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1 Introduction

Generalized open sets play a very important role in geneplogy and they are now the research topics of many
topologists worldwide. Indeed a significant theme in gehe@ology and real analysis concerns the variously modified
forms of continuity, separation axioms compactness, coied@ess etc. by utilizing generalized open sets.

Generalized closedy{closed) sets in a topological space were introduced byneefd in order to extend many of the
important properties of closed sets to a larger family. Fstance, it was shown that compactness, normality, and
completeness in a uniform space are inherited4sjosed subsets.

Kasahara§] defined the concept of an operation pand introduced the concept afclosed graphs of functions. After
the work of Kasahara, Jankovid][defined the concept of operation-closuresaofand investigated function with
strongly closed graph. Ogat8][defined and studied the concept of operation-open setpé€n sets), and used it to
investigate operation-separation axioms and operationtions.

In recent years, many concepts of operatian a topological spacé€X, 7) have been developed. An, Cuong and Maki
[1] developed an operatignon the collection of all preopen subsets(¥f 7) to introduce the notion of prg-open sets.
Krishnan, Ganster and Balachandra@hdefined and investigated the concept of the mappitg the collection of all
semiopen subsets ¢X, 1), and introduced the notion of serpiopen sets and studied some of their properties. Tahiliani
[9] developed an operatiognon the collection of al3-open subsets diX, T) to describe the notion ¢8-y-open sets and
Carpintero, Rajesh and Ros&} fleveloped an operationon the collection of alb-open subsets X, 1) to define the
notion ofb-y-open sets.

The aim of this paper is to introduce the concept of an oparation 1y and to define the notion aj-y-open sets of
(X, 1) by using the operatiopon 14. Also, some notions af-y-open sets with their relationships are studied. In Section
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4, we introduce the concept gf-generalized closed sets and then investigate some ofdfepies. In Section 5-y-T;
spaces wheree {0, %, 1,2} by utilizing the operatiory on g are introduced and investigated. In the last two sections,
some basic properties gf(y, 8)-continuous functions witly-3-closed graphs have been obtained.

2 Preliminaries

Throughout this paper, the spafé, 1) (or simply X) always mean topological space on which no separation axiom
are assumed unless explicitly stated. For a suhgs#ta spaceX, the closure oA is denoted byCl(A). A subsetA of a
topological spacéX, ) is said to be generalized closed (brieficlosed) p] if CI(A) C U wheneverA CU andU is

an open set itX. The complement of g-closed set oK is g-open. The family of alg-open subsets of a spafe, 1) is
denoted byrg. In general, every closed set of a spXcis g-closed. A spacéX, 1) is T% [5] if every g-closed subset of

is closed.

Definition 1.[8] An operationy on the topologyr on X is a mappiny: T — P(X) such that UC y(U) for each Ue T,
where RX) is the power set of X ang(U) denotes the value gfat U. A nonempty subset A of a topological spéxer)
with an operatiory on 1 is said to bey-open if for each xc A, there exists an open set U containing x such i) C A.
The complement of gopen subset of a space X gglosed. The family of alf-open subsets of a spaf¥, 1) is denoted
by 1.

Definition 2. [4] A point x € X is in they-closure of a set AZ X if y(U) N A # ¢ for each open set U containing x. The
set of ally-closure points of A is calleg-closure of A and is denoted by,CA).

Definition 3. [8] A subset A of X, T) with an operationy on 7 is said to bey-g-closed if C}(A) C U whenever AZ U
and U isy-openin(X,1).

Definition 4. [8] A topological spacéX, 1) with an operatiory on T is said to be

1.y-Tp if for any two distinct points y in X, there exists an open set U such that & and y¢ y(U) orye U and
x & y(U).
2.y-Ty if for any two distinct points ) in X, there exist two open sets U and V containing x and y sy such that

y¢ y(U) and x¢ y(V).
3.y-T, if for any two distinct points ¥ in X, there exist two open sets U and V containing x and y msdy such that

ylU)nwVv) = e.
4.y-T% if everyy-g-closed set in X ig-closed.

Theorem 1.[5] If a topological spacegX, 1) is T%, thentg = 1.

3 g-y-Open Sets

Definition 5. An operationy on Tg is a mappingy: 1y — P(X) such that UC y(U) for every Ue 14, where RX) is the
power set of X angi(U) is the value of/ at U.

From this definition, we can easy to fipdX) = X for any operatiory: g — P(X).

Definition 6. Let (X, T) be a topological space angt 7y — P(X) be an operation org. A nonempty set A of X is said to
be gy-open if for each x A, there exists a g-open set U such that ¥ andy(U) C A. The complement of agopen
set of X is gy-closed. Assume that the empty @és also g¥-open set for any operatioy: Ty — P(X). The family of all
g-y-open subsets of a spag¥, 1) is denoted by, .
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Theorem 2.The union of any collection of g-open sets in a topological space X is a/gpen.

Proof. Let x € Uycp {Ar }, Where{A, },cx be a class of-y-open sets irX. Thenx € A, for someA € A. SinceA, is
g-y-open set irX, then there exists g-open seV such thak e V C y(V) C Ay CUyea{Ar}- Therefore|Jyca{Ar} is
g-y-open set irX.

Example 1.The intersection of any twg-y-open sets ifiX, 1) is generally not @-y-open sets. To see this, kt={a,b,c}
andt = P(X) = 1g. Lety: 13 — P(X) be an operation ory defined as follows:
For everyA € g

V(A){A if A {c}

{b,c} if A={c}
Thus, gy = P(X)\{c}. Then{a,c} € 14, and{b,c} € 1gy, but{a,c} N {b,c} = {c} ¢ 1.

Remark.Since the union of twg-open sets is generally notggopen set. So the conceptg@pen set and-y-open set
are independent (That isy # Tgy). It is shown by the following two examples.

Example 2.In 1, the sef{c} is g-open, but it is nog-y-open.

Example 3.LetX = {a,b,c} andt = {¢,X,{a}}. Thentg = P(X)\{b, c}. Define an operatiop: 1g — P(X) by y(A)
for all A € 14. Here,1g, = P(X). Then the sefb, c} is g-y-open, but{b,c} is not ag-open set.

A

Definition 7. A topological spaceX, T) with an operatiory on 1g is said to be gy-regular if for each xc X and for each
g-open set U containing x, there exists a g-open set W suth th&/ andy(W) CU.

Theorem 3.Let (X, T) be a topological space ang 1y — P(X) be an operation org. Then the following conditions are
equivalent:

115 C 19y

2.(X,1) is a g¥-regular space.

3.For every xc X and for every g-open set U @X, 1) containing X, there exists a gopen set W ofX, T) containing x
such that WC U.

Proofl.= (2) Letx € X andU be ag-open set irX such thaix € U. It follows from assumption that is ag-y-open set.
This implies that there existsgaopen seW such that € W andy(W) C U. Therefore, the spadi, 1) is g-y-regular.

2= (3) Letx € X andU be ag-open set in(X,T) containingx. Then by (2), there is g-open setW such that
x €W C y(W) CU. Again, by using (2) for the s, it is shown thalV is g-y-open. HencéV is a g-y-open set
containingx such thatv C U.

3= (1) By applying the part (3) ang, it follows that everyg-open set oX is g-y-open inX. Thatis, g C Tgy.

Remark Since every open set gsopen. Then by and1, everyy-open set ig-y-open (this means thaj C 1g), but the
converse is not true in general. For instance, iwe haver, = 1. Therefore, the sdib} € 1y, but the sef{b} ¢ 1,.

Lemma 1.If the spacgX, 1) is T%, then the concept of g-open set ang-open set coincide (That igy = 1y).
Proof. Follows from their definitions antl.

Definition 8. Let (X, T) be any topological space. An operatigion 1y is said to be
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1.g-open if for each x X and for every g-open set U containing X, there existsyaopen set W containing x such that
W C y(U).

2.g-regular if for each x X and for every pair of g-open setg ldnd U, such that both containing x, there exists a g-open
set W containing x such thgfW) C y(U1) Ny(Uz).

Proposition 1. Let a mappingy be g-regular operation omg. If the subsets A and B arejygopen in a topological space
(X, T), then AN B is also gy-open set in(X, 7).

Proof. Supposex € AN B for anyg-y-open subsetd andB in (X, 1) both containing. Then there exisg-open settJ;
andU, such thatx € Uy € A andx € U, C B. Sincey is ag-regular operation ong, then there exists g-open seW
containingx such that/(W) C y(U;) Ny(Uz) C ANB. ThereforeANB is g-y-open set ir(X, T).

RemarkBy applyingl, it is easy to show thaty, forms a topology oiX for anyg-regular operatioly on tg.

Definition 9. The point xc X is in the g-closurgof a set A ify(U) N A # @ for each g-open set U containing x. The set of
all g-closurg, points of A is called g-closupeof A and is denoted by gEiA).

Definition 10. Let A be any subset of a topological spge€ 1) and y be an operation orrg. The gy-closure of A is
defined as the intersection of allygelosed sets of X containing A and it is denoted p@IgA). That is,

9yCI(A) =N{F: ACF, X\F € 1g}.

Theorem 4.Let A be any subset of a topological spd¥e 1) andy be an operation orrg. Then xe g,ClI(A) if and only
if AN U # ¢ for every gy-open set U of X containing x.

Proof. Let x € g,CI(A) and letA N U = ¢ for someg-y-open sel of X containingx. ThenA C X\U andX\U is
g-y-closed set irX. Sog,Cl(A) C X\U. Thus,x € X\U. This is a contradiction. HendeNn U # ¢ for everyg-y-open set
U of X containingx.

Conversely, suppose thatZ g,CI(A). So there exists g-y-closed sef such thatA C F andx ¢ F. ThenX\F is a
g-y-open set such thate X\F andA N (X\F) = ¢. Contradiction of hypothesis. Therefores g,CI(A).

Lemma 2.The following statements are true for any subsets A and Baj@ldgical spacéX, T) with an operatiory on
Tg.

1.g,CI(A) is g-y-closed set in X and gQ{A) is g-closed set in X.
2.AC gCl(A) C g,CI(A).
3.9,Cl(¢) = gCly(¢) = @ and gCI(X) = gCl,(X) = X.
(a)Ais g¥-closed if and only if gCI(A) = A and,
(b)A is g¥-closed if and only if gGAA) = A.
4.1f AC B, then gCI(A) € g,Cl(B) and gCl|,(A) < gCl,(B).
(a)g,CI(AN B) € g,CI(A) N g,CI(B) and,
(b)aCh(A N B) € gCl,(A) N gCly/(B).
()g,Cl(A) U g,ClI(B) € g,CI(AUB) and,
(d)gCly(A) U gCly(B) C gCl,(AU B).
5.9,C1(g,Cl(A)) = g,Cl(A).

Proof. Straightforward.

Theorem 5.For any subsets A, B of a topological spd@g 7). If yis a g-regular operation org, then

1.9,CI(A) U 9,CI(B) = g,CI(AUB).
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2.9Ck/(A) U gCly(B) = gCI, (AU B).

Proofl.1t is enough to proof thay,CI(A U B) C g,ClI(A) U g,Cl(B) since the other part follows directly frog(7). Let
x ¢ g,Cl(A) U g,Cl(B). Then there exist twg-y-open set&) andV containingx suchthahNU = gandBNV = @.
Sincey is ag-regular operation omy, then byl, U NV is g-y-openinX such that

UnV)Nn(AUB) = o.
Therefore, we have ¢ g,CI(A U B) and hence

g/CI(AUB) C g,CI(A) Ug,CI(B).

2.Letx ¢ gClI,(A) U gCl,(B). Then there exisgi-open setd); andU; such thatx € Uy, x € Uy, AN y(U1) = @ andA
N y(Uz) = @. Sincey is ag-regular operation omg, then there exists g-open seWW containingx such thaty(W) C
y(U1) Ny(Uz). Thus, we have

(AUB)NY(W) C (AUB) N (y(U1) Ny(Uz)).

This implies that(A U B) N y(W) = ¢ since(A U B) N (y(U1) N y(U2)) = @. This means thax ¢ gCl,(A U B) and
hencegCly(AU B) C gCl,(A) U gCl,(B). Using2 (7), we have the equality.

Theorem 6.Let A be any subset of a topological spd&eT). If y is a g-open operation ony, then gCJ(A) = g,CI(A),
gCl,(gCl,(A)) = gCly(A) and gC|,(A) is g-y-closed set in X.

Proof. First we need to show thatCl(A) C gCl,(A) since by2 (2), we havegCl,(A) C g,CI(A). Now letx ¢ gCly(A),
then there exists g-open setJ containingx such thatA N y(U) = ¢. Sincey is ag-open ontg, then there exists gy-
open seW containingx such thaW C y(U). SoANW = ¢ and hence by, x ¢ g,CI(A). Thereforeg,CI(A) C gCl,(A).
HencegCl,(A) = g,Cl(A). Moreover, using the above result andb8), we gegCl,(gCl,(A)) = gCl,(A) and by2 (4b),
we obtaingCl,(A) is g-y-closed set irX.

Theorem 7.Let A be any subset of a topological spd¥e 1) andy be an operation org. Then the following statements
are equivalent.

1. Ais gy-open set.

2. gCL(X\A) = X\A.
3.g/CI(X\A) = X\A.

4. X\A is g+-closed set.
Proof. Clear.

Definition 11. A subset N of a topological spa¢¥, 1) is called a gy-neighbourhood of a point % X, if there exists a
g-y-open setU in X such thatxU C N.

Lemma 3.LetU C (X, 1) be a gy-open if and only if it is a g-neighbourhood of each of its points.

Proof. Let U be anyg-y-open set in(X, 7). Then by11, it is clear thatJ is ag-y-neighbourhood of each of its points,
since for everxe U, xc U CU andU € 1y,.

Conversely, suppode is ag-y-neighbourhood of each of its points. Then for eachU, there exists @-y-open sely
containingx such thatvy CU. ThenU = |J,y Vx. Since eacly is g-y-open. It follows from2 thatU is g-y-open set in
X.
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Definition 12. Let A be any subset of a topological spde€ ) and y be an operation ortg. The gy-interior of A is
defined as the union of all g-open sets of X contained in A and it is denoted fgnA). That is,

gyInt(A) = {U:U € gy and U C A}.

Some important properties gfy-interior operator will be given id.

Lemma 4.Let A and B be subset of a topological sp&ger) andy be an operation ong. Then the following conditions
hold.

1. g/Int(A) is g-y-open set in X and,gnt(A) C A.
2. g/Int(p) = g and g/Int(X) = X.

3. Alis gy-openif and only if gint(A) = A.

4. 1f AC B, then gInt(A) C gyInt(B).

5. g/nt(An B) C gyInt(A) N g,Int(B).

6. gyInt(A) U gyInt(B) C gyInt(AU B).

7. gyInt(gyInt(A)) = gyInt(A).

8. gINt(X\A) = X\g,CI(A).

Proof. Straightforward.

Theorem 8.1 y is a g-regular operation org, then for any subsets, 8 of a space X, we have

gyInt(A) NgyInt(B) = g,Int(ANB).
Proof. Follows directly from5 (1) and usingt (8).

Lemma 5.Let (X, T) be a topological space angbe a g-regular operation ory. Then gCl(A)NU C g,CI(ANU) holds
for every gy-open set U and every subset A of X.

Proof. Suppose that € g,CI(A) NU for everyg-y-open set), thenx € g,CI(A) andx € U. LetV be anyg-y-open set of
X containingx. Sincey is g-regular onrg. So byl, U NV is g-y-open set containing Sincex € g,Cl(A), then by4, we
haveA N (U NV) # @. This means thatA N U) NV # @. Therefore, again by, we obtain thak € g,CI(ANnU). Thus,

9,CI(A) NU C g,CI(ANU).
The proof of the following lemma is similar ®and using (8).

Lemma 6. Let (X, T) be a topological space angbe a g-regular operation omg. Then gInt(AUF) C g,Int(A) UF
holds for every gr-closed set F and every subset A of X.

4 gyg-closed sets

Definition 13. A subset A of a topological spa¢X, 1) with an operationy on 1y is said to be g-generalized closed
(briefly gyg-closed) if gCJ(A) C U whenever AZ U and U is a gy-open set in X.

Lemma 7.Let (X,T) be a topological space angbe an operation orrg. A set A in(X, 1) is gyg-closed if and only if
ANg,Cl({x}) # ¢ for every xc gCl,(A).

Proof. SupposeA is gyg-closed set inX and suppose (if possible) that there exists an elemengCl,(A) such that
ANg,Cl({x}) = . This follows thatA C X\g,Cl({x}). Sinceg,ClI({x}) is g-y-closed implies<\g,CI({x}) is g-y-open
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and A is gyg-closed set inX. Then, we have thagCl,(A) C X\g,CI({x}). This means thax ¢ gCl,(A). This is a
contradiction. Hencé N g,Cl({x}) # ¢.

Conversely, letU € 14, such thatA C U. To show thatgCl,(A) C U. Let x € gCl,(A). Then by hypothesis,

ANg,CI({x}) # . So there exists an elemgnt AN g,CI({x}). Thusy e ACU andy € g,CI({x}). By 4, {x} nU # o.
Hencex € U and sogCl,(A) C U. ThereforeA is gyg-closed set ir(X, 7).

Theorem 9.Let A be a subset of topological spagé 1) andy be an operation omg. If A is gyg-closed, then gG{A)\A
does not contain any non-emptyyeglosed set.

Proof.LetF be a non-emptyg-y-closed set itX such thaF C gCl,(A)\A. ThenF C X\AimpliesA C X\F. SinceX\F is
g-y-open set and is gyg-closed set, thegCl,(A) C X\F. That iskF C X\gCl,(A). HenceF C X\gCl,(A) NgCl,(A\NAC
X\gCl,(A) NgCl,(A) = @. This shows thaF = ¢. This is contradiction. Thereforg, Z gCl,(A)\A.

Theorem 10.If y: g — P(X) is a g-open operation, then the converse of@ligtrue.

Proof.LetU be ag-y-open setir(X, T) such thatA C U. Sincey: 14 — P(X) is ag-open operation, then 8 gCl,(A) is g-
y-closed setirX. Thus, usin@, we havegCl,(A)NX\U is ag-y-closed set ir{X, 7). SinceX\U C X\A, gCl,(A)nX\U C
gCl,(A)\A. Using the assumption of the converse of thgCl,(A) C U. ThereforeA is gyg-closed set ir(X, 7).

Corollary 1. Let A be a gg-closed subset of topological spgeé€ 1) and lety be an operation ong. Then A is gy-closed
if and only if gC|,(A)\A is g-closed set.

Proof.Let A be ag-y-closed set ir{X, 7). Then by2 (4b),gCl,(A) = A and hencgCl,(A)\A = @ which isg-y-closed set.

Conversely, supposgCl,(A)\A is g-y-closed andA is gyg-closed. Then by9, gCl,(A)\A does not contain any
non-empty g-y-closed set and sincgCl,(A)\A is g-y-closed subset of itself, thegCl,(A)\A = ¢ implies
gCl,(A) N X\A= ¢. HencegCl,(A) = A. This follows from2 (4b) thatA is g-y-closed set in(X, 7).

Theorem 11.Let(X, T) be a topological space angdbe an operation omy. If a subset A of X isgg-closed and g~open,
then A is gy-closed.

Proof. SinceA is gyg-closed andy-y-open set irX, thengCl,(A) C A and hence by (4b),Ais g-y-closed.

Theorem 12.In any topological spacéX, T) with an operatiory on 1q4. For an element x X, the set X {x} is gyg-closed
or g-y-open.

Proof. Suppose thaX\{x} is not g-y-open. ThenX is the onlyg-y-open set containing\{x}. This implies that
gCl,(X\{x}) C X. ThusX\{x} is agyg-closed set itX.

Corollary 2. In any topological spacgX, 1) with an operationy on 1g. For an element x X, either the sefx} is
g-y-closed or the set X{x} is gyg-closed.

Proof. Supposg x} is notg-y-closed, therX\ {x} is notg-y-open. Hence b{2, X\ {x} is gyg-closed set irX.

Definition 14. Let A be any subset of a topological spd#e 1) andy be an operation orrg. Then therg,-kernel of A is
denoted byrg,-ker(A) and is defined as follows.

Tgy—ker(A) =nN{U : ACUandU € 1g,}.

In other words,tg,-ker(A) is the intersection of all g-open sets ofX, 1) containing A.
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Theorem 13.Let AC (X, T) andy be an operation ortg. Then A is gg-closed if and only if gGIA) C t1g,-ker(A).

Proof. Suppose tha is gyg-closed. ThermCl,(A) C U, wheneveA C U andU is g-y-open. Letx € gCl,(A). Then by
7, Ang,Cl({x}) # @. So there exists a poirt in X such thatz € Ang,Cl({x}) implies thatze A C U and
z€ g,Cl({x}). By 4, {x} NU # . Hence we show thate 1g,-ker(A). ThereforegCly(A) C 1g,-ker(A).

Conversely, letgCl,(A) C 1g,-ker(A). Let U be anyg-y-open set containing\. Let x be a point inX such that
x € gCl,(A). Then x € tg/-ker(A). Namely, we havex € U, becauseA C U and U € 1g,}. That is
gCly(A) C 1gy-ker(A)C U. ThereforeA is gyg-closed set irX.

5 g-y-Ti Spaces fori € {0,3,1,2}

In this section, we introduce some typegef- separation axioms callagy-T,; for i € {0, %, 1,2}. Some basic properties
of these spaces are investigated.

Definition 15. A topological spacé¢X, T) with an operationy on 1y is said to be gy-To if for any two distinct points y/
in X, there exists a g-open set U such tha and y¢ y(U) ory € U and x¢ y(U).

Definition 16. A topological spacéX, T) with an operationy on 1g is said to be gy-T; if for any two distinct points ¥
in X, there exist two g-open sets U and V containing x and yeetsgely such that ¢ y(U) and x¢ y(V).

Definition 17. A topological spacéX, T) with an operationy on 1y is said to be gy-T, if for any two distinct points y/
in X, there exist two g-open sets U and V containing x and yeetsgely such thay(U) N y(V) = @.

Definition 18. A topological spacéX, 1) with an operationy on 1y is said to be gy—T% if every g/g-closed set in X is
g-y-closed set.

Theorem 14.For any topological spacéX, 1) with an operationy on 1q. Then(X, 1) is g-y—T% if and only if for each
element e X, the set{x} is g-y-closed or gy-open.

Proof. Let X be ag-y—T% space and lefx} is notg-y-closed set inNX, 7). By 2, X\{x} is gyg-closed. SincéX, 1) is
g-y—T%, thenX\{x} is g-y-closed set which means thiat} is g-y-open set irX.

Conversely, leF be anygyg-closed set in the spa¢X, 7). We have to show thédt is g-y-closed (that igiICl,(F) = F
(by 2 (4b))). It is sufficient to show thaiCl,(F) C F. Letx € gCl,(F). By hypothesigx} is g-y-closed org-y-open for
eachx € X. So we have two cases.

Case 1.1f {x} is g-y-closed set. Suppose¢ F, thenx € gCl,(F)\F contains a non-empty-y-closed set{x}. A

contradiction sincé is gyg-closed set and according to theHencex € F. This follows thatgCl,(F) C F and hence
gCly(F) = F. This means from by (4b) thatF is g-y-closed set ir(X, 7). Thus(X, 1) is g—y—T% space.

Case 1.If {x} is g-y-open set. Then b¥, F N {x} # @ which implies thai € F. SogCl,(F) C F. Thus by2 (4b),F is
g-y-closed. Thereford X, 1) is g-y—T% space.

Theorem 15.Lety be a g-open operation ory. Then(X, 1) is a g-To space if and only if gGI({x}) # gCl,({y}), for
every pair X, y of X with x£ y.
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Proof. Necessary PartLet x, y be any two distinct points of g-y-Tp space(X, 7). Then by definition, we assume that
there exists ay-y-open seU such thatx € U andy ¢ y(U). Sincey is a g-open operation org, then there exists a
g-y-open seWW such thatx € W andW C y(U). Hencey € X\y(U) C X\W. SinceX\W is ag-y-closed set in(X, ).
Then we obtain thagCl,({y}) € X\W and thereforgCl,({x}) # gCl,({y}).

Sufficient Part. Suppose for any,y € X with x #y, we havegCl,({x}) # gCl,({y}). Now, we assume that there exists
z € X such thatz € gCl,({x}), but z ¢ gCl,({y}). If x € gCl,({y}), then {x} C gCl,({y}), which implies that
oCl,({x}) € gCl,({y}) (by 2 (5)). This implies that € gCl,({y}). This contradiction shows that¢ gCl,({y}). This
means that b, there exists g-open set) such thak € U andy(U)N{y} = @. Thus, we have thatc U andy ¢ y(U).

It gives that the spacgX, 1) is g-y-To.

Theorem 16.The spacéX, 1) is g-y-T if and only if for every point x X, {x} is a g+-closed set.

Proof. Necessary PartLet x be a point of ay-y-T; space X, T). Then for any poiny € X such thai # y, there exists a
g-open seVy such thaly € Vy butx ¢ y(Vy). Thus,y € y(Vy) C X\{x}. This implies thaiX\{x} = U{y(W) 1y € X\{x}}.
Itis shown thaX\{x} is g-y-open set in(X, 7). Hence{x} is g-y-closed set ir(X, 7).

Sufficient Part. Let x,y € X such thatx # y. By hypothesis, we geX\{y} and X\{x} are g-y-open sets such that
x € X\{y} andy € X\{x}. Therefore, there exig-open setdJ andV such thatxe U, y e V, y(U) C X\{y} and
y(V) C X\{x}. So,y ¢ y(U) andx ¢ y(V). This implies tha{X, 1) is g-y-Ts.

Theorem 17.For any topological spacéX, T) and any operatioly on g, the following properties hold.

1. Every gy-T, space is gy-T.
2. Every gy-T; space is gy-T%.
3. Every gy—T% space is gy-To.

Proof. The proofs are obvious by their definitions.

RemarkBy 17, 3 and B], we obtain the following diagram of implications. Moreaytne following?? below show that
the reverse implications are not true in general.
Q—V—T2—>9—V—T1—>9—V—T% —-g-y—To
y7T2—> yij_% yfT% — yfTo
Example 4.Let X = {a,b,c} and1 = {@,X}. Thentg = P(X). Define an operatiog: 1g — P(X) by y(A) = A for all
A€ 14. Here,Tg, = P(X) andT = 1. Then the spacéX, 1) is g-y-Ti (i € {0,1,1,2}), but noty-T; (i € {0,1,1,2}).

Example 5.Let X = {a,b,c} and1 = {@,X,{a},{a,b}}. Thenty = {o,X,{a},{b},{a,b}}. Lety: g — P(X) be an
operation oIty defined as follows. For every sate 14

A ifbeA
V(A):{CI(A) if b A

Thus, 1gy = {®, X, {b},{a,b}}. Then the spacéX, 1) is g-y-To, but it is notg—y—T%. Since{b,c} is gyg-closed set in
(X, 1), but{b,c} is notg-y-closed set (X, 7).

Example 6.Let X = {a,b,c} andt = {¢,X,{a},{b},{a,b},{a,c}}. Thenty = 1. Lety: 1y — P(X) be an operation on
Ty defined as follows:
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For every sef € 14

A, ifae A
VA) = {CI(A), if a ¢ A

Thus,1g, = 1. Therefore, the spadi, 1) is g—y—T%, but it is notg-y-T;.

Example 7.Suppose = {a,b,c} andt be the discrete topology o%. Define an operatiop on 7q4 as follows. For every
AcTy

V(A) = {A, if A={a,b} or{a,c} or{b,c}

X, otherwise
Then(X, 1) is g-y-T1 space, butX, 1) is notg-y-T,.

Lemma 8.Let(X,1) be a T% space. TheiiX, 1) is g-y-T; if and only if it isy-T;, where i€ {0,1,2}.

6 g-(y, B)-Continuous Functions

Throughout Section 6 and Section 7, (&t 1) and(Y, o) be two topological spaces and let 1y — P(X) andf: gg —
P(Y) be operations org and gy respectively. In this section, we introduce a new class otfions calledg-(y, 8)-
continuous. Some characterizations and properties ofuthigion are investigated.

Definition 19. A function . (X, 1) — (Y, 0) is said to be gfy, )-continuous if for each ¥ X and each g-open set V
containing f(x), there exists a g-open set U containing x such thg)) C (V).

Theorem 18.Let f: (X,7) — (Y, 0) be a g{y, B)-continuous function, then,

1. f(gCly(A)) € gClg(f(A)), for every AC (X, T).
2. f71(F) is g-y-closed set ir{X, 1), for every gB-closed set F ofY, o).

Proofl. Lety € f(gCl,(A)) andV be anyg-open set containing. Then by hypothesis, there exist& X andg-open
setU containingx such thatf (x) =y and f(y(U)) C B(V). Sincex € gCl,(A), we havey(U) N A # ¢. Henceg #
f(y(U)nA) C f(y(U))nf(A) CB(V)nT(A). Thisimplies thay c gClz(f(A)). Thereforef(gCl,(A)) C gClg(f(A)).

2. Let F be anyg-B-closed set of(Y,o). By using (1), we havef(gCl,(f~1(F))) C gClg(F) = F. Therefore,
gCly(f~1(F)) = f~1(F). Hencef ~1(F) is g-y-closed set ir(X, 7).

Theorem 19.In 18, the properties of d¥, 3)-continuity of f, (1) and (2) are equivalent to each otherither the space
(Y,0) is g-B-regular or the operatior is g-open.

Proof. It follows from the proof of18 that we know the following implications:g-(y, 8)-continuity of f* = (1) = (2).

Thus, when the spad®, o) is g-B-regular, we prove the implication: (2} g-(y,8)-continuity of f. Letx € X and let
V € gy such thatf(x) € V. Since(Y, 0) is ag-B-regular space, then i8; V € ggs. By using (2) of18, f~1(V) € 14y

such thatx € f~1(V). So there exists @-open setU such thatx € U and y(U) C f~1(V). This implies that
f(y(U)) CV C B(V). Thereforef is g-(y, B)-continuous.

Now, whenf is ag-open operation, we show the implication: €) g-(y, 8)-continuity of f. Letx € X and letV € gy
such thatf(x) € V. Sincef3 is ag-open operation, then there exiSt6< gyp such thatf(x) € W andW C B(V). By
using (2) of 18, f~1(W) € 1, such thatx € f~1(W). So there exists a-open setU such thatx € U and
y(U) C f=1(W) C f71(B(V)). This implies thatf (y(U)) C B(V). Hencef is g-(y, B)-continuous.

Definition 20. A function f: (X,7) — (Y, 0) is said to be
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1. gy, B)-closed if the image of eachgelosed set of X is @-closed inY .
2. gB-closed if the image of each g-closed set of X [$-glosedinY.

Theorem 20.Suppose that a function: f{(X, 7) — (Y, g) is both g{y, 8)-continuous and g3-closed,then,
1. For every gg-closed set A ofX, 1), the image {A) is gBg-closed in(Y, o).
2.1f(X,1)is T%, then the inverse set #(B) is gyg-closed in(X, T), for every g3g-closed set B ofY, o).

Proofl. LetG be anyg-$3-open set inY, g) such thatf (A) C G. Sincef is g-(y, 3)-continuous function, then by using
18(2), f1(G) is g-y-open set inX, 7). SinceA is gyg-closed andA C f~1(G), we havegCl,(A) C f~1(G), and hence
f(gCl,(A)) C G. Thus, by2 (1), gCl,(A) is g-closed set and sinceis g-B-closed, therf (gCl,(A)) is g-B-closed set in
Y. ThereforegClg(f(A)) € gClg(f(gCly(A))) = f(gCly(A)) € G. This implies thatf (A) is gBg-closed in(Y, ).

2. LetH be anyg-y-open set of él'% space(X, 1) such thatf ~1(B) C H. LetC = gCl,(f~1(B)) N (X\H), then by7,
C = gCl,(f~1(B)) N gCl,(X\H) and hence by (1) andl, C is g-closed set ir(X, 7). Sincef is g-B-closed function.
Then f(C) is g-B-closed in(Y, o). Sincef is g-(y,B)-continuous function, then by usirtB (1), we havef(C) =
f(gCly(f~1(B))) N f(X\H) C gClg(B) N f(X\H) € gClg(B) N (Y\B) = gClg(B)\B. This implies fromd that f (C) =
@, and henc€ = ¢. SogCl,(f~1(B)) C H. Therefore f ~1(B) is gyg-closed in(X, T).

Theorem 21.Let f: (X,T) — (Y,0) be an injective, ¥, B)-continuous and ¢3-closed function. I{Y, o) is g—B—T%,

then(X,1) is g-y—T%.

Proof. Let G be anygyg-closed set of X, 7). Sincef is g-(y,8)-continuous and--closed function. Then bg0 (1),

f(G) isgBg-closedin(Y, o). Since(Y, o) is g-B-T%, thenf (G) is g-B-closed inY. Again, sincef is g-(y, 3)-continuous,

then by18(2), f~1(f(G)) is g-y-closed inX. HenceG is g-y-closed inX sincef is injective. Therefore(X, 1) is ag-y—T%

space.

Theorem 22.Leta function £ (X,T) — (Y, 0) be surjective, g¥, 8)-continuous and ¢3-closed. If(X, 1) is g-y—T%, then

(Y,0)is g-B-T%.

Proof. Let H be agBg-closed set ofY, o). Sincef is g-(y, 8)-continuous and)-B-closed function. Then bg0 (2),

f~1(H) is gyg-closed in(X, ). Since(X, 1) is g—y—T%, then we havef ~1(H) is g-y-closed set ifX. Again, sincef is

g-B-closed function, therf (f~1(H)) is g-B-closed inY. ThereforeH is g-B-closed inY sincef is surjective. Hence

(Y,0)is g-B-T% space.

Theorem 23.1f a function f: (X, 1) — (Y, 0) is injective g{y,3)-continuous and the spad¥, o) is g-8-T,, then the

space(X, 1) is g-y-To.

Proof. Let x; andx, be any distinct points of a spa¢¥, 1). Sincef is an injective function andY, o) is g-8-T,. Then

there exist twa-open sets); andU; in Y such thatf (x3) € Uy, f(x2) € Uz andB(U1) N B(Uz) = @. Sincef is g-(y, B)-

continuous, there exigtopen setd/; andV, in X such thatx; € Vi, xo € Vo, f(y(V1)) C B(U1) and f(y(Vz2)) C B(Ua).

ThereforgB(Us) N B(Uz) = ¢. Hence(X, 1) is g-y-To.

Theorem 24.If a function f: (X, 1) — (Y,0) is injective g{y,[3)-continuous and the spad¥, o) is g-3-T, then the

space(X, 1) is g-y-Ti fori € {0,1}.

Proof. The proof is similar td@3.

Definition 21. A function f: (X, 1) — (Y, 0) is said to be gfy, 3)-homeomorphism if f is bijective, (@ )-continuous

and f~1is g«, y)-continuous.

Theorem 25.Assume that a function: f(X, 1) — (Y, 0) is g-(y, B)-homeomorphism. IfX, T) is g-y—T%, then(Y,0) is

g-B-T%.

Proof. Let {y} be any singleton set df,g). Then there exists an elemenbf X such thaty = f(x). So by hypothesis

and14, we have{x} is g-y-closed omg-y-open set irX. By using18, {y} is g-B-closed org-3-open set. Hence the space

by 14, (Y,0) is g-B-T%.
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7 Functions with g— (-closed graphs

For a functionf : (X, 1) — (Y, 0), the subse{(x, f(x)) : x € X} of the product spacéX x Y, 1 x o) is called the graph
of f and is denoted b(f) [3]. In this section, we further investigate general operagproaches of closed graphs of
functions. LetA : (T x 0)g — P(X x Y) be an operation oftr x 0)g.

Definition 22. The graph Gf) of f: (X, 1) — (Y,0) is called gf3-closed if for each(x,y) € (X x Y)\G(f), there exist
g-open sets IC X and VC Y containing x and yrespectively, such that x B(V)) N G(f) = ¢.

The proof of the following lemma follows directly from the @ke definition.

Lemma 9. A function f: (X,7) — (Y, 0) has gf3-closed graph if and only if for eacfx,y) € (X x Y)\G(f), there exist
U € 14 containing x and \ie gg containing y such that(®) N (V) = ¢.

Definition 23. An operatiom : (T x 0)g — P(X xY) is said to be g-associated wigrand B if A (U xV) =y(U) x B(V)
holds for each Uc 1g and V € ay.

Definition 24. The operatiom : (T x g)g — P(X xY) is said to be g-regular with respect joand 3 if for each(x,y) €
X x Y and each g-open set W containifigy), there exist g-open sets U in X and V in Y such thatlk, y € V and
y(U) xB(V) CAW).

Theorem 26.LetA : (T x T)g — P(X x X) be a g-associated operation withandy. If f: (X, 1) — (Y,0) isa gy, B)-
continuous function andy, o) is a g8-T» space, then the setA {(x,y) € X x X : f(x) = f(y)} is a g-A-closed set of
(XXX, TXT).

Proof. We want to prove thagCl, (A) C A. Let (x,y) € (X x X)\A. Since(Y, 0) is g-B-T,. Then there exist twg-open
setsU andV in (Y, o) such thatf (x) e U, f(y) e V andB(U)NB(V) = ¢. Moreover, ford andV there existg-open
setsRandSin (X, 1) such thax € R,y € Sand f(y(R)) C B(U) and f(y(S)) C B(V) sincef is g-(y,8)-continuous.
Therefore we havéx,y) € y(R) x y(S) = A(Rx S)NA= @ becausd&r x Se (T x T)g. This shows thatx,y) ¢ gCl, (A).

Corollary 3. Supposé : (T x T)g — P(X x X) is g-associated operation withandy, and it is g-regular withy andy. A
space(X, 1) is g-y-T2 if and only if the diagonal sef = {(x,x) : x € X} is g-A-closed of X x X, T x T).

Theorem 27.LetA: (T x 0)g — P(X x Y) be a g-associated operation withand 8. If f: (X, 1) — (Y,0) is gy, B)-
continuous andY, o) is g-8-T,, then the graph of f, &) = {(x, f(x)) € X x Y} is a g-A-closed set ofX x Y, T x 0).

Proof. The proof is similar t&®26.

Definition 25.Let(X, T) be a topological space andbe an operation ong. A subset S of X is said to beygeompact if for
every g-open covell;, i € N} of S, there exists a finite subfamilyy,Uo, ...,Un} such that S y(U1) Uy(Uz)U...Uy(Up).

Theorem 28. Suppose thay is g-regular andA: (T x g)g — P(X x Y) is g-regular with respect to/ and 8. Let
f: (X,1) — (Y,0) be a function whose graph(®) is g-A-closed in(X xY,T x 0). If a subset S is g-compact in
(Y,0), then £1(S) is g-y-closed in(X, ).

Proof. Suppose thaf ~(S) is not g-y-closed then there exist a poirtsuch thatx € gCl,(f~1(S)) andx ¢ f~1(S).
Since (x,s) € G(f) and eachs € SandgCl, (G(f)) C G(f), there exists @-open seW of (X x Y, 1 x g) such that
(x,8) € W and (W) NG(f) = ¢. By g-regularity of A, for eachs € Swe can take twa-open setdJ (s) andV(s) in
(Y,0) such thatx e U(s), se V(s) andy(U(s)) x B(V(s)) C A(W). Then we havef (y(U(s))) NB(V(s)) = ¢. Since
{V(s) : s€ S} is g-open cover ofS, then byg-y-compactness there exists a finite numbgs,, ...,s, € S such that
SC B(V(s1))UB(V(s))U...UB(V(s)). By theg-regularity ofy, there exist ay-open set) such thatx € U, y(U) C
y(U(s1)) Ny(U(s2)) N...Ny(U(sn)). Therefore, we havg(U) N f~1(S) CU(s)N f1(B(V(s))) = ¢. This shows that
x ¢ gCl,(f~1(S)). This is a contradiction. Thereforé; 1(S) is g-y-closed.

(© 2017 BISKA Bilisim Technology



NTMSCI 5, No. 1, 145-157 (2017)www.ntmsci.com BISKA 157

Theorem 29.Suppose that the following condition hold.

1.y: 19— P(X) is g-open,
2.B: gy — P(Y) is g-regular, and
3.A: (Tx0)g— P(X xY) is associated witly and 3, andA is g-regular with respect tg and 3.

Let f: (X,1) — (Y, 0) be a function whose graph(®) is g-A-closed in(X x Y, T x o). If every cover of A by g-open
sets of(X, 7) has finite sub cover, then(A) is g-3-closed in(Y, ).

Proof. Similar to28.
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