 (02u 02u> Ju Jau

o R\ae a2 ) Yax Vay @

ov 1[d>N % ov ov
_ ( ) @

ot R\ o) Yax Vay
subject to the conditions
u(xy,0) = f(xy), (x,y) €D
V(Xy,0) =g(xy), (xy) €D

and
ux,y,t) = f1(x,yt), (x,y) €0D,t >0
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vVXy,t) =g1(x,yt), (xy) €dD, t >0

Here D = {(x,y): a<x<b, a<y<b}, dDdenotes the boundary of Dy(x,y,t)and v(x,y,t)are the velocity
components to be determinédg, f1, f,are known functions and R is the Reynolds number.

3 Boadway’s transformation

To solve eqns. (1) and (2) , according to the extension of Regts Transformation, for the purpose of illustration, the
governing equations are presented for a two-dimensiosal téence, the particular case, of the curvilinear transétion
for the two-dimensional Burger’s equations can be perfakfer example, following Boadway'’s treatment of fluid-flow
problems. The wave function my be defined as a function of xey[10].

u=u(xy)

and hence,

Jdu Jdu
du= &dx+ d_ydy

one may introduce a new dumy variabe= M (x,y)and

oM oM

what is the wanted are new functions,
X=X(M,u)

andy =y(M,u) ; ;
X X
dx = d_MdM + %du

9 9
dy — 0—,\>/'|d|v|+d—z

ox [dM oM ox [ du Jdu

oy [(3M oM ] (3y{0u du ]

du

then

from which
om &

ox B
—dy
andg—)‘j = 4 where B is the determinant of the matrix. Similarly collegtidy terms, we obtain

oM

y

w2l

00X
andg—;’, = 4 from which in dealing with second derivatives, we obtain

0%u 1[0y<0y08 02y> ay<ayaB dzy>

Ju

a2 B3 OMOM oM2| oM\ dMdu IdMau
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similarly,
Pu_1[ox(oxoB o)\ ox(oxd8_ o
dy? B3 |du\dM oM om?2 M\ M du JIMdu

2 2
ox 1dx Oﬂ_ay B_dy oB 9%y JB 0%

oM~ 7 du M~ 9x’ du’ M  AMAu’ M Ju?

ay <a_y 9%y a_y02y> ay(dyazy ay %y )]
17)%

If one letsM = x then

9°u

W@[du

Jududx Ju dx? dxodu2  Jdudxdu

4 Transformation of Burgers equations

The transformed eqgn. (1), (2), expressinas dependent andv, x;t as independent variables following Gulkac [10], can

be written as R .
ay 07y [ dy 07y dy dy 92 y ody dy ay
= __{ ( ) +—=—=— |1+ E( 20X0U0X +UE(+V (3)

ot 0x2\ du Jdu? du

similarly egn.(2) written as

gy __1[2%(ay\* %oy oy\*| _, 9% oy (oy\*| oy
- {dx2<av) Taeav |t T\ ax) | Zaxavax\av) [ TUax TV @

and new domain and boundary of D can be written as

y(x,u,0) = f (x,u), (x,u) €D

y(x,v,0) =g(x,v), (x,v) €D

and

y(xu,t) = f1 (x,u,t), xue db, t >0
y(x,vt) =g1(X,t), x,vedD, t >0

where

5 Discretization of transformed equation

In this study, on the x-u grid and x-v grid, and choosifig, Av such thauj = up+ jAu, vj = vo+ jAv, j =0,1,...,N
(Uo =\Vp = 0).

Assume that at some instant of timhe= t,, = mAt, the total number of velocity components and their locatiane
denoted byy"‘J We evaluate the values g}”- on this grid at successive time steps= to + MAtL, tp is the time when
numerical computations are commenced Ands the time interval. We also point oug + kAu andvgp + kAv are the k+h
velocity components, on which the velocity components w@nd v in the (x,y) plane. Therefore, we can write
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equation (3) as equation (5)

i {_VPHJ R =Y (y{‘Hl—y{jj1)3_y{jj+1—2y{jj+y{jj1y{jj Wi [1+ (y{‘ﬂyj —y{‘,j)Z}

At R AX2 2Au AU? Au AX
2
+2yin+l,j+l_yin+1,j—1_yin—1,j+1+yin—l,j—l Yl =W (Y — Y +un_,1y?+1,j — YLy Ryt (5)
AxXAu AX Au L] 2AX L]

similarly, the finite-difference equation of (4) can be teit as (6)

Vw1 {v“ 2 <vn,-+1vn,-1>3 AT RS A i A l” <yi”+1.,j Y ﬂ
\%

’

At R AX? 2Av AV2 A AX
2
+2yin+l,j+1*yin+1,j71*y;11,j+l+yinfl,jfl Yl =W (Y — Y Jru_n_,lyﬁl,j —Yil1 ot 6)
AXAv AX Av b 2AX L

6 Test problems

Problem 1. The exact solutions of non-linear Burgers’ equations (H) @) can be generated by using by the Hope-Cole
transformation [5] which are

(xut)fg’f 1

Y = T A ep(axt U1 B))
1

y(x.y.t)

=27 4{1+exp((—ax+av—1) &)}

The initial and boundary conditions are taken from exaattsoh and computational domain for this problem is,
D={(xu),(xv):0<x<1 0<uv<1}.
The numerical computations are performed using uniformh, gvith a mesh widlAx = Au= Av = 0.05.

Problem 2. In this problem, the computational domain is takerDas {(x,u), (x,v) : 0 <x< 0.5, 0<u,v<0.5}and
Burgers’ equations (1), (2) are taken as with the initialdiGans,

(X,u,0) = sinTx+ cosmu

(%,,0) = X+ v }nggO.S,Ogu,ng_S

y
y
and boundary conditions,
y(0,u,t) = cosmu, y(0.5,u,t) = 1+ cosmu
y(O,vit) =v, y(0.5vt)=05+v

0<uv<051t>0

7 Numerical results and conclusions

The variable interchange method for two-dimensional madr Burgers’ equations has been presented. The efficiency
and numerical accuracy of the present method are validategjht two numerical examples. The accuracy of the
numerical solutions indicates that the method is well sufter the solution of two-dimensional non-linear Burges’
equation.

The results is given in Tables 1, 2, 3, and 4 at some typicahmeits demonstrate that the present method achieves
similar results as those of Jain and Holla [3], A.R. Baha@ljy $rivastaval et all. [9].
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Table 1: Comparison of numerical values ofor R= 500 att = 0.625

Numerical values ofi
(xy) Present work Bahadir [2] Jain and Holla [3] | Srivastava et al. [4
N=20 N=20 N=20 N=20
(0.15,0.1) 0.96652 0.96650 0.95691 0.96870
(0.3,0.1) 1.02972 1.02970 0.95616 1.03200
(0.1,0.2) 0.84451 0.84449 0.84257 0.86178
(0.2,0.2) 0.87633 0.87631 0.86399 0.86178
(0.1,0.3) 0.67811 0.67809 0.67667 0.67920
(0.3,0.3) 0.79793 0.79792 0.76876 0.79947
(0.15,0.4) 0.54603 0.54601 0.54408 0.66036
(0.2,0.4) 0.58877 0.58874 0.58778 0.58959

Table 2: Comparison of numerical values wfor R= 500 att = 0.625

Numerical values o¥
(X,y) Presentwork | Bahadir[2] | Jain and Holla [3] | Srivastava et al. [4
N=20 N=20 N=20 N=20
(0.15,0.1) 0.09022 0.09020 0.10177 0.09043
(0.3,0.1) 0.10693 0.10690 0.13287 0.10727
(0.1,0.2) 0.17974 0.17972 0.18503 0.17295
(0.2,0.2) 0.16780 0.16777 0.18169 0.16816
(0.1,0.3) 0.26227 0.26222 0.26560 0.26268
(0.3,0.3) 0.23498 0.23497 0.25142 0.23550
(0.15,0.4) 0.31755 0.31753 0.32084 0.29019
(0.2,0.4) 0.30372 0.30371 0.30927 0.30419

Table 3: Comparison of numerical values ofor R= 50 att = 0.625

Numerical values ofl
(xy) Present work Bahadir [2] Jain and Holla [3] | Srivastava et al. [4]
N=20 N=20 N=20 N=20
(0.15,0.1) 0.96690 0.96668 0.97258 0.97146
(0.3,0.1) 1.14830 1.14827 1.16214 1.15280
(0.1,0.2) 0.85912 0.85911 0.86281 0.86307
(0.2,0.2) 0.97639 0.97637 0.96483 0.97981
(0.1,0.3) 0.66020 0.66019 0.66318 0.66316
(0.3,0.3) 0.76933 0.76932 0.77030 0.77230
(0.15,0.4) 0.57969 0.57966 0.58070 0.58180
(0.2,0.4) 0.75680 0.75678 0.74435 0.75856
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Table 4: Comparison of numerical values wfor R= 50 at 0625

Numerical values o¥
(xy) Present work Bahadir [2] Jain and Holla [3] | Srivastava et al. [4
N=20 N=20 N=20 N=20
(0.15,0.1) 0.09826 0.09824 0.09773 0.09869
(0.3,0.1) 0.14113 0.14112 0.14039 0.14158
(0.1,0.2) 0.16683 0.16681 0.16660 0.16754
(0.2,0.2) 0.17067 0.17065 0.17397 0.17110
(0.1,0.3) 0.26262 0.26261 0.26940 0.26378
(0.3,0.3) 0.22579 0.22576 0.22463 0.22654
(0.15,0.4) 0.32747 0.32745 0.32402 0.32851
(0.2,0.4) 0.32443 0.32441 0.31822 0.32500
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