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Abstract: In this study, we are concerned with an inverse nodal protiteraecond order differential pencil on a finite interval hwit
complex spectral parameter dependent boundary condlipnsing nodal points. We give some reconstruction formfdapotential
functionsp andq as a limit.
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1 Introduction

Theory of inverse problems constitutes a vast field of matims There are some approaches related to this subject;
one of them is to study inverse eigenvalue problem (8g¢4], [3], [4], [5], [6], [ 7]) and the other one is to study inverse
nodal problem. The inverse nodal problem was introduced aevatype of spectral data which is so called nodal
points-zeros of eigenfunctions by McLaughlin in 1983. [She proved that the knowledge of a dense subset of nodal
points of the eigenfunction can alone determine the pakfinction of Sturm-Liouville equation up to a constant.
Independently, Shen studied the relations between thel pod#s and the density function of string equation in 1988
[9]. Later, many authors have studied inverse nodal problerdifterent operators (sed (], [11], [12], [13], [14], [15],

(16], [17), [18], [19], [20)).
In this study, we consider boundary value problees L(p,q,ho,h1,Ho,H1) of the form

LY(%,A) =y'(X)+ [AZ =22 p(x) —q(¥)] y(x) =0, 0<x< T, @)
with the boundary conditions

Y (0) + (iAhy + ho) y(0) = 0,

Y (1) + (iAH1+Ho) y(1) = 0, @)
where i? = —1, A is a spectral parameterp € WZ[0,7,q € L;[0,] are complex-valued functions;

ho,h1,Ho,H1 € C,hy # +1,H; # +1 [21]. Equation (1) is also known as diffusion equation in literatu

Let us emphasize some historical and physical improvemedifferential pencils. Jaulent and Jea??] stated the
actual background of diffusion operators and discussedhtrezse problem for the diffusion equation. Also, Gasymov
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and Guseinov studied the spectral theory of this oper&gr [The problem of describing the interactions between
colliding particles is of fundemental interesting in plossiln many cases, a description can be carried out througitla w
known theoretical model. In particular, one is interestedallisions of two spinless particles, and it is supposed tie

s— wave binding energies ans-wave scattering matrix are exactly known from collision esments.s—wave
Schrodinger equation with a radial static poteritialan be written as

Y'+[E-V(X)]y=0,x>0, 3)
where the potential function depends on energy in some wdyas the following form of energy dependence
V(X%,E) =U(x) +2VEQ(x). (4)

U (x) andQ(x) are complex-valued functions. (3) reduces to the Kleinddas—wave equation with the static potential
Q(x), for a particle of zero mass and the energ with the additional conditiot (x) = —Q?(x) [22]. The Klein
Gordon equation is considered one of the most important enadltical models in quantum field theory. The equation
appears in relativistic physics and is used to describeedispe wave phenomena in general. The Klein-Gordon equatio
arise in physics in linear and nonlinear forn24.

Differential equations with a nonlinear dependence on fieetsal parameter frequently appear in mathematics asawell
in applications. Some aspects of this type problems werdiexilby many authors (se2d], [26], [27], [28], [29], [30],
[31], [32], [33], [34], [39], [36], [37], [38]). Such problems play an important role in mathematics asekhmany
applications in natural sciences and engineering.

Let Ay be then—th eigenvalueDg be a circle with radiust, centered 0 and be the nodal points of the—th
eigenfunction wher¢ = 1,2, ...,n— 1 for the problem (1), (2)The numbersx?, j=1,2,...,n—1 are the nodal points of
the eigenfunctioy(x, An), theny(x?,/\n) = 0. n—theigenfunction of the problem (1.1),(1.2) has exacthnodes inside
the circleD. We assume thdf is the distance of two consecutive nodal poxjtandx], ;, I]' = X], ; —X]. Let us define
the functionjs(x) to be the largest indeiksuch that G< x? < xforn> 0, and the functior,(x) to be the largest indek
such that 0< x < x] for n < 0. Thus, j = jn(x) iff X € [x],x{' ;) forn>0andx € [x], ;,x]') forn <0 onDg.

In this study, inverse nodal problem for differential pércion a finite interval is studied. We have reconstructed the
potential functiong andq from the nodal points of eigenfunctions as complex, pradipg are smooth enough.

2 Main results

In this section, we will try to obtain some asymptotic restidir nodal parameters and some reconstruction formulas for
potentialsp andq which has been obtained as solution of an inverse nodal @mabl

Lemma 1.[21] Let ¢(x,A) and(x,A) be the solutions tgly(x,A ) = 0 with the initial conditions

(¢(0,1),4'(0,4)) = (0,1) = (Y'(0,A), Y(0,1)).
Then, the following representations hold:

R I e e e T
coAT_a)] | gy S 000 (),

Jrbz(X) 3 3 3
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and
Y(x,A) =cosAx—a(x)] — Cl(X)M b1 (x) sin[A XA_ a(x)]
+d2(x)cos[/\>;\; a(x)] +d1(X)Sin[A)j\; a(x)] ‘o ((}9\_2‘) 7

where

() = | POt by = 3 [F2(0)+ a(t] dt, ) = 5 PO+ P(O),

1., , 1 2
bo(x) = 7 [P'(¥) = P'(0)] = 5b1() [p(x) + P(0)] - 5 / p(t) [P*(t) +a(t)] dt,
0

2(6) = £ [50°00 + 502(0) + 2p(0)p()] + LEIO Tz

1) = 3 [p(0) ~ PN,

a(x) = = [50°( ~ 20(0)p(x) ~ 3p%(0) +2(x)  20(0)] ~ (X,

1 = 5 [P+ B(0)] + 3513 [p06) — P(O)]+ 5 [ pLt) [pP(1) +0)] .

0

andt = |ImA].

Lemma?2.[2]] Let Ap,ne A= {+£0,£1 +2, ...}, be the eigenvalues of the pencil Then, the sequendé: ne A}
satisfies the following asymptotic expressiofras— c

)\n—n+—| og

(h]_ — )(Hl+ 1) n+ =5 |ng + h1+1)(H;—1) @

h1+1)(H1 -1 ki k 1
(h1+1)(Hy )+ 5 K+ k7 2+O< >
1)(H1+1) n-+ 2m log W}

For the convenience, Yang sets

ap =a1(m),by =by(m), ci=ci(m)(i=1,23),d=d(mi=12),a=e(m(i=12)

ki = a; +ashyHi +i (Hiby — hiby — hgHy — hiHo),

ko = by —hg+Ho — bihiH1 —icq(hy +Hy),

ks = €2 — (ho — Ho)by + axhyHy — hoHo +i(H1d1 — hics — athoH1 — aghiHo),

ks = €1 — hocy — Hoci + bohiHy +i(H1dz — hicy + bihoH1 + bihiHo),

1iki(hy—Hi) + ko(hgH1 — 1)

1 (hiH; —1)2— (hy —Hy)2

= Lika(m —Hy) (b — 1)

m (hHp—1)2— (hy—Hyp)? 7

[kl(hl — Hj_)i + kz(thl — 1)] [kj_(hj_ — Hj_) — kz(thl — 1)I]
m[(hiHy — 1)2— (hy — H1)?] ’

5= —

ky =

where

Cal0) = g [30°(x) +2p(0) () ~ 50(0) +20(x) — 24(0)] — 263(x),
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and
() = 5 [39°(x) ~ 2p(0)p(X) + 3%(0) + 20(X) + 29(0)] + SE(X).

Theorem 1. Suppose that g WZ[0, i and g< L4[0, 71, then

X0

logA , 1 1
X =" i + 20 / +55 [ [P0 +a) dt+0<—3) (5)
0
and
ogh 1 ogA y 1
n_Tr logh 17/ o9 / L / 2 <
=T o= [ pwdts oo [ ptdts o [ [P0+ a()] dt+0< 3> (6)
g G i
where A= (hy+1)(Hy—1) and ? = —1.

(h1—1)(H1+1)

Proof. We will prove only forg (x,A). The other case fap(x,A) can be proved similarly. 1§ (x,A) equals to zero, then
as long as cdd x— a(x)] is not close to 0,

tanAx—a(x)] bi(x)
A Y

tan[Ax— a(x)] [1+O<%)] = bl)fx) - bf\(;() +O</\—12) .

Now takeA = A andx = x?. Hence by Taylor's expansion for the tangent function, we get

. bl(X) bz(X) 1
n_ - _ il
AnXj — a(X) = mj + A A2 +0 a2)

0=

+ al(x)

tan[/\aza(x)] N bf\(;() + 8 )tan[)n;;a(x)] +O</\—13> .

Hence

or

A3

n_ a(x) m  bi(x) ba(x) 1
Xj A +An+ A2 23 +0 .

And, by using estimates df (x), by(x) anda (x), it yields

x'-1 X0
. | n
a1 / 1 / b2 (X]) 1
=0 - - —= - 7
5 Tz ERARVE @
Furthermore, by using following asymptotic formulas in (7)
1 1 logA ks ( 1 )
Y nTaen T h +0( 5 ).
An N 2n27 n2(n+4 5k logA) n*
1 1 (logA)? kg N logA N 2ks (IogA)k5 o <i)
A2 4t A (n+ ok logA)  nPmi 3 (n+ ok logA) | mmi (n+ ok logA) )’
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and

n6

1 1 3(IogA)2 logA 2ks logA k5 n (1)
A n3 4P nfmi A (n+ ok logA)  2ntmi o nd(n+ oL logA) ’

we conclude that

X0

|
n_ T JIogA 1/ Iog / 1 / ) 1
XN = T o p(t t+2nzo [p°(t) +q(t)] dt+O =)

Equality (5) gives the asymptotic expansion for nodal Ihstjn} as

X X

j+1 j+1
_n logA 1 logA 1 1
=200 / dt+ o [ p)dt+ 5 / [P2(t) +q(t)] dt+O<—3).
XT X?
Lemma3.[12] Suppose that & L1[0, r7]. Then, for almost every [0, 1] with j = jn(X)
i1
im A [ atydt=q(x).

Theorem 2. Let ge L1[0, 11, then

n—oo

q(x) = lim {an (I — ) — Tn logA— p(x) <2nqL %) - pz(x)]

where

n—co

p(x) = lim n<nl?%An>.

and # = —1.

Proof. Considering (6) in the form

m logA 1 y 1
|}‘=—+—.+ﬁ / p(t)dt—i—O(ﬁ),

n 2n?i

so that

By Lemma 3, for almost every< [0, 7], we obtain

p(x) = lim n(nl?—%—n).

n—co
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Now, we will get a reconstruction formula for the potentiah€tiong. Let consider (6) in the form

n n n
X; X; X'+l

j+1 j+1 j
m logA 1 y logA [ 1 1
=T 20 / p(t)dt + anml/ PO+ / [pz(t)+q(t)]dt+0($).

n n n
% % %]

After some algebraic computations, we can get

J+l

n logA
nn(EIJn 1 7i+n/p dt+ /p dt+2/ dt+O( ),

and

n
Xj+1

n? (nif— m) = IE logA+ 2np(x) + %X) +n / [P?(t) +q(t)] dt+O(1),
g
for sufficiently largen. Hence, by using Lemma 3, it yields

q(x) = lim {2n*(nlf — 1) — IE logA — p(x) (2n+ %) - pz(x)] :

n—soo

This completes the proof.

3 Conclusion

In this study, we give some results about inverse nodal prolfor differential pencils with complex spectral paramete
in boundary conditions. Asymptotic formulas of nodal paetens and potential functions for this problem are obtained
We think that it will offer a different perspective to speadttheory.
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