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Abstract: In this paper, a novel nonlinear differential equation ie field of heat transfer has been investigated and solvedletehp
by a new method that we called it Akbari-Ganjis Method (AGMREgarding to the previously published papers, investigatiis

kind of equations is a very hard project to do and the obtaswédtion is not accurate and reliable. This issue will beesped after
comparing the obtained solution by Numerical Method or tkadE Solution. Based on the comparison which has been madede
the achieved solutions by AGM and Numerical Method (Rungeté4th), it is possible to indicate that AGM can be sucaedlsf
applied to various differential equations particularly ifficult ones. Furthermore, It is necessary to mentiort haummary of the
excellence of this method in comparison with other appreadatan be considered as follows: Boundary conditions angiregtjin

accordance with order of the differential equation, thiprapch can create additional new boundary conditions iartetp the own
differential equation and its derivatives. Therefore sidgical to mention which AGM is operational for miscellans nonlinear
differential equations in comparison with the other method

Keywords: Akbari-Ganji'sMethod (AGM), nonlinear equation of hearnsfer, numerical method.

1 Introduction

Since most of the phenomena in our world are essentiallyimesnl and hence described by nonlinear equations, there
has developed an ever-increasing interest of scientisteagineers in the analytical asymptotic techniques forisgl
nonlinear problems. All these problems and phenomena adel®d by ordinary or partial differential equations. Insthi
case study, similarity transformation has been used toceedloe governing differential equations into an ordinary
non-linear differential equation. Recently, many new ntioz techniques have been widely applied to the nonlinear
problems. Some of these methods are Perturbation Methodl [EMHomotopy Perturbation Method (HPM2,[3,4,5,

6], Variational Iteration Method (VIM) 7,8,9], Homotopy Analysis Method (HAM)[0,11], Differential Transform
Method (DTM) [12] and Adomian Decomposition Method (ADM}.3, 14].

The main purpose of this paper is introducing Akbari-Gariilethod (AGM) [L5,16,17,18] as new methods and by
comparing it with numerical methods we can precisely caelthat the AGM has high efficiency and accuracy for
solving nonlinear problems with high nonlinearity. It iscessary to mention that a summary of the excellence of this
method in comparison with the other approaches can be cesidas follows: Boundary conditions are needed in
accordance with the order of differential equations in théutson procedure, but when the number of boundary
conditions is less than the order of the differential eqpratihis approach can create additional new boundary dondit

in regard to the own differential equation and its derivegivTherefore, it is logical to mention that the AGM is
operational for miscellaneous nonlinear differential&ipns in comparison with the other methods.
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Table 1: Nomenclature
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Akbari-Ganiji's Method
Temperature

\Volume

Surface area

Density

time

Specific heat

Heat transfer coefficient
Constant parameter
Angular frequency
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2 Basic ldea of Akbari-Ganji's method (AGM)

Boundary conditions and initial conditions are requireddoalytical methods of each linear and nonlinear diffaegnt
equation according to the physics of the problem. Therefoeecan solve every differential equation with any degrees.
In order to comprehend the given method in this paper, twiermdiftial equations governing on engineering processes
will be solved in this new manner.

In accordance with the boundary conditions, the generalnmaaf a differential equation is as follows. The nonlinear
differential equation ofp which is a function ofu, the parameteu which is a function ofx and their derivatives are

considered as follows.
R f (u,u/,u”,...,um) =0; u=u(x) 1)

whereP is the name of the nonlinear differential equation; amid the order of the derivatives. Boundary conditions:
U(X) = Uo, U (X) = Uz, u™ Y (X) = Up_1 At X =0, o
/

u(X) = U, U (X) = u,,u™Y(x)=u, , atx=L

To solve the first differential equation with respect to tloeibdary conditions at =L in Eq. (2), the series of letters in
the nth order with constant coefficients which is the ansvignefirst differential equation is considered as follows.

n .
UX) = 3 axX = a0 +a' @l + . +an @3)
i=

The more precise answer of EG)(the more choice of series sentences from B I applied problems, approximately
five or six sentences in the series are enough to solve nanlitifferential equation. In the answer of differentiaaeding

the series from degrd@), there arén+ 1) unknown coefficients which ne€d + 1) equation to satisfy. In AGM, a total
answer with constant coefficients is required in order teesdifferential equations. The boundary conditions of B. (
are used to solve a set of equations which consigt @f1) ones. The boundary conditions are applied to the functiens a
follow.

(a) The application of the boundary conditions for the ansvielifferential Eq. @) is in the form of whenx= 0,

u(0) =ap = Uo,

U(0)=a; =

O @
V0 =ax=uw
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Whenx =L,
u(L) = ag+asl + apl2+ - +al" = uy,
U (L) =a; +2al 4 332+ -+ naL" 1 = uL,
u

5
" (L) = 2ap + Gagl + 12a4L.% 4 ---+n(n—1)a,L"? = U, 4 ®)

(b) After substituting Eq.J) into Eq. (), the application of the boundary conditions on differahiq. () is done
according to the following procedure:

po: T (u(0),u(0),u"(0), -, u™ (0))
pri (U)W (L)L), U™ (L)) ®)

With regard to the choice of (n < m) sentence in Eq:3) and in order to make a set of equation which are consisted
of (n+ 1) equations andn+ 1) unknowns, we confront with a number of additional unknowthscl are certainly

the same coefficients of EqR3)( therefore, to remove this problem, we should make m tinrévaliéon in Eq. ()
according to the additional unknowns in the aforementisetaf differential equation. This is the time to apply the
boundary condition of Eq2j.

/ . / Z /1 m+1
Py - f(uvu ,u ,"',U( ))

Pl f (U”,U"', u(IV)7 L 7u(erZ)) @

(c) Application of the boundary conditions on the derivatiwf the differential equatidd in Eq. (7) is done in the form

of,
(V@0 ), u™ (0)) .
pk . f u/(L),UN(L),UW(L),~ 7u(m+1) (L)) ( )
L (W@ .u (), u™2 (o))
P - { f Eu// (L) , u” (L) Lo ,u(m+2) (L)) ©)

(n+1) equations can be made from E4) (0 (9), so that n+ 1) unknown coefficients of Eq3] will be calculated for
exampleay, a;, axay. The answer of the nonlinear differential EG) (vill be gained by determining the coefficients
of Eq. @).

3 Cooling of a lumped system with variable specific heat

Consider the cooling of a lumped systehd]. Let the system have volumé surface ared, density , specific heatand
initial temperaturd;. At timet = 0, the system is exposed to a convective environment at tetypeT, with convective
heat transfer coefficiett Assume that the specific heais a linear function temperature of the form,

C=Ca[1+B(T—Ta) (10)
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whereC, is the specific heat, at temperatdgeandf is a constant. The cooling equation and the initial conditioe

pVCZ—I +hAT-Ta) =0, T(0)=T,. (11)

Introducing Eq. {0) and using the dimensionless parameters,

T-Ta t
f=—2 1=—_ £=B(T-Ta). 12
TT | ey SR 42
Transforms Eq.11) to
(1+£9)$+9=0, 6(0)=1. (13)
3.1 Solving the nonlinear equation by AGM
First of all we rewrite the problem Eql8) in the following order
do
(1+£9)E+9f0. (14)

In AGM, the answer of the differential equation is considkas a finite series of polynomials with constant coefficients

as follows
6

u(t) = zoa T =agT® +ast® +aut? + a3 + ar + g1t + ap. (15)
i=

Itis notable that in the aforementioned equation, the @mstoefficientsy to ag are obtained by applying the introduced
boundary conditions. For this part to write the equation&tviwill be obtained through the solving procedure because
the equation become prolongation we write the equatiortstwé mentioned physical ailments as the previous part which
is

=02 (16)

3.2 Applying boundary conditions

In AGM, the boundary conditions are applied in order to cotefmonstant coefficients of EqLY) in two ways as follows

(i) Applying the boundary conditions on EdL) is expressed as follows
6 =06(B.C). a7

It is notable that BC is the abbreviation of boundary cowndisi. According to the above explanations, the boundary
conditions are applied on EdL%) in the following form

0(0)=1—>a=1 (18)

(ii) Applying the boundary condition on the main differeadtequation, which is this case study is E), and also on
its derivatives is done after substituting Egj5into the main differential equation as follows

9(6(1)) :—9(6(B.C)).g'(6(B.C)). (19)

So after substituting Eq16) which has been considered as the answer of the main diffarequation into Eq.
(14, the initial conditions are applied on the obtained equaéind also on its derivatives on the basis of B) (

(© 2017 BISKA Bilisim Technology
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as follows.
9(6'(0)) :— a1 +0.2apa; + ag =0 (20)
g (6'(0)) :— 2ay+ 0.2a% 4 0.4apap + a1 = 0 (21)
g"(6'(0)) :— 6ag+ 1.2a1a, + 1.2apa3 + 28, = 0 (22)
g”(0'(0)) :— 24a4+ 2.4a3 + 4.8aja3 + 4.8a0a4 + 6az = 0 (23)
9@ (6'(0)) :— 12085 + 24aa3 + 24a1a4 + 24a0as + 2484 = 0 (24)
9 (6'(0)) :— 72086+ 7225+ 144a,a4 + 144aya5 + 144a9as + 12085 = O. (25)

By solving a set of algebraic equations which is consistegiglit equations with eight unknowns from E80) to
Eq. 25), the constant coefficients of Ed.5) can easily be gained as follows

ap =1, = —0.83333333a, = 0.289351851%3 = —0.04018775720

26
ay = —0.00418622470%s = 0.002054351014s = 0.00006729399287 (26)

Eq. (15) which is the solution of the proposed problem is rewrittemf of
6 (1) = 0.00006729399287F + 0.00205435101#° — 0.004186224708" 27)

—0.04018775726°+ 0.2893518519%— 0.83333333 + 1

MHumerc
0 @  AGM
0B
T o7
06 =
0.5 =
- i I | i i | I i |
] 025 0.5 0.75

T

Fig. 1: Comparison of the solution via AGM and exact solution é¢tau) ate = 0.2.
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Table 2: A view of Errors of AGM results in comparison Numeric method

Numeric AGM Error

0 1 1 0

0.1 0.9195195973795910.9195195994 0.0000000021
0.2 0.8445797839874170.8445798691 0.0000001007
0.3 0.7749276259747160.7749277299 0.0000001340
0.4 0.7103047927699130.7103050914 0.0000004203
0.5 0.6504503547161200.6504514376 0.0000016648
0.6 0.5951029816291540.5951064624 0.0000058490
0.7 0.5440028023019440.5440127527 0.0000182910
0.8 0.4968937621984390.4969185197 0.0000498245
0.9 0.4535247883977220.4535803795 0.0001225756

1 0.4136518006138560.4137661817 0.0002765154
Numarc
osk ] AGM
0B
]
0¥+
W] o
0.6 1 1 1
a .25 0.5 avs 1

Fig. 2: Comparison of the solution via AGM and exact solution fi¢tau) ate = 0.6.

4 Results and discussion

In Fig.1 the comparison of the solution between AGM and Exastilts is shown and we gained a very interesting
agreement between the results is observed, which with deration of its results error in comparison with exact resul
from Table.1 it would confirms the excellent validity of thé&M and also in Fig.2 we compared AGM results with Exact
solution with different small parameter and we found outA&M has accurate results for various of small parameter and
finally in Fig.3 we investigated a comparison amongst thaioledf (tau) for various ofe.

5 Conclusion

In this paper, a new method (AGM) has been proposed for gplvimonlinear differential equation. The afore-mentioned
procedures have been done to indicate the ability of AGMdtrisg differential equation which is shown in the relevant
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Fig. 3: Comparison of the solution via AGM and exact solution figrau) for differente.

plots and table, we could certainly claim that the obtaimesieer by this method is close to numerical solution. Thege ar
explicit advantages in this approach in comparison to therademi-analytic methods such as: 1) Differential equatio
are directly solvable by this method; 2) with regard to theration of series sentences, the precision of the solution
increases significantly; 3) it is not necessary to converaties into new ones; 4) without any dimensionless procsju
we can solve the problem. In this method, the shortage of deyncondition(s) for solving differential equation(s) is
terminated completely. The AGM is operational for misaa#laus nonlinear differential equations which we are hdpefu
in the near future and will be applied by enthusiastic yolesgarchers.
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