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Abstract: In this paper, differential equations of geodesics; palialin, incompressibility and closeness conditions of thezontal
and complete lift of the vector fields are investigated withpect to Kaluza-Klein metric on tangent bundle.
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1 Introduction

The history of tangent bundl€ M of a Riemannian manifoldM goes back with the work of Sasaki][ After the
Dombrowski’'s comparision with the geometric objects of eese manifold and of the tangent bundle with respect to
Sasaki metricg in [2], many studies have been done on this topic in this sensetdrag been seen that the mettir
arises a kind of "rigidity”, i.e., most of geometric propieg of theT M can not be ensured unless the base manibld
(and hencegTM,Sq)) is flat. To eliminate this deficiency, Musso and Tricceri deél another metric and called as
Cheeger-Gromoll metrie®g [3]. It is shown that T M,*Cg) is not flat even ifM is flat [4]. Later, more general metrics
are demonstrated with deformatidrfgy including both Sasaki and Cheeger-Gromoll metrics. Onéeftis the metric
Oab, Which is obtained from deformation of the vertical part o metricc®g with two positive definite scalar functions
aandb [5].

In this paper, the Kaluza-Klein metrtg, which is defined by rescaling the horizontal part of the foeggp, is
considered and various characterizations on geodesicsoemne special vector fields are given with respect to thisimetr
on tangent bundle. Throughout the paper; manifolds, fonstand vector fields are differentiable of cl&Ss

2 Preliminaries

Let M be a manifold with finite dimension. Then the seTM = F)LJMTpM is the tangent bundle dv, whereU denotes
S

the disjoint union of the tangent spacgYP) for all P € M. TM is a 2n—dimensional manifold. The natural projection
m: TE(M) — M is defined for any poin® of T(M) such thaP ¢ T}(P) with the surjective correspondeniee P. If xI
are local coordinates in a neighbourhadaf P € M, then a vector fieldi at P which is an element of M is expressed
in the form(xJ, ul), whereu! are components dfwith respect to the natural base. We consigérui) = (xj,x}) = (x),

j=1,.,n,j=n+1..2nJ=1..,2nas local coordinates in a neighborhawd (U).
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Now, let we assume that the base manifdddis a Riemannian manifold with the metriz and denote by its
Levi-Civita connection. Then the vertical distributionMd” M = kerrt, and the horizontal distribution is defined by
From here, the direct sum decomposition can be written as

TTM=VTMeHTM.

In each local chart, with puttingE;)} = 9j — uSI's*]?dH , {E(jy} = 95, we introduce a useful framgEg} = {E(j),E(jj}

adapted to the distributions. ¥ = X! % is the local expressions li of a vector fieldX on M, then the vertical lift/ A,

the horizontal lift! X and the complete liftX of X are given with respect to the adapted frafig } by
HX] X!
Hy _ —
Cxi X
c
X= - = . 2
(CXJ uSeX! @)

Lemma 1.The Lie brackets of the adapted frame of T M satisfy the fatigwdentities:

[Ej, Bi] = U°Rijs™Ey,
[E},E] = 'ER,
[Ej;Ei]l =0.

where Rs™ denotes the components of the curvature tensor.of M

3 Kaluza-Klein metric on tangent bundle

Definition 1. Let (M, g) be a Riemannian manifold, a metftg on TM will be called Kaluza-Klein if it takes the form

where t is energy density in direction of u is defined byd(u,u)/2, c is strictly positive and a and b such thtg is
positive definite.

The metricKg and its inverse have respectively the components with cespadapted framBg as follows

KKg— Cgiji 0
0 agji + bgjsgrusut |’

14 0
KK n—1_ [ c9Y
(g = (co %gij __ b uiuj> .

a(a+2bt)

Standard computations with the Koszul's formula and hawmigd the Lemma 1 give the following proposition.
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Proposition 1. Let¥Kg be a Kaluza-Klein metric on T M, then the corresponding i@ivita connection coefficients are
given by

_ 1 /
KKrh _ rh  KKfh K L h
ri I'J,, M =—3u R — a2y Jii U
c
KK | Rk|h+_ul KK,—h ,-th,
KKh_ & ko h h  KKpR _ 3
rh= u RkJI +ocu g K=o,

KKEh = o
i
KR = L(uj 8" + uid]) + Mgjiu” + Nujui”

with respect to adapted framezEHere, I'!" and F;qh denotes the Levi-Civita connection and Riemannian cureatu

’ J|

U U
components of g respectively and-L., M = 2(2;’;3%) N= Zaaf’(afgté’)

For the invariant expression of the Levi-Civita connectisge p].

4 Some special vector fields ofiT M,KK g)

First, let us compute the covariant derivatives of horiadlift and complete lift of the vector fielX. Then we have

KKHy oixh —2Rks Usz-i— U|Xh
0"X = LR kxS ¢__h 0 ’ )
—3Risk"UX® = oz UK
KK(Cy — OiX" — 2 Ryd"ukuseX™ + & umusmsxmah — R X ™+ SN
us(C; szhf LRims"™X") — (aMb uhX  OiXP o (L(uidh+ umq“)+|\/|gm.u + NUumuiuM)uSsX™
(5)

SinceRy"X' = 0 is a consequence of the fact thaX" = 0, we obtain the following proposition fron#{ and 6).

Proposition 2. The complete (resp. horizontal) lift of a vector field on M tvl Ts parallel in (TM,XK g) if the given
vector field is parallel and c is a constant function.

Secondly, we consider the divergence and rotation of the dif vector fields. A vector fiel& on (M,g) is said to be
incompressibléf and only if its divergencelivX = 0;X] = 0. On the other hand, a vector fieklon (M, g) is said to be
closedif the rotation of associated covector field (whose compthareX; = gjiXi) is zero, i.e.,

(I’O'[X)ji :anj—din = ;X — LiX; =0. (6)
X is said to béeharmonicon (M, g) if it is both incompressible and closed. Frod) and 6), the divergence of the lifts are

. . . : n
divi'X = divX, diveX = 2divX 4 Um[L(N+ 1) + M + N ||u][Z]usOeX ™+ Z—:Umusmsxm. 7
Thus, it is clear that the horizontal lift of is incompressible if and only if it is incompressiblebh But, the complete
lift of X is not incompressible even if it is incompressibleNhin general. For the special caae= cons, b =0 and
€ = cons, we can say the complete lift &f is incompressible if and only if it is incompressibleNh

The rotation of associated covector field of a vector fildn (T M, ) is given by

KKOaX =0 X =R gy K OyxM KK gy KO xM. (8)
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Using @) and 6), we obtain the components aft™ X androt®X as

rot("X)i = c(rotX);i, 9)
a(l—c) b 2
rot(H X)j = (TRjkbi+EUjusRika)ukxb+ m(aerHUH Juj X,
(1 c) 2
rot("X);; = (—5—Rojki+ 5 u.ust,k) kXb—Z(a+2tb)(a+b|\u|\ X,
rot("X)5; = 0;
rot(°X)ji = c(rotX) i + aRjkmu uP(OpX™), (10)
a(l—c) b ¢
rot (¢ X)j = (7R|kb]+ Uj UsRikp®)u kXb—uS(aDiDsz +b|:|iDSXaujua)+m(aerHUHZ)Uin,
a(l-c
rot(CX)ji— = ( Rojki + EUiUSijks)UkXb-i- us(aldjOsX; + b0 0sX%uiua) — m(aJr bllul®)uX;,

rot (“X)5; = a(rotX) ;i + bul(0j Xsui — DiXsu;).
Thus, we get the following proposition.

Proposition 3.Let (M, g) be a flat Riemannian manifold and c is a constant functionnThe followings hold.

(i) The horizontal lift of a vector field X on M @ M,¥K g) is harmonic if and only if X is harmonic on M.
(i) The complete lift of a vector field X is harmonic if and and ahllyis parallel in (M, g).

5 Geodesics orfTM KK g)
It is known that a curvey is a geodesic off M with respect td&*K[ if and only if it satisfies the following differential

equations
d 6% «k.-q6"
atla) T B

0 _
dt
with respect to adapted frame, where

O _dd 6" _au _dd  dd,
dt ~ dt’ dt dt  dt 't
By direct computations with usingl), then we have the following proposition.

Proposition 4.Let ¥ be a curve on TM with locally expressionsx x" (t),xH = uN(t) with respect to induced coordinates
(xM,x") in T1(U) C TM. Then the curvg is a geodesic oT M, XK g) if and only if it satisfies the following equations

3% c+1 k hy oul dx
{ 8 1+ A (kR + Suj oM S & =0, an

uh i aoul j
o +[L ( U; O+ i 8) + Mgt + Nujuu| G & — - Comgiun gt dd _,
If a curvey satisfying the equationd.{) lies on a fibre given by" = cons, then by virtue of% =0 and‘sd—“th = dd—‘f, the
equations11) reduces to

52uh dul du
oz + [L(ujdh+ui5jh) + ngiuh+ NUjUiUh]EE =

Hence, we get the proposition below.

(12)

Proposition 5. If a geodesic lies on a fibre ¢T M,KK g),it’s local expression as inlQ).
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Now, let y = ot y be a geodesic oM, D), i.e. %2—;‘; = 0. Using this condition anc%itj = 5d_xth = 0, the following
proposition is obtained.

Proposition 6. The horizontal lift of a geodesic qiM, ) is not a geodesi¢T M,KK g).

Finally, lety = 1o { be a geodesic ofM, 0), i.e. %"E = é(@) = 0. On the other hand, from the definition of the natural
lift of the curve &" = x"(t), u" = %), we obtain

s2uh pdx dX

a2~ 2(at+2) 'Y at dt (13)

By the virtue of (L3) and (L), it is easily seen that the natural lift of a curveMris a not a geodesic off M,XK g). This
corollary is given as a proposition below.

Proposition 7. The natural lifty any geodesic on M is not a geodesic(@ <K g).

6 Conclusions

In this study, some characterizations on specific vectatdiahd geodesics are given on tangent bundle with respect to
a Cheeger-Gromoll type metric, say Kaluza-Klein metrice Thsults in this paper have two significant difference from
previous papers. Firstly, the proposition 3 was given alevid with respect to Sasaki metric i@][: "The complete
(resp. horizontal) lift of a vector fiel on M to TM is harmonic with in(T M,Sg) if and only if X is harmonic and has
vanishing second covariant derivative (resp. harmoni¢Mng).” Here, this proposition is written under the additional
conditions such that flatness of the base manifold and thetaneoy of the functior. Secondly, the last two propositions

on geodesics were written affirmatively with respect to therins Sasakig], Cheeger-Gromollg] and the metri@a

[10].
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