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Abstract: In this work, we have applied a new technique which is a unfonutiplier and Ibragimov’s nonlocal conservation method
for constructing the local conservation laws of nonlineaslation equations. One can conclude that the higher ordiettiens of
adjoint equation can be obtained by the multiplier funcdiohhe Lax equation and generalized Hirota-Satsuma coufd&tsystem
are chosen to illustrate the effectiveness of the methods;Tlwe have obtained a plenty of local (some of them are theehigrder)
conservation laws. The combined method presents a widécabitity for handling the conservation laws of nonlinegave equations.
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1 Introduction

As well known, the method of Lie symmetry is one of the most pdwl method for investigating the differential
equations. There exist extensive literature for this tpjd 3.

Lie symmetry method has a close relationship with the conoégonservation laws. Conservation laws are very
important tools in the study of differential equations fromathematical as well as physical point of view.If the under
study system has conservation laws then its integrabdityuite possible. They are also used for existence, unigsene
and Lyapunov stability analysis and construction of nuoarschemes. Moreover, conservation laws are used in
obtaining the new nonlocal symmetries, nonlocal consemdaws and linerizatiord].

The first study in the literature for obtaining the consdorataws using the Lie symmetries is given by E. Noettii

this seminal work,it is showed that for Euler-Lagrangeatiéintial equations, to each Noether symmetry associatid wi
the Lagrangian there corresponds a conservation law whictpe determined explicitly by a formula. The application of
Noether’s theorem depends upon the knowledge of a suitageahgian (§]-[ 6]). There are some new approaches in the
literature about construction of conservation laws sucHieect method, partial Lagrangian method, the charadieris
method, the variational approach (multiplier approach) monlocal conservation theorem method ([ 8]-[ 12)).

Itis proved in [L1], if a differential equation (ordinary or partial) has a sywtry then the under study equation always
admits a conservation law. In order to obtain the local coramn laws, later Ibragimovi[3] proposed the concept of
nonlinearly self adjoint differential equations.

Very recently, Gangwei et. allfl] presented a new way for obtaining the conservation lawsaofigd differential
equations (PDEs) with the help of combination of multipked nonlocal conservation method. In this new method, the
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most important point is that the solution of the adjoint dprais equivalent the multiplier function. Therefore, czan
obtain local conservation laws of the system using the bathod together.

In this work, we considered two famous evolution equationefthe soliton theory. The first one is the Lax equation.
Lax equation
Ut + 10U+ 20U Uy + 30UPUy + Unoorx = O, (1)

first appeared in the work ol p] (see also16]) when studying nonlinear equations of evolutions witlelin operators. It
was found that the Lax equation belongs to the completebgiatble hierarchy of higher order KdV equations. This
equation have infinite sets of conservation lavg [

On the other hand, by introducing a 4 x 4 matrix spectral pablvith three potentials, Wu et al. derived a new
hierarchy of nonlinear evolution equatioris.

One of typical equations in the hierarchy is the new and gdized Hirota-Satsuma coupled KdV equation

U — UTXXX + 3uuy — 3vw — 3vwy = 0,

Vit + Vyex — 3Uvy = 0,

Wt + Wy — SUwWy = 0. (2)
Soliton solutions and Miura transformationa for this syst@ere derived in18-[19], respectively.

The plan of the paper is organized as follows : In Section 2giwve briefly the description of the nonlocal conservation
and multiplier methods. In addition, the relationships oftbmethods were emphasized. Section 3 is devoted to the
conservation laws of EdL] and Eq.) with the help of this combined method. In Section 4, someckating remarks

are given.

2 Necessary preliminaries

In this section, we present the notations and some of theitiiefis below. For the details see e.gl],[7], [11], [13] and

[14].
Consider ath-order PDESs afi independent variables= (x*,x?,...,x") and m dependent variablas= (u*,u?, ...,u™)
EC(XU,upy),...Ug) =0, a=1,..m, (3)

whereuy), U ..., Us) denote the collections of all first, secondsthsorder partial derivatives, that isy = Dj(u?), uﬁ =
D;Di(u“),... respectively, with the total differentiation openatath respect tod given by

P ) ) .
Dizﬁ-l—uiaﬁ-i-uﬁm-f—---, i=1,..,n, (4)

where the summation convention is used whenever apprepAatusuale is the vector space of differential functions
of finite orders. The basic operators defineddrare stated below.

Then—tuple vectorT = (Tl,TZ, ...,T”) ,TleA, j=1,...,n is a conserved vector of Eq)(if T' satisfies

DiT'| =0 (5)
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Equation B) defines a local conservation law of syste®).Every admitted conservation laws of E®) @rises from
multipliersQ? (x,u,U(y), ...) such that
QYEqs =DiT, (6)

holds identically. In the multiplier approach for consdiwa laws, one takes the variational derivative Gfthat is,

0

W (Qa Ea) =0, (7)
holds for arbitrary functions af (x!,x?, ...,x") where
0 0 0
_—= —1)°D;, ...Dig—— =1,.. 8
5ua dua +S§l( ) 11 Isduﬁmis, a 9 7m7 ( )

is the Euler(-Lagrange) operator.

In [14], the authors modified the Ibragimov’s nonlocal conseorathethod in terms of the multiplier function. We now
present the nonlocal conservation method using the mieltipinction which we described in the above. It is interggti

to note that the higher order solutions of Ibragimov’s auljc@quation which is consequences of the concept of
nonlinearly self-adjointness can be obtained by the mligtifunctions. According to14], the solutions of the adjoint
equation are constructed through the multipliers satigfyi

o)
W(Q“EQ):O, a=1,..m 9)

For each knowiQ*, we define a formal Lagrangian function
L=QMEq (10)

and whose Euler-Lagrange equations inherit, all Lie symyrggnerators (point, Lie-Backlund and nonlocal) of B). (
Using the Noether theorem, we obtain the following consiadaws of Eq. 8)

C' =N'L. (11)
whereN' is the Noether operator,

0

; ; o)
i gi o ) ) a P
N' =& +wW B +S>§ Dj, ...Dis(W )duﬂ...is’ i=1,..m, (12)
and ) )
_ i a
X=8 T 5w 12)

is a symmetry generator o8andwW?® = n% — Eju‘j’ is the characteristic function.

In the following, for Eq.(), Q“ = Q, and for system32), we will write (Q',Q? Q%) as(Q,P,K). For two independent
variablesx%,x?) will be written as(x,t) so that(C*,C?) will be written as(C*,C!).

3 Conservation laws of Eq.

(1) and Q).
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3.1 Lax equation
We first consider Lax equatiod)
Ut + 1 0UUcx 4 20UxUex + 30UUx + Uyooox = O

whose Lie point symmetry generators are

0 a 59 x0 a
X = - X = - — = _ I 14
LT T BT T2t 20x  Yau (14)
By (7), the multipliers up to fourth-ordep; that lead to nontrivial conservation laws are
Q1 = —30tu? — 10U+ X,
35u4 2
Q=-"F- 200Uy — 5ULZ — 2UUgeocx + Ulyook — %‘X - %,
Q3 = 10U + 100U+ 5U2 + Uy,
Q4 = 3u2 + uXX7
Qs =u,
Qs =1 (15)
Itis readily seen that ead®;(i = 1,...,6) satisfies the adjoint equation of Eg).(
For instance, for the multiplie®s = u, the left-hand side ofl(6) becomes
—Ug — 10U — 20Uy Uy — 30UPUy — Unoocx, (17)

which vanishes on EdLj.

On the other hand the situation is the same for higher orddtiptiers. For example, for the higher-order multipli@y,
the left-hand side ofl(6) becomes, after some simplification,

— BU(Ut 4 10U+ 20Uyl 4 30U2UK + Usoooox)

which also vanishes on EdL)(

We now present the conserved vectors of Equging the combined method namely multiplier function amgimov’s
method omitting the calculations. In our scheme, we use thkiptiers Q;,Q3, Q4, Qs, Qg; Q2 is cumbersome, but the
procedure would be the same.

Based on the stated multiplier and symmetry, the consergetbks are given below.

Casel. Qg, X1,

C! = 10U + 20Uyl + 30U2Uy + Usoooocs
C* = —(3QJ2 + 10Uy ) Ut — 10U Uty — 10UUExx — Utyoox
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Case2. Qg, X,

Ct = —Uy,

C* = Ut 4 10Uy + 20Uy Uy + 30U2Ux + Usoooox — (30U + 1 Ol ) Uy — 10UxUxx — 1 0UUKex — U

Case 3. Qg, X3,
ct= —%(ut + 10Ul + 20U+ 30UPUy +- Usooooe) + U+ StTUt + X—;X
cX= —g(u[ 4 100U + 20Ux U + 300U -+ Usgooad) + (U -+ SIT“‘ + X—;X)(3Ouz + 10Ug)
+ 10ux(% + St;" + XUTXX) + 10u(2uxx + St% + XUTX"X) + BUox + 5“&2’“’“ XUX;X"X
Case4. Qs, X1,
C' = (U + 10Ul + 20U Uy + 30UUx 4 Usgoorx ) — UL,
C* = — U (U (20Uxx + 30U2) + Uypocx ) + UtxUhoox — Uoc( 10UZ + Uy) + Utsooxtx — Ul
Case5b. Qs, Xo,
C! = —uuy

C* = Ut + 10U + 20Uyl + 30UUx + Uyoooox) — Ux (U (20U + 30U2) + Uyoore ) + UsocUoox — Uy (10U 4 Uy

~+ UsoooxUx — Uloooe

Case6. Qs, X3
5tu 5t Xu
c'= —7(ut + 10UUex + 20Uy U + 300Uy + Usoox) + U(U+ TUt + 7)‘),
Xu Stur Xuy

CX= —?(ut + 100Uy + 20Uk + 30UPUx + Unoooox) + (U+ —— + =) (U (20Ux + 30U) + Uyoeex)

2 2
3uy  StUix XUk BtUixx  XUxxx 5 BUpk  DtUpox  XUsoox
—(— —)u 2u —— 4+ —) (10U + ux) — u
( > > + 5 ) xxx+( xx + 5 + > )( + Uyx) ( 2 2 2 ) X
St Utsoocx XUxxxxx)u

2 2

+ (BUsoox +
Case7.Qg, X1

C' = (3U2 4 Uy) (Ut + 10UUx + 20UxUex -+ 30UPUy + Usoooec) — Ut (3U2 + Uy ),

CX = — Ut ((3U2 + Unx) (30U 4 20Ue) — Ut — Bk — AUlgoox — 2U2, — B0UUZ — 30U2Uyy — 1 0Ue(3UP + Uy
+ 10U(BUUkx + BUZ + Usgoex ) ) — Ut (Ut 4 AUl + 2U ik + 30UPUy + 10U (3U% 4 Uy ) — 10U(BULK + Unex))
— Upex(20U(3U2 4 Uy) + BUZ + BUIkx + Uyooex) + Utsoox (BUU 4 Usoe) — Utsooec(3U% + Uk )

Case 8. Q4, X

C!' = —Uy(BU? + Uyy),

C* = (3U2 + Uy) (Ut 4 10U+ 20Ul + 30UPUy + Usooooe) — Ux((3U% + U ) (30U% + 20U )
— Utx — BxUsoex — AUlygoex — 2U2, — B0UUZ — 30U Uy — 10Uy (3U2 + Us) + 10U(BULIx + BUZ + Uyoox))
— Unex (Ut 4 AU + U + 30U2U + 10Uy (3U2 + Uyy) — 10U(BUUK+ Unxx))
— Uyoo(10U(3U - Uy ) + BU2 -+ BUUyx + Usooox) + Ussoox (BUUK 4 Usoxx) — Usaooox (3U2 4+ Usee)
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Case9. Q4, X3,

5t 5t Xu
Ccl= —§(3u2+ Unex) (Ut 4 10Uk + 20U Uk ~+ 30UUx + Unoooee) 4 (U+ Tut + 7)()(3u2 + Ux),

X 5t XU
C=-3 (3U2 + Use) (Ut + 10U + 20U + 30UPUy + Ungooox) + (U + Tut + 7")((3u2 + Usx) (30U + 20Uy

— Uty — B Uyoox — AUlooo — 2U2, — BOUUZ — 30UPU — 10Uge(3UP + Usy) 4 10U(BULyy + BUZ + U ) + (% + StLex

2 2
5t Xu
) (Ut + AU + Ul + 30U2Uy + 10U (3U + Us) — 10U(BUUY + Unoex) ) + (2 -+ % + T’“")(l()u(3u2 + U

5t XU
“‘2”"“ %) (31

XUy
+ -

2
5u 5t Xu
+ BU2 + BUUx + Usoorx) — ( ZXXX - UZIXXX - ;W)(Guux+uw)+(3um+

Case 10. Q3, X1,

C' = (20U 4 10U + 5UZ + Ussooc) (Ut 4 10UUex + 20U Uk 4 30UZUy 4 Unooook) — Ut (10US + 10U + 5UZ + Uyoore)
C* = — (10U + 10Uy + 5U2 + Usoxx) (30U + 20U) — 10U — 10U (10U + 10U+ U2 + Uyoox) — Utsone)

— Ut (10Ut + 10Uy (10U + 10U + 5UZ + Usooox) + Utoe) — Uooc(10U(L0U3 + 10U+ 5UZ + Uyooex) — Ut)

— Unyoott — Utoooe(10U3 + 10U 4 5U2 + Usooex)

Case11. Q3, X

C! = —U(10U® 4 10U + 5U2 + Uy )

C¥ = (20U 4 10Uy + 5UZ 4 Uyooex ) (U + L 0ULwx + 20Uy -+ 30UPUy + Usoxx)
— Uy ((10U® + 10U+ 5U2 4 Usoorx) (30U2 + 20U ) — 10U — 10Uk (10U 4 10U + 5U2 + Uyooo) — Utsoex)
— Uy (100U 4 10Uy (10U 4 10U + 5U2 + Uyoook) + Utsoe) — Uroox (10U(L0UP + 10U+ 5U2 + Unoox) — Utx)
— Uyt — uxxxxx(lou3 + 10Uy + 5u§ + Uyxxx)

Case12. Qq, X1,

C' = (—30tu? — 10Uy + X) (Ut + 10Ul + 20Uyl + 30UPUy + Usgoorx) — Ut (—30EUZ — 10EU + X),
C* = —u((—30tu? — 10tUsx + X) (30U -+ 20Uy) 4 10t (300U -+ BOULZ + 10Uy + 30U Uy
+ 202, + Uty + Ugx) — 10Uxx(—30tUZ — 10Uk + X) + 10U( —60tULy, — BOtUZ — 1 0tUsooo) — 18QUZ, — 240 U
— B0t Uloox — 10tUgx) — Utx(— 10 (Ut + 10UUexx + 20Ul + 30UPUy + Usgooex ) + 10U (— 30U — 10bUyy + X)
— 10u(—60tuux — 10tUy + 1) 4+ 180t Uxlnx + B0t Ul + 10tUsy) — utxx(10u(—30tu2 — 10tuy +X)
— 60tUZ — 60t Uk — 10Usoex) — Utsoox (B0t UL + 10t Uyo — 1) — Utsooox (— 30tUZ — 10U + X)

Case13. Qq, X

C' = —Uy(—30tU? — 10tUxx + X),
C* = (—30tu? — 10t Uyy + X) (U + 10Ul + 20U U 4 300Uy + Usoooox)
— Uy ((—30tu? — 10tUxk + X) (30U + 20Ux) -+ 10t (300U + B0UUZ + 1 ULy + 30U
+ 2002, + Urx + Ugx) — 1 0Uyx( —30tU2 — 10t Uy + X) + 10U(— 60Uk — BOEUZ — 10¢Uye) — 18QLUZ, — 240t Uy Uk
— B0t Uloox — 10tUGK) — Usox(— 1.0E (Ut + 10Uy + 20U U + 30U U + Unooox ) + 10U (—30tUZ — 10U + X)
— 10u(—60tuuy — 10tuxyx + 1) + 18Ctukyy + 60t UKk + 10tUsy) — uxxx(lou(f30tu27 10tuxx+ X) — 60tu§
— B0t UL — 10t Uyooo) — Usooox(B0E UL~ 0t Uy — 1) — Usoooox (— 30tUZ — 10U + X).
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3.2 Generalized Hirota-Satsuma coupled KdV equation

We now consider generalized Hirota-Satsuma coupled Kd\&tou The symmetries and multipliers up to second-order
(Qi,R,Ki) are
7} 0 0 7} a a 7} 7}

L= g0 X2 = gxr 8T Vgt Way Xe = St bxg m UG NGy (19)
and X
X 3u u
leitu+§; Pj_:tW, Kl:tV7 Q2:Oa PZZWXa K2:7VX7 Q3:77V\Ni?xxa
R’::_UW+WXX7 K3:_UV+VXX7 Q4:_u) P4:W) K4:V
Qs=1,PF=0, Ks=0 (20)
respectively.

Based on the symmeti, and the obtained multipliers, the components of consereetbys given as follows.

C'=3t(w — u%o( + 3UUx — 3vW — 3WWy) — 2U — XUy — 3,

1
C* = x(u — UTXXX + 3uUuy — 3w — 3wy ) — 3U(2u + Xux+ 3tu) + 5(4uxx+xuxxx+ StUixx) + 3W(4Av + 3tv; + Xvy)

Case 2. (Q47 P, K4)

C' = 3t(—u(u — U%O( + Uy — 3vW — 3WW ) -+ W(V; + Viox — 3UVy) + V(W + Waoeq — SUWK) )

+ U(2u+ 3tu + Xuyx) — W(4v + 3tv; + Xvx) — V(3twg + Xwy),

C* = x(—u(u — u%“ + Uy — 3vW — 3uW) + W(V; + Viox — UVx) + V(W + Waoeq — SUW) )

u u
— (2u+ 3tug + Xuy) (—3u? + 7”) + 5 (3 Bty + XUboo)

— Wik (4V =+ 3tV + Xix) ++ Wi (BVx + 3tVix + XV ) — W(BVyx + 3t Visox + XVixx )
— Vaox (BEWE 4 XW) + Vi ( SEWhx 4 W + XWiax ) — VI( 2Wiaex + StWhex + XWaox)

u
5 (AUyx + 3t Utyx + XUxxx)

Case 3. (Qj_, Pl, Kl)

C' = 3t((—tu+ 5)(ut U + Uy — 3veW — 3uWy) + EW(Vt + Viox — 3UVy) + tV(WE + Wik — Uy ))

3 2
X
— (2u+ 3tu + xu) (—tu+ §) — tw(4v+ 3t + Xvy) — tv(3twg + Xxwy),
C* = x((—tu+ g)(ut — u%“ + Uy — 3vW — 3WW) + EW(Vt + Vi — SUVy) + EV(WE + Wi — 3UW))

X, tu 1 1 1 X
— (2u+ 3tu; + xuy) (3u(—tu+ 5) + 7”) - é(—tux+ :—)))(3Ux+ 3ty + XUxx) + E(—tu+ 5))(4uxX + 3Utxx + XUxxx)

X
— (Av+ 3twvt + xvy) (—3w(—tu+ §) — 3tUW + tWy) + tWi(SVx + BtV + XVix) — EWI(BVix + tVixx + XVioxx)

X
— (Btwt 4+ xwy ) (—3v(—tu+ 5) — 3tUV + tVx) + EV( 3EWhx £ Wy + XWx ) — EV(2Wix + 3EWhsx + XV )

Case4. (Q2, P2,K>)
Cl= 3t (W (Vi + Vioox — 3UVx) — Ve (W + Whooe — 3UWy) ) — Wi (AV 4 3tV + XVy ) + Vi (3tWe + X ),

C* = X(Wi (Ve + Vioox — 3UV) — Vs (W -+ Wik — SUWy) ) + Wi (4V + 3tV -+ X)) + W (SVx + 3tVix + XVicx )
— Wi (6Vax + 3tVixex + XVhox) — Ve (3EWE + XWy) — Vi (Bt W+ Wi -+ XWaex ) + Vi ( 2Waex + SEWhxex + XWaoex )
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Case5. (Qs, P3,Ka),

3 2
el — VW — u—xx)(ut = Yo + 3uuy — 3veW — 3vWy) + (—UW 4 Wy ) (Vi + Vi — 3UVx)

t_
C73t((2 2 2

3u? u
+ (— UV Vi) (We + Wik — 3UMi)) — (2u+ 3tug +xux)(7 —VW— 7)0‘) — (Av+ 3t + Xvy) (—UW+ Wy)
— (3t X (— UV + Vi)
. 3u? Uy Usoox
C= x((7 —wWw— ?)(ut Y + Uy — 3veW — 3vWy) + (—UW+ Wy ) (M + Vi — 3UVy)
2 Uxx Utx

3u
+ (— UV Vix) (W + Wioex — SUWy) ) — (2u+3tut+xux)(3u(7 —vw— 7) o Wi — 2V Wy — Wiy )

o Uy

U 1 2
— (3ux+3tutx+xuxx)(73 + Wvy + Wy ) + 5(4u>o<+3tutxx+xuxxx)(7 W 3

3u? u
— (4v+3tv + xvx)(f3w(7 —wW— 7”‘) — 3U(—UW+ W) — Wi + UxWy -+ 2UWa — Wiy )

3u? u
— (BVx - BtV + XVao) (—2UW + W+ Wk ) — (6V3oc + 3t Viox + XVaooc) (—UW + Wao) — (3t + xwx)(—3v(7 —WW— 7”)

— 3U(—UVH Vix) — Vix + UxVx + 2UVx — VUyx)
— (3tWhx + Wi XWhex ) ((—2UVx - VU =+ Vi) — (2Whox + 3t W - XWhooc ) (—UV + Vixx ).

Itis readily seen that the situations are the same for therymmetry generators.

4 Concluding remarks

In this work we have constructed conservation laws of the égation and generalized Hirota-Satsuma coupled KdV
system which is not derivable from a variational principdamely, no recourse to a Lagrangian formulation is made.

Using the combined approach which is a union of multiplied #sragimov’s nonlocal conservation method, a plenty of
local conservation laws were obtained.

We conclude that the solutions of adjoint equation can baioetl by the multiplier functions. The conserved vectors
obtained here can be used in double reductions and solufdhe underlying equation2().
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