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1 Introduction, Definitions and Notations.

We denote byC the set of all finite complex numbers. Letf be a meromorphic function defined onC. We use the

standard notations and definitions in the theory of entire and meromorphic functions which are available in [2] and [7]. In

the sequel we use the following notation : log[k] x= log
(

log[k−1] x
)

for k= 1,2,3, .... and log[0] x= x.

The following definition is well known.

Definition 1. The orderρ f and lower orderλ f of an entire function f are defined as

ρ f = limsup
r→∞

log[2] M f (r)

logr
andλ f = lim inf

r→∞

log[2]M f (r)

logr
,

when f is meromorphic, one can easily verify that

ρ f = limsup
r→∞

logTf (r)

logr
andλ f = lim inf

r→∞

logTf (r)

logr
.

Let L ≡ L(r) be a positive continuous function increasing slowlyi.e., L(ar)∼ L(r) asr → ∞ for every positive constant

a. Singh and Barker[5] defined it in the following way.

Definition 2. [5] A positive continuous function L(r) is called a slowly changing function if forε (> 0) ,

1
kε ≤

L(kr)
L(r)

≤ kε f or r ≥ r (ε) and
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uniformly for k(≥ 1) . If further, L(r) is differentiable, the above condition is equivalent to

lim
r→∞

rL′ (r)
L(r)

= 0 .

Somasundaram and Thamizharasi [6] introduced the notions ofL-order andL-lower order for entire functions. The more

generalised concept forL-order andL-lower order for entire and meromorphic functions areL∗-order andL∗−lower order

respectively. Their definitions are as follows:

Definition 3. [6] The L∗-orderρL∗
f and the L∗-lower orderλ L∗

f of an entire function f are defined as

ρL∗
f = limsup

r→∞

log[2]M f (r)

log
[

reL(r)
] andλ L∗

f = lim inf
r→∞

log[2]M f (r)

log
[

reL(r)
] ,

when f is meromorphic, one can easily verify that

ρL∗
f = limsup

r→∞

logTf (r)

log
[

reL(r)
] andλ L∗

f = lim inf
r→∞

logTf (r)

log
[

reL(r)
] .

For an entire function g, the Nevanlinna’s characteristic functionTg (r) = 1
2π

2π
∫

0
log+

∣

∣g(reiθ )
∣

∣dθ where

log+ x = max(0, logx) for x > 0.If g is non-constant thenTg (r) is strictly increasing and continuous and its inverse

T−1
g : (Tg (0) ,∞)→ (0,∞) exists and is such that lim

s→∞
T−1

g (s) = ∞.

Lahiri and Banerjee [4] introduced the definition of relative order of a meromorphic function with respect to an entire

function which is as follows.

Definition 4. [4] Let f be meromorphic and g be entire. The relative order of f with respect to g denoted byρg( f ) is

defined as

ρg ( f ) = inf
{

µ > 0 : Tf (r)< Tg (r
µ) for all sufficiently large r

}

= limsup
r→∞

logT−1
g Tf (r)

logr
.

The definition coincides with the classical one [4] if g(z) = expz.

Similarly one can define the relative lower order of a meromorphic functionf with respect to an entireg denoted byλg ( f )

in the following manner :

λg( f ) = lim inf
r→∞

logT−1
g Tf (r)

logr
.

In the line of Somasundaram and Thamizharasi [6] and Lahiri and Banerjee [4] one may define the relativeL∗-order and

relativeL∗-lower order of a meromorphic functionf with respect to an entire functiong in the following manner.

Definition 5. The relative L∗-order ρL∗
g ( f ) and the relative L∗-lower orderλ L∗

g ( f ) of a meromorphic function f with

respect to an entire function g are defined by

ρL∗
g ( f ) = limsup

r→∞

logT−1
g Tf (r)

log
[

reL(r)
] andλ L∗

g ( f ) = lim inf
r→∞

logT−1
g Tf (r)

log
[

reL(r)
] .

In this paper we study some growth properties of compositionof entire and meromorphic functions with respect to relative

L∗-order and relativeL∗-lower order as compared to the corresponding left and rightfactors.
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2 Lemmas

In this section we present a lemma which will be needed in the sequel.

Lemma 1. [1] Let f be meromorphic and g be entire and suppose that0< µ < ρg ≤ ∞. Then for a sequence of values of

r tending to infinity,

Tf◦g (r)≥ Tf
(

exp(r)µ)
.

3 Theorems

In this section we present the main results of the paper.

Theorem 1.Let f be a meromorphic function and g,h be entire such that0< λ L∗
h ( f )≤ ρL∗

h ( f )< ∞. Then for any A> 0,

limsup
r→∞

log[2]T−1
h Tf◦g

(

exp
(

rA
))

logT−1
h Tf (exp(rµ))+K (r,A;L)

= ∞ ,

where0< µ < ρg and

K (r,A;L) =











0 if r µ = o
{

L
(

exp
(

exp
(

µrA
)))}

as r→ ∞
L
(

exp
(

exp
(

µrA
)))

otherwise .

Proof.Let 0< µ < µ ′ < ρg. SinceT−1
h is an increasing functions, from the definition of relativeL∗-lower order we obtain

in view of Lemma1, for a sequence of values ofr tending to infinity that

logT−1
h Tf◦g

(

exp
(

rA))≥ logT−1
h Tf

(

exp
(

exp
(

rA))µ ′)

≥
(

λ L∗
h ( f )− ε

)

. log
{

exp
(

exp
(

rA))µ ′

.expL
(

exp
(

exp
(

rA))µ ′)}

≥
(

λ L∗
h ( f )− ε

)

.

{

(

exp
(

rA))µ ′

+L
(

exp
(

exp
(

rA))µ ′)}

≥
(

λ L∗
h ( f )− ε

)

.







(

exp
(

rA))µ ′



1+
L
(

exp
(

exp
(

rA
))µ ′)

(exp(rA))µ ′











.

log[2]T−1
h Tf◦g

(

exp
(

rA))≥ O(1)+ µ ′ logexp
(

rA)+ log







1+
L
(

exp
(

exp
(

rA
))µ ′)

(exp(rA))
µ ′







≥ O(1)+ µ ′rA+ log







1+
L
(

exp
(

exp
(

rA
))µ ′)

(exp(rA))µ ′







≥ O(1)+ µ ′rA+ log

[

1+
L
(

exp
(

exp
(

µ ′rA
)))

exp(µ ′rA)

]

≥O(1)+ µ ′rA+L
(

exp
(

exp
(

µrA)))− log
[

exp
{

L
(

exp
(

exp
(

µrA)))}]

+ log

[

1+
L
(

exp
(

exp
(

µ ′rA
)))

exp(µ ′rA)

]
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log[2]T−1
h Tf◦g

(

exp
(

rA))≥O(1)+ µ ′rA+L
(

exp
(

exp
(

µrA)))+ log

[

1
exp{L(exp(exp(µrA)))}

+
L
(

exp
(

exp
(

µ ′rA
)))

exp{L(exp(exp(µrA)))} .exp(µ ′rA)

]

≥ O(1)+ µ ′r(A−µ)
.rµ +L

(

exp
(

exp
(

µrA)))
. (1)

Again we have for all sufficiently large values ofr that

logT−1
h Tf (exp(rµ))≤

(

ρL∗
h ( f )+ ε

)

log
{

exp(rµ)eL(exp(rµ ))
}

≤
(

ρL∗
h ( f )+ ε

)

{logexp(rµ)+L(exp(rµ))}

≤
(

ρL∗
h ( f )+ ε

)

{rµ +L(exp(rµ))} .

Thus,
logT−1

h Tf (exp(rµ))−
(

ρL∗
h ( f )+ ε

)

L(exp(rµ))
(

ρL∗
h ( f )+ ε

) ≤ rµ
. (2)

Now from (1) and(2) it follows for a sequence of values ofr tending to infinity that

log[2]T−1
h Tf◦g

(

exp
(

rA))≥ O(1)+

(

µ ′r(A−µ)

ρL∗
h ( f )+ ε

)

[

logT−1
h Tf (exp(rµ))−

(

ρL∗
h ( f )+ ε

)

L(exp(rµ))
]

+L
(

exp
(

exp
(

µrA)))
. (3)

Therefore

log[2]T−1
h Tf◦g

(

exp
(

rA
))

logT−1
h Tf (exp(rµ))

≥
L
(

exp
(

exp
(

µrA
)))

+O(1)

logT−1
h Tf (exp(rµ))

+
µ ′r(A−µ)

ρL∗
h ( f )+ ε

{

1−

(

ρL∗
h ( f )+ ε

)

L(exp(rµ))

logT−1
h Tf (exp(rµ))

}

. (4)

Again from(3) we get for a sequence of values ofr tending to infinity that

log[2]T−1
h Tf◦g

(

exp
(

rA
))

logT−1
h Tf (exp(rµ))+L(exp(exp(µrA)))

≥
O(1)− µ ′r(A−µ)L(exp(rµ))

logT−1
h Tf (exp(rµ))+L(exp(exp(µrA)))

+

(

µ ′r(A−µ)

ρL∗
h ( f )+ε

)

logT−1
h Tf (exp(rµ))

logT−1
h Tf (exp(rµ))+L(exp(exp(µrA)))

+
L
(

exp
(

exp
(

µrA
)))

logT−1
h Tf (exp(rµ))+L(exp(exp(µrA)))

.

Therefore

log[2]T−1
h Tf◦g

(

exp
(

rA
))

logT−1
h Tf (exp(rµ))+L(exp(exp(µrA)))

≥

O(1)−µ ′r(A−µ)L(exp(rµ ))
L(exp(exp(µrA)))

logT−1
h Tf (exp(rµ ))

L(exp(exp(µrA)))
+1

+

(

µ ′r(A−µ)

ρL∗
h ( f )+ε

)

logT−1
h Tf (exp(rµ))

1+
L(exp(exp(µrA)))
logT−1

h Tf (exp(rµ ))

+
1

1+
logT−1

h Tf (exp(rµ ))

L(exp(exp(µrA)))

. (5)
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Case 1.If rµ = o
{

L
(

exp
(

exp
(

µrA
)))}

then it follows from(4) that

limsup
r→∞

log[2]T−1
h Tf◦g

(

exp
(

rA
))

logT−1
h Tf (exp(rµ))

= ∞ .

Case 2. rµ 6= o
{

L
(

exp
(

exp
(

µrA
)))}

then two sub cases may arise.

Case 2.1If L
(

exp
(

exp
(

µrA
)))

= o
{

logT−1
h Tf (exp(rµ))

}

, then we get from(5) that

limsup
r→∞

log[2]T−1
h Tf◦g

(

exp
(

rA
))

logT−1
h Tf (exp(rµ))+L(exp(exp(µrA)))

= ∞ .

Case 2.2If L
(

exp
(

exp
(

µrρL∗
g

)))

∼ logT−1
h Tf (exp(rµ)) then

lim
r→∞

L
{

exp
(

exp
(

µrA
))}

logT−1
h Tf (exp(rµ))

= 1

and we obtain from(5) that

limsup
r→∞

log[2]T−1
h Tf◦g

(

exp
(

rA
))

logT−1
h Tf (exp(rµ))+L(exp(exp(µrA)))

= ∞ .

Combining Case I and Case II we may obtain that

limsup
r→∞

log[2]T−1
h Tf◦g

(

exp
(

rA
))

logT−1
h Tf (exp(rµ))+L(exp(exp(µrA)))

= ∞ ,

where

K (r,A;L) =











0 if rµ = o
{

L
(

exp
(

exp
(

µrA
)))}

asr → ∞
L
(

exp
(

exp
(

µrA
)))

otherwise .

This proves the theorem.

Theorem 2.Let f be a meromorphic function and g,h be entire such thatλ L∗
h ( f )> 0 andρL∗

h (g)< ∞. Then for any A> 0

limsup
r→∞

log[2]T−1
h Tf◦g

(

exp
(

rA
))

logT−1
h Tg (exp(rµ))+K (r,A;L)

= ∞ ,

where0< µ < ρg and

K (r,A;L) =











0 if r µ = o
{

L
(

exp
(

exp
(

µrA
)))}

as r→ ∞
L
(

exp
(

exp
(

µrA
)))

otherwise .

The proof is omitted because it can be carried out in the line of Theorem1.

Theorem 3.Let f be meromorphic and g and h be any two entire functions such that0< λ L∗
h ( f ◦g)≤ ρL∗

h ( f ◦g)< ∞
and0< λ L∗

h ( f )≤ ρL∗
h ( f )< ∞. If L

(

rA
)

= o
{

logT−1
h Tf

(

rA
)}

as r→ ∞ then for any positive number A,

λ L∗
h ( f ◦g)

AρL∗
h ( f )

≤ lim inf
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤
λ L∗

h ( f ◦g)

Aλ L∗
h ( f )

≤ limsup
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤
ρL∗

h ( f ◦g)

Aλ L∗
h ( f )

.
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Proof.From the definition of relativeL∗-order and relativeL∗-lower order of a meromorphic function with respect to an

entire function we have for arbitrary positiveε and for all sufficiently large values ofr that

logT−1
h Tf◦g (r)≥

(

λ L∗
h ( f ◦g)− ε

)

log
{

reL(r)
}

≥
(

λ L∗
h ( f ◦g)− ε

)

{logr +L(r)}

≥
(

λ L∗
h ( f ◦g)− ε

)

{

logr +
1
A

L
(

rA)
}

+
(

λ L∗
h ( f ◦g)− ε

)

{

L(r)−
1
A

L
(

rA)
}

(6)

and

logT−1
h Tf

(

rA)≤
(

ρL∗
h ( f )+ ε

)

log
{

rAeL(rA)
}

≤
(

ρL∗
h ( f )+ ε

)

{

Alogr +L
(

rA)}
.

So we have,

logT−1
h Tf

(

rA
)

A
(

ρL∗
h ( f )+ ε

) ≤ logr +
1
A

L
(

rA)
. (7)

Now from (6) and(7) it follows for all sufficiently large values ofr that

logT−1
h Tf◦g (r)≥

(

λ L∗
h ( f ◦g)− ε

)

A
(

ρL∗
h ( f )+ ε

) logT−1
h Tf

(

rA)+
(

λ L∗
h ( f ◦g)− ε

)

{

L(r)−
1
A

L
(

rA)
}

,

Therefore we write

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≥

(

λ L∗
h ( f ◦g)− ε

)

A
(

ρL∗
h ( f )+ ε

) ·
logT−1

h Tf
(

rA
)

logT−1
h Tf (rA)+L(rA)

+

(

λ L∗
h ( f ◦g)− ε

){

L(r)− 1
AL
(

rA
)}

logT−1
h Tf (rA)+L(rA)

Finally

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≥

λ L∗
h ( f◦g)−ε

A(ρL∗
h ( f )+ε)

1+
L(rA)

logT−1
h Tf (rA)

+

(

λ L∗
h ( f ◦g)− ε

)

{

L(r)
L(rA)

− 1
A

}

1+
logT−1

h Tf (rA)
L(rA)

. (8)

SinceL
(

rA
)

= o
{

logT−1
h Tf

(

rA
)}

asr → ∞, it follows from (8) that

liminf
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≥

(

λ L∗
h ( f ◦g)− ε

)

A
(

ρL∗
h ( f )+ ε

) . (9)

As ε (> 0) is arbitrary, we get from(9) that

liminf
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≥
λ L∗

h ( f ◦g)

AρL∗
h ( f )

. (10)
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Again for a sequence of values ofr tending to infinity,

logT−1
h Tf◦g (r)≤

(

λ L∗
h ( f ◦g)+ ε

)

log
{

reL(r)
}

≤
(

λ L∗
h ( f ◦g)+ ε

)

{

logr +
1
A

L
(

rA)
}

+
(

λ L∗
h ( f ◦g)+ ε

)

{

L(r)−
1
A

L
(

rA)
}

(11)

and for all sufficiently large values ofr,

logT−1
h Tf

(

rA)≥
(

λ L∗
h ( f )− ε

)

log
{

rAeL(rA)
}

≥
(

λ L∗
h ( f )− ε

)

{

Alogr +L
(

rA)}
.

We obtain,

logT−1
h Tf

(

rA
)

A
(

λ L∗
h ( f )− ε

) ≥ logr +
1
A

L
(

rA)
. (12)

Combining(11) and(12) we get for a sequence of values ofr tending to infinity that

logT−1
h Tf◦g (r)≤

(

λ L∗
h ( f ◦g)+ ε

)

A
(

λ L∗
h ( f )− ε

) logT−1
h Tf

(

rA)+
(

λ L∗
h ( f ◦g)+ ε

)

{

L(r)−
1
A

L
(

rA)
}

.

That is,

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤
λ L∗

h ( f ◦g)+ ε
A
(

λ L∗
h ( f )− ε

) ·
logT−1

h Tf
(

rA
)

logT−1
h Tf (rA)+L(rA)

+

(

λ L∗
h ( f ◦g)+ ε

){

L(r)− 1
AL
(

rA
)}

logT−1
h Tf (rA)+L(rA)

.

Therefore,

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤

λ L∗
h ( f◦g)+ε

A(λ L∗
h ( f )−ε)

1+
L(rA)

logT−1
h Tf (rA)

+

(

λ L∗
h ( f ◦g)+ ε

)

{

L(r)
L(rA)

− 1
A

}

1+
logT−1

h Tf (rA)
L(rA)

. (13)

As L
(

rA
)

= o
{

logT−1
h Tf

(

rA
)}

asr → ∞ we get from(13) that

liminf
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤
λ L∗

h ( f ◦g)+ ε
A
(

λ L∗
h ( f )− ε

) . (14)

Sinceε (> 0) is arbitrary, it follows from(14) that

liminf
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤
λ L∗

h ( f ◦g)

Aλ L∗
h ( f )

. (15)

Also for a sequence of values ofr tending to infinity,

logT−1
h Tf

(

rA)≤
(

λ L∗
h ( f )+ ε

)

log
{

rAeL(rA)
}

≤
(

λ L∗
h ( f )+ ε

)

{

Alogr +L
(

rA)}
,
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And we have,

i.e.,
logT−1

h Tf
(

rA
)

A
(

λ L∗
h ( f )+ ε

) ≤ logr +
1
A

L
(

rA)
. (16)

Now from (6) and(16) we obtain for a sequence of values ofr tending to infinity that

logT−1
h Tf◦g (r)≥

(

λ L∗
h ( f ◦g)− ε

)

A
(

λ L∗
h ( f )+ ε

) logT−1
h Tf

(

rA)+
(

λ L∗
h ( f ◦g)− ε

)

{

L(r)−
1
A

L
(

rA)
}

.

That is,

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≥
λ L∗

h ( f ◦g)− ε
A
(

λ L∗
h ( f )+ ε

) ·
logM−1

h M f
(

rA
)

logT−1
h Tf (rA)+L(rA)

+

(

λ L∗
h ( f ◦g)− ε

){

L(r)− 1
AL
(

rA
)}

logT−1
h Tf (rA)+L(rA)

.

So we have

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≥

λ L∗
h ( f◦g)−ε

A(λ L∗
h ( f )+ε)

1+
L(rA)

logT−1
h Tf (rA)

+

(

λ L∗
h ( f ◦g)− ε

)

{

L(r)
L(rA)

− 1
A

}

1+
logT−1

h Tf (rA)
L(rA)

. (17)

In view of the conditionL
(

rA
)

= o
{

logT−1
h Tf

(

rA
)}

asr → ∞ we obtain from(17) that

limsup
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≥
λ L∗

h ( f ◦g)− ε
A
(

λ L∗
h ( f )+ ε

) . (18)

Sinceε (> 0) is arbitrary, it follows from(18) that

limsup
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≥
λ L∗

h ( f ◦g)

Aλ L∗
h ( f )

. (19)

Also for all sufficiently large values ofr,

logT−1
h Tf◦g (r)≤

(

ρL∗
h ( f ◦g)+ ε

)

log
{

reL(r)
}

≤
(

ρL∗
h ( f ◦g)+ ε

)

{logr +L(r)}

≤
(

ρL∗
h ( f ◦g)+ ε

)

{

logr +
1
A

L
(

rA)
}

+
(

ρL∗
h ( f ◦g)+ ε

)

{

L(r)−
1
A

L
(

rA)
}

. (20)

So from(12) and(20) it follows for all sufficiently large values ofr that

logT−1
h Tf◦g (r)≤

(

ρL∗
h ( f ◦g)+ ε

)

A
(

λ L∗
h ( f )− ε

) logT−1
h Tf

(

rA)+L
(

rA)+
(

ρL∗
h ( f ◦g)+ ε

)

{

L(r)−
1
A

L
(

rA)
}

.

That is,

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤
ρL∗

h ( f ◦g)+ ε
A
(

λ L∗
h ( f )− ε

) ·
logT−1

h Tf
(

rA
)

logT−1
h Tf (rA)+L(rA)

+

(

ρL∗
h ( f ◦g)+ ε

){

L(r)− 1
AL
(

rA
)}

logT−1
h Tf (rA)+L(rA)

.
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So we have,

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤

ρL∗
h ( f◦g)+ε

A(λ L∗
h ( f )−ε)

1+
L(rA)

logT−1
h Tf (rA)

+

(

ρL∗
h ( f ◦g)+ ε

)

{

L(r)
L(rA)

− 1
A

}

1+
logT−1

h Tf (rA)
L(rA)

. (21)

UsingL
(

rA
)

= o
{

logT−1
h Tf

(

rA
)}

asr → ∞ we obtain from(21) that

limsup
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤
ρL∗

h ( f ◦g)+ ε
A
(

λ L∗
h ( f )− ε

) . (22)

As ε (> 0) is arbitrary, it follows from(22) that

limsup
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤
ρL∗

h ( f ◦g)

Aλ L∗
h ( f )

. (23)

Thus the theorem follows from(10) ,(15) ,(19) and(23) .

Similarly in view of Theorem3 , we may state the following theorem without proof for the right factorg of the composite

function f ◦g.

Theorem 4.Let f be a meromorphic and g and h be any two entire functions such that0< λ L∗
h ( f ◦g)≤ ρL∗

h ( f ◦g)< ∞
and0< λ L∗

h (g)≤ ρL∗
h (g)< ∞. If L

(

rA
)

= o
{

logT−1
h Tg

(

rA
)}

as r→ ∞ then for any positive number A,

λ L∗
h ( f ◦g)

AρL∗
h (g)

≤ lim inf
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tg (rA)+L(rA)

≤
λ L∗

h ( f ◦g)

Aλ L∗
h (g)

≤ limsup
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tg (rA)+L(rA)

≤
ρL∗

h ( f ◦g)

Aλ L∗
h (g)

.

Theorem 5.Let f be a meromorphic and g and h be any two entire functions with 0< ρL∗
h ( f ◦g)<∞ and0< ρL∗

h ( f )<∞.

If L
(

rA
)

= o
{

logT−1
h Tf

(

rA
)}

as r→ ∞ then for any positive number A,

lim inf
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤
ρL∗

h ( f ◦g)

AρL∗
h ( f )

≤ limsup
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

.

Proof.From the definition ofρL∗
h ( f ) , we get for a sequence of values ofr tending to infinity that

logT−1
h Tf

(

rA)≥
(

ρL∗
h ( f )− ε

)

log
{

rAeL(rA)
}

≥
(

ρL∗
h ( f )− ε

)

{

Alogr +L
(

rA)}
.

That is,

logT−1
h Tf

(

rA
)

A
(

ρL∗
h ( f )− ε

) ≥ logr +
1
A

L
(

rA)
. (24)

Now from (20) and(24) it follows for a sequence of values ofr tending to infinity that

logT−1
h Tf◦g (r)≤

(

ρL∗
h ( f ◦g)+ ε

)

A
(

ρL∗
h ( f )− ε

) logT−1
h Tf

(

rA)+
(

ρL∗
h ( f ◦g)+ ε

)

{

L(r)−
1
A

L
(

rA)
}

.
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That is,

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤
ρL∗

h ( f ◦g)+ ε
A
(

ρL∗
h ( f )− ε

) ·
logT−1

h Tf
(

rA
)

logT−1
h Tf (rA)+L(rA)

+

(

ρL∗
h ( f ◦g)+ ε

){

L(r)− 1
AL
(

rA
)}

logT−1
h Tf (rA)+L(rA)

.

So we have

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤

ρL∗
h ( f◦g)+ε

A(ρL∗
h ( f )−ε)

1+
L(rA)

logT−1
h Tf (rA)

+

(

ρL∗
h ( f ◦g)+ ε

)

{

L(r)
L(rA)

− 1
A

}

1+
logT−1

h Tf (rA)
L(rA)

. (25)

UsingL
(

rA
)

= o
{

logT−1
h Tf

(

rA
)}

asr → ∞ we obtain from(25) that

liminf
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤
ρL∗

h ( f ◦g)+ ε
A
(

ρL∗
h ( f )− ε

) . (26)

As ε (> 0) is arbitrary, it follows from(26) that

liminf
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤
ρL∗

h ( f ◦g)

AρL∗
h ( f )

. (27)

Again for a sequence of values ofr tending to infinity,

logT−1
h Tf◦g (r)≥

(

ρL∗
h ( f ◦g)− ε

)

log
{

reL(r)
}

≥
(

ρL∗
h ( f ◦g)− ε

)

{logr +L(r)}

≥
(

ρL∗
h ( f ◦g)− ε

)

{

logr +
1
A

L
(

rA)
}

+
(

ρL∗
h ( f ◦g)− ε

)

{

L(r)−
1
A

L
(

rA)
}

(28)

So combining(7) and(28) we get for a sequence of values ofr tending to infinity that

logT−1
h Tf◦g (r)≥

(

ρL∗
h ( f ◦g)− ε

)

A
(

ρL∗
h ( f )+ ε

) logT−1
h Tf

(

rA)+
(

ρL∗
h ( f ◦g)− ε

)

{

L(r)−
1
A

L
(

rA)
}

,

That is,

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≥

(

ρL∗
h ( f ◦g)− ε

)

A
(

ρL∗
h ( f )+ ε

) ·
logT−1

h Tf
(

rA
)

logT−1
h Tf (rA)+L(rA)

+

(

ρL∗
h ( f ◦g)− ε

){

L(r)− 1
AL
(

rA
)}

logT−1
h Tf (rA)+L(rA)

.

So we have,

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≥

ρL∗
h ( f◦g)−ε

A(ρL∗
h ( f )+ε)

1+
L(rA)

logT−1
h Tf (rA)

+

(

ρL∗
h ( f ◦g)− ε

)

{

L(r)
L(rA)

− 1
A

}

1+
logT−1

h Tf (rA)
L(rA)

. (29)

SinceL
(

rA
)

= o
{

logT−1
h Tf

(

rA
)}

asr → ∞, it follows from (29) that

limsup
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≥
ρL∗

h ( f ◦g)− ε
A
(

ρL∗
h ( f )+ ε

) . (30)
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As ε (> 0) is arbitrary, we get from(30) that

limsup
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≥
ρL∗

h ( f ◦g)

AρL∗
h ( f )

. (31)

Thus the theorem follows from(27) and(31) .

Theorem 6. Let f be a meromorphic and g and h be any two entire functions such that0 < ρL∗
h ( f ◦g) < ∞ and 0 <

ρL∗
h (g)< ∞ . If L

(

rA
)

= o
{

logT−1
h Tg

(

rA
)}

as r→ ∞ then for any positive number A,

lim inf
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tg (rA)+L(rA)

≤
ρL∗

h ( f ◦g)

AρL∗
h (g)

≤ limsup
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tg (rA)+L(rA)

.

The proof is omitted.

The following theorem is a natural consequence of Theorem3 and Theorem5.

Theorem 7.Let f be a meromorphic and g and h be any two entire functions such that0< λ L∗
h ( f ◦g)≤ ρL∗

h ( f ◦g)< ∞
and0< λ L∗

h ( f )≤ ρL∗
h ( f )< ∞ . If L

(

rA
)

= o
{

logT−1
h Tf

(

rA
)}

as r→ ∞ then for any positive number A,

λ L∗
h ( f ◦g)

AρL∗
h ( f )

≤ lim inf
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤ min

{

λ L∗
h ( f ◦g)

Aλ L∗
h ( f )

,
ρL∗

h ( f ◦g)

AρL∗
h ( f )

}

≤ max

{

λ L∗
h ( f ◦g)

Aλ L∗
h ( f )

,
ρL∗

h ( f ◦g)

AρL∗
h ( f )

}

≤ limsup
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (rA)+L(rA)

≤
ρL∗

h ( f ◦g)

Aλ L∗
h ( f )

.

The proof is omitted.

Combining Theorem a4nd Theorem6 we may state the following theorem.

Theorem 8.Let f be a meromorphic and g and h be any two entire functions such that0< λ L∗
h ( f ◦g)≤ ρL∗

h ( f ◦g)< ∞,

and0< λ L∗
h (g)≤ ρL∗

h (g)< ∞ . If L
(

rA
)

= o
{

logM−1
h Mg

(

rA
)}

as r→ ∞ then for any positive number A,

λ L∗
h ( f ◦g)

AρL∗
h (g)

≤ lim inf
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tg (rA)+L(rA)

≤ min

{

λ L∗
h ( f ◦g)

Aλ L∗
h (g)

,
ρL∗

h ( f ◦g)

AρL∗
h (g)

}

≤ max

{

λ L∗
h ( f ◦g)

Aλ L∗
h (g)

,
ρL∗

h ( f ◦g)

AρL∗
h (g)

}

≤ limsup
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tg (rA)+L(rA)

≤
ρL∗

h ( f ◦g)

Aλ L∗
h (g)

.

Theorem 9.Let f be a meromorphic and g and h be any two entire functions such thatρL∗
h ( f )< ∞. Also let g be entire.If

λ L∗
h ( f ◦g) = ∞ then

lim
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tf (r)

= ∞.
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Proof. Let us suppose that the conclusion of the theorem do not hold.Then we can find a constantβ > 0 such that for a

sequence of values ofr tending to infinity

logT−1
h Tf◦g (r)≤ β logT−1

h Tf (r) . (32)

Again from the definition ofρL∗
h ( f ) it follows for all sufficiently large values ofr that

logT−1
h Tf (r)≤

(

ρL∗
h ( f )+ ε

)

log
(

reL(r)
)

. (33)

Thus from(32) and(33) we have for a sequence of values ofr tending to infinity that

logT−1
h Tf◦g (r)≤ β

(

ρL∗
h ( f )+ ε

)

log
{

reL(r)
}

.

That is,

logT−1
h Tf◦g (r)

log
(

reL(r)
) ≤

β
(

ρL∗
h ( f )+ ε

)

log
{

reL(r)
}

log
{

reL(r)
} .

So we have,

liminf
r→∞

logT−1
h Tf◦g (r)

logr
= λ L∗

h ( f ◦g)< ∞.

This is a contradiction.

This proves the theorem.

Remark.Theorem9 is also valid with ”limit superior” instead of ”limit” ifλ L∗
h ( f ◦g) = ∞ is replaced byρL∗

h ( f ◦g) = ∞
and the other conditions remaining the same.

Corollary 1. Under the assumptions of Theorem9 or Remark3,

limsup
r→∞

T−1
h Tf◦g (r)

T−1
h Tf (r)

= ∞.

Proof.From Theorem9 or Remark3 we obtain for all sufficiently large values ofr and forK > 1 that

logT−1
h Tf◦g (r)> K logT−1

h Tf (r)

>
{

T−1
h Tf (r)

}K
,

from which the corollary follows.

Theorem 10.Let f be a meromorphic and g and h be any two entire functions such thatρL∗
h (g)< ∞. Also let g be entire.If

λ L∗
h ( f ◦g) = ∞ then

lim
r→∞

logT−1
h Tf◦g (r)

logT−1
h Tg (r)

= ∞.

We omit the proof of Theorem10because it can be carried out in the line of Theorem9.

Remark.Theorem10 is also valid with ”limit superior” instead of ”limit” ifλ L∗
h ( f ◦g) = ∞ is replaced byρL∗

h ( f ◦g) = ∞
and the other conditions remaining the same.
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Corollary 2. Under the assumptions of Theorem10or Remark3,

limsup
r→∞

T−1
h Tf◦g (r)

T−1
h Tg (r)

= ∞.

The proof is omitted because it may be carried out in the line of Corollary1.
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