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Abstract: In this paper, we derive some fixed point theorems in 2-Banachspaces. LetX be a 2-Banach space andT be a self-mapping
on X. Let ψ : [0,∞) → [0,∞) ; β ,φ : [0,∞)× [0,∞) → [0,∞) andγ : [0,∞)× [0,∞)× [0,∞) → [0,∞) be continuous mappings having
some specific characteristics. Using these mappings, we define some conditions forT under whichT has a unique fixed point inX. The
conditions for two self-mappingsT1 andT2 onX for having the common unique fixed point are also derived herewith proper examples.
Moreover, defining a 2-norm in the projective tensor productspace, we derive a fixed point theorem here with a suitable example.
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1 Introduction

In this paper, we derive some fixed point theorems for mappings on 2-Banach spaces satisfying some specific
characteristics. The notion of 2-normed linear spaces and their topological structures was initiated by Gähler [10] in his
paper “Linear 2-normed spaces”. He studied the special class of 2-metric spaces which is linear and defined a 2-norm on
those spaces. Motivated by this work, several authors namely Iseki [11], Rhoads [27], White [29], etc., studied various
aspects of the fixed point theory and proved some fixed point theorems in 2-metric and 2-Banach spaces. Cho et al. [3]
investigated about common fixed points of weakly compatiblemappings in 2-metric spaces. In 1993, Khan and
Khan [12] derived some results on fixed points of involution maps in 2-Banach spaces. In 2013 [28], Saha et al.
discussed some fixed point theorems for a class of for weakly C-contractive mappings in a setting of 2-Banach Space.

2 Preliminaries

Definition 1. Let X be a real linear space of dimension greater than1 and let‖., .‖ be a real valued function on X×X
satisfying the following conditions:

(i) ‖x,y‖= 0 if and only if x and y are linearly dependent,
(ii) ‖x,y‖= ‖y,x‖ for all x,y∈ X,
(iii) ‖αx,y‖= |α|‖y,x‖, α being real, x,y∈ X,
(iv) ‖x,y+ z‖6 ‖x,y‖+ ‖x,z‖, for all, x,y,z∈ X

Then‖., .‖ is called a2-norm on X and(X,‖., .‖) is called a linear2-normed space.

Definition 2. A sequence{xn} in a 2-normed space(X,‖., .‖) is said to be a Cauchy sequence iflimn,m→∞ ‖xn−xm,a‖= 0
for all a in X.
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Definition 3. A sequence{xn} in a 2-normed space X is called a convergent sequence if there is anx in X such that
limn→∞ ‖xn− x,a‖= 0 for all a in X.

Definition 4. A 2-normed space in which every Cauchy sequence is convergent is called a2-Banach space.

Definition 5. Let X and Y be two linear2-normed spaces. An operator T: X →Y is said to be continuous at x∈ X if for
every sequence{xn} in X, {xn}→ x as n→ ∞ implies{T(xn)}→ T(x) in Y as n→ ∞ .

Definition 6. Let f and g be two self-maps on a set X. If f x= gx , for some x in X then x is called coincidence point of f
and g.

Definition 7. Let f and g be two self-maps defined on a set X. Then f and g are said to be weakly compatible if they
commute at coincidence points, i.e., if f u= gu for some u∈ X , then f gu= g f u.

3 Fixed point in 2-Banach spaces

Theorem 1.Let X be a2-Banach space and T be a self map on X. Letψ : [0,∞)→ [0,∞) andβ : [0,∞)× [0,∞)→ [0,∞)

are continuous mappings satisfying the conditions:ψ(0) = 0, ψ is monotonically increasing;

bψ(s)6 β (r,s)⇒ bs6 r,b∈ {1,2};β (s, t) = 0⇔ s= t = 0.

Let

ψ(‖Tx−Ty,a‖)6 β (‖x−Tx,a‖,‖y−Ty,a‖)−max[ψ(‖x−Tx,a‖),ψ(‖y−Ty,a‖)]
where x,y,a∈ X. Then T has a unique fixed point on X.

Proof.For any fixedx0 ∈ X, we construct a sequence{xn} by xn+1 = Txn, n= 0,1,2, ...

ψ(‖xn− xn+1,a‖)6 β (‖xn−1− xn,a‖,‖xn− xn+1,a‖)
−max[ψ(‖xn−1− xn,a‖),ψ(‖xn− xn+1,a‖)]
6 β (‖xn−1− xn,a‖,‖xn− xn+1,a‖)

Therefore we write,
‖xn− xn+1,a‖6 ‖xn−1− xn,a‖.

So, {‖xn− xn+1,a‖} is a monotonic decreasing sequence of real numbers and henceit converges to somer, say, i.e.,
‖xn− xn+1,a‖→ r asn→ ∞.

Now,‖xn− xn+1,a‖= ‖Txn−1−Txn,a‖. So,

ψ(r) = ψ( lim
n→∞

‖xn− xn+1,a‖) = lim
n→∞

ψ(‖Txn−1−Txn,a‖)

6 lim
n→∞

[β (‖xn−1−Txn−1,a‖,‖xn−Txn,a‖)−max(ψ(‖xn−1−Txn−1,a‖),ψ(‖xn−Txn,a‖))]

= lim
n→∞

[β (‖xn−1− xn,a‖,‖xn− xn+1,a‖)−max(ψ(‖xn−1− xn,a‖),ψ(‖xn− xn+1,a‖))]

= β (r, r)−max[ψ(r),ψ(r)].

Thus, 2ψ(r)6 β (r, r)⇒ 2r 6 r, possible forr = 0. Hence,‖xn− xn+1,a‖→ 0 asn→ ∞.

Next, we show that{xn} is a Cauchy sequence inX. If possible, let{xn} be not a Cauchy sequence, and so, there exists
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ε > 0 such that there exists sub sequences{xmk} and{xnk} of {xn} with nk > mk > k such that‖xmk − xnk,a‖ > ε and
‖xmk − xnk−1,a‖< ε Then,

ψ(ε)6 ψ‖xmk − xnk,a‖) = ψ(‖Txmk−1−Txnk−1,a‖)
6 β (‖xmk−1−Txmk−1,a‖,‖xnk−1−Txnk−1,a‖)

−max[ψ(‖xmk−1−Txmk−1,a‖),ψ(‖xnk−1−Txnk−1,a‖)]

Takingnk andmk → ∞ and using the continuity ofβ andψ

ψ(ε)6 β (0,0)−max[ψ(0),ψ(0)] = 0= ψ(0)⇒ ε 6 0

which is a contradiction. Hence{xn} is a Cauchy sequence inX, and so, it converges to somez, in X. Now,

ψ(‖xn−Tz,a‖)6 β (‖xn−1−Txn−1,a‖,‖z−Tz,a‖)−max[ψ(‖xn−1−Txn−1,a‖),ψ(‖z−Tz,a‖)]
⇒ 2ψ(‖z−Tz,a‖)6 β (0,‖z−Tz,a‖); [takingn→ ∞]

⇒ 2‖z−Tz,a‖6 0,(∀a∈ X)

⇒ ‖z−Tz,a‖= 0

Sincea is arbitrary, takinga= 0, we get,z= Tz.

To show the uniqueness: LetTz1 = z1 andTz2 = z2. Then

ψ(‖Tz1−Tz2,a‖)6 β (‖z1−Tz1,a‖,‖z2−Tz2,a‖)−max[ψ(‖z1−Tz1,a‖),ψ(‖z2−Tz2,a‖)]
= β (0,0)−max[ψ(0),ψ(0)].

Therefore we write,

‖Tz1−Tz2,a‖= 0 ∀a∈ X ⇒ Tz1 = Tz2 ⇒ z1 = z2.

The proof is completed.

Example 1.Let X = R
3 and we consider the following 2-norm onX (refer to [1])

‖x,y‖=

∣

∣

∣

∣

∣

∣

∣

det







i j k
x1 x2 x3

y1 y2 y3







∣

∣

∣

∣

∣

∣

∣

wherex= (x1,x2,x3),y= (y1,y2,y3) ∈ R
3. Then(X,‖., .‖) is a 2-Banach space.

We fix (e, f ,g) ∈ R
3 and letT be a self mapping onR3 defined byT(x,y,z) = (e, f ,g) ∀(x,y,z) ∈ R

3.

Let ψ(s) = 2s, β (r,s) =
r
2
+ s; where(r,s) ∈ [0,∞). Now, Tx= (e, f ,g) = Ty therefore‖Tx−Ty,a‖= 0.

Hence all the conditions of Theorem 1 are satisfied. So,T has a unique fixed point(e, f ,g) ∈ R
3.

For common fixed point of two self mapsT1 andT2 onX, we prove.
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Theorem 2.Let X be a 2-Banach space and T1 and T2 be two self maps on X. Letψ andβ be as defined in Theorem 1
with β (r,s) = β (s, r). Then T1 and T2 have common unique fixed point, if for x,y,a∈ X

ψ(‖T1x−T2y,a‖)6 β (‖x−T1x,a‖,‖y−T2y,a‖)−max[ψ(‖x−T1x,a‖),ψ(‖y−T2y,a‖)]

Proof.For a fixed pointx0 ∈ X, we construct a sequence{xn} by

x2n+1 = T1(x2n) andx2n+2 = T2(x2n+1), n= 0,1,2, ...

Now, it can be shown that{xn} is a Cauchy sequence inX, converging to somez in X, which is the common fixed point
for T1 andT2.

Corollary 1. Let X be a 2-Banach space and T be a self map on X. Letψ ,β be as defined in Theorem 3.1 satisfying

ψ(‖Tx−Ty,a‖)6 1
c
[β (‖x−Ty,a‖,‖y−Ty,a‖)−max(ψ(‖y−Tx,a‖),ψ(‖x−Tx,a‖))]

where c> 2 and x,y,a∈ X. Then T has unique fixed point on X.

Corollary 2. If ψ satisfies then also similar result holds for

ψ(‖Tx−Ty,a‖)6 β (‖x− y,a‖,‖y−Ty,a‖)−max[ψ(‖x− y,a‖),ψ(‖x−Tx,a‖)],∀x,y,a∈ X.

We now establish another fixed point theorem for T using two other mappingsγ andφ .

Theorem 3. Let X be a 2-Banach space and T be a self mapping on X. Letγ : [0,∞)× [0,∞)× [0,∞) → [0,∞) and
φ : [0,∞)× [0,∞)→ [0,∞) be continuous mapping satisfyingγ(r,0, r + t)6 kr andφ(r, t)> k/r, where k,k/ ∈ [0,∞) such
that k− k/ < 1. Let

‖Tx−Ty,a‖6 γ[‖x− y,a‖,‖y−Tx,a‖,‖x−Ty,a‖]−φ [‖x−Tx,a‖,‖y−Ty,a‖],∀x,y,a∈ X

Then T has a fixed point.

Proof.For any fixedx0 ∈ X, we construct a sequence{xn} by xn+1 = Txn. We get,

‖xn− xn+1,a‖6 γ[‖xn−1− xn,a‖,‖xn− xn,a‖,‖xn−1− xn+1,a‖]−φ [‖xn−1− xn,a‖,‖xn− xn+1,a‖]
6 γ[‖xn−1− xn,a‖,0,‖xn−1− xn,a‖+ ‖xn− xn+1,a‖]−φ [‖xn−1− xn,a‖,‖xn− xn+1,a‖]
6 (k− k/)‖xn−1− xn,a‖

6 (k− k/)
2‖xn−2− xn−1,a‖6 ...6 (k− k/)

n‖x0− x1,a‖→ 0 as n→ ∞

Hence{xn} is a Cauchy sequence inX and so, it converges to somez,(say) inX.

‖z−Tz,a‖6 ‖z− xn+1,a‖+ ‖xn+1−Tz,a‖
6 ‖z− xn+1,a‖+ γ[‖xn− z,a‖,‖z−Txn,a‖,‖xn−Tz,a‖]−φ [‖xn−Txn,a‖,‖z−Tz,a‖]
6 0+ γ[0,0,0+ ‖z−Tz,a‖]−φ [0,‖z−Tz,a‖] [takingn→ ∞].

Therefore we write‖z−Tz,a‖= 0, for all a∈ X. Sincea is arbitrary, takinga= 0, we get,z= Tz.

Example 2.Let γ(r,s, t) = k1(r +s+ t) andφ(r,s) = k2(r +s), wherek1 andk2 are two constants(> 0). Now we can find
outk,k/ ∈ [0,∞) with k− k/ < 1 such thatγ(r,0, r + t) = k1(2r + t)6 kr andφ(r, t) = k2(r + t)> k/r. Let T andX be as

c© 2017 BISKA Bilisim Technology



NTMSCI 5, No. 1, 1-12 (2017) /www.ntmsci.com 5

defined in Example 1. Now, forx,y,a∈ X

‖Tx−Ty,a‖6 γ[‖x− y,a‖,‖y−Tx,a‖,‖x−Ty,a‖]−φ [‖x−Tx,a‖,‖y−Ty,a‖]

Hence by Theorem 3,T has a fixed point onX.

Depending uponk1 andk2, the mappingT is of different types. From the given condition,

‖Tx−Ty,a‖6 γ[‖x− y,a‖,‖y− x,a‖+ ‖x−Tx,a‖,‖x− y,a‖+ ‖y−Ty,a‖]−φ [‖x−Tx,a‖,‖y−Ty,a‖]
6 k1[3‖x− y,a‖+ ‖x−Tx,a‖+ ‖y−Ty,a‖]−k2[‖x−Tx,a‖+ ‖y−Ty,a‖].

So, if k1 = k2, then‖Tx−Ty,a‖6 3k1‖x−y,a‖ which is a contraction mapping fork1 <
1
3

(and has a unique fixed point)

and nonexpansive fork1 =
1
3

.

Next, we discuss common fixed point for four mappings in 2-Banach spaces.

4 2-Norm for projective tensor product

4.1 Algebric tensor product

[2]. Let X,Y be normed spaces overF with dual spacesX∗ andY∗ respectively. Givenx∈ X,y∈Y, letx⊗y be the element
of BL(X∗,Y∗;F) (which is the set of all bounded bilinear forms fromX∗×Y∗ to F), defined by

x⊗ y( f ,g) = f (x)g(y), ( f ∈ X∗,g∈Y∗)

The algebraic tensor product ofX andY, X⊗Y is defined to be the linear span of{x⊗y : x∈ X,y∈Y} in BL(X∗,Y∗;F).

4.2 Projective tensor product

[2]. Given normed spacesX andY, the projective tensor normγ onX⊗Y is defined by

‖u‖γ = inf{∑
i
‖xi‖‖yi‖ : u= ∑

i
xi ⊗ yi}

where the infimum is taken over all (finite) representations of u. For the normed spacesX andY, in the projective tensor
productX⊗γ Y, we take

‖u,v‖= ‖u‖‖v‖, u,v∈ X⊗γ Y

Following White [29], we can say thatX ⊗γ Y is a 2-Banach space upto linear dependence (i.e.,X ⊗γ Y satisfies all the
conditions for being a 2-Banach space exceptu andv may be linearly dependent and yet‖u,v‖ 6= 0).

Let DX, DY andDX⊗γY denote a closed and bounded subset ofX, Y andX⊗γ Y respectively. LetT1 andT2 be two pairs
of mappings whereT1 : DX⊗γY → DX andT2 : DX⊗γY → DY be such that for anyu,v ∈ DX⊗γY anda⊗b∈ DX⊗γY with
‖a‖> 1 and‖b‖> 1.

(E) ‖T1(u)−T1(v)‖ 6
1

KM2
(k‖u− v,a⊗b‖−ψ(k‖u−v,a⊗b‖))

(F) ‖T2(u)−T2(v)‖ 6
1

KM1
(k/‖u− v,a⊗b‖−ψ(k′‖u− v,a⊗b‖))

c© 2017 BISKA Bilisim Technology
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where

(i) ψ : [0,∞)→ [0,∞) is continuous and non-decreasing,ψ(0) = 0
(ii) ‖T1u‖6 M1 and‖T2u‖6 M2, ∀u∈ DX⊗γY.

Here,DX⊗γY is bounded byK andk, k′ are positive. From the mappingsT1 andT2 we define a mappingT : DX⊗γY →DX⊗γY

such thatTu= T1u⊗T2u.

Theorem 4.The mapping T derived by the pair of mappings(T1,T2) satisfying(E) and(F) has a unique fixed point in
DX⊗γY if k+ k/ 6 1.

Proof.Foru,v∈ DX⊗γY, a∈ X andb∈Y anda⊗b∈ DX⊗γY with ‖a‖> 1 and‖b‖> 1

‖Tu−Tv,a⊗b‖= ‖T1u⊗T2u−T1v⊗T2v,a⊗b‖
6 ‖(T1u−T1v)⊗T2u,a⊗b‖+ ‖T1v⊗ (T2u−T2v),a⊗b‖
= ‖T1u−T1v‖‖T2u‖‖a⊗b‖+ ‖T1v‖‖T2u−T2v‖‖a⊗b‖

6
1

KM2
[k‖u− v,a⊗b‖−ψ(k‖u−v,a⊗b‖)].KM2

+
1

KM1
[k/‖u− v,a⊗b‖−ψ(k/‖u− v,a⊗b‖)]KM1

= (k+ k/)‖u− v,a⊗b‖−ψ(k‖u−v,a⊗b‖)−ψ(k/‖u− v,a⊗b‖)
6 ‖u− v,a⊗b‖−{ψ(k‖u−v,a⊗b‖)+ψ(k/‖u− v,a⊗b‖)}

Let x0 ∈ DX⊗γY be fixed. We takexn+1 = Txn. Now,

‖xn+1− xn,a⊗b‖= ‖Txn−Txn−1,a⊗b‖
6 ‖xn− xn−1,a⊗b‖−ψ(k‖xn− xn−1,a⊗b‖)−ψ(k/‖xn− xn−1,a⊗b‖)
6 ‖xn− xn−1,a⊗b‖

Hence{‖xn+1−xn,a⊗b‖} is a monotonically decreasing sequence of non-negative real numbers and so, is convergent to
some real, sayr. Takingn→ ∞, we get

r 6 r −{ψ(kr)+ψ(k/r)},(by continuity ofψ). Then, ψ(kr)+ψ(k/r)6 0,

this is possible only whenr = 0. So,

lim
n→∞

‖xn+1− xn,a⊗b‖= 0

⇒ lim
n→∞

‖xn+1− xn‖‖a⊗b‖= 0 ⇒ lim
n→∞

‖xn+1− xn‖= 0

⇒ lim
n→∞

‖xn+1− xn,u‖= 0 ∀ u∈ DX⊗γY

Hence,{xn} is a Cauchy sequence in the 2-Banach spaceDX⊗γY. Let it converge to somez∈ DX⊗γY. Now,

‖z−Tz,u‖6 ‖z− xn+1,u‖+ ‖xn+1−Tz,u‖= ‖z− xn+1,u‖+ ‖Txn−Tz,u‖
6 ‖z− xn+1,u‖+ ‖xn− z,u‖− [ψ(k‖xn− z,u‖)+ψ(k/‖xn− z,u‖)]
→ 0 as n→ ∞

c© 2017 BISKA Bilisim Technology
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Hence,‖z−Tz,u‖= 0⇒ z= Tz. To show the uniqueness. Letz1 andz2 be two distinct fixed points forT in DX⊗γY. Now,

‖z1− z2,u‖= ‖Tz1−Tz2,u‖6 ‖z1− z2,u‖− [ψ(k‖z1− z2,u‖)+ψ(k/‖z1− z2,u‖)]
⇒ ψ(k‖z1− z2,u‖)+ψ(k/‖z1− z2,u‖)6 0

which is contradiction. So,z1 = z2. Thus,T has a unique fixed point in the closed and bounded subsetDX⊗γY of X⊗γ Y.

Example 3.Let Dl1⊗γK(with the same 2-norm as defined above in the tensor product space),Dl1 andDK denote a closed

and bounded subset ofl1⊗γ K, l1 andK, bounded byK,
√

K and
√

K respectively(K > 0).

We defineT1 : Dl1⊗γK → Dl1 by

T1(∑
i

ai ⊗ xi) =
1

2K3 ∑
i

{ainxi}, whereai = {ain}n

andT2 : Dl1⊗γK → DK by T2(∑i ai ⊗xi) =
1
4

∑i ‖ai‖.|xi | . For arbitrarybk = {bkn} ∈ Dl1, b∈ DK with ‖bk‖> 1 and

|b|> 1,

‖T1(∑
i

ai ⊗ xi)‖= ‖ 1
2K3 ∑

i
{ainxi}‖6

1
2K3 ∑

i
‖{ainxi}‖‖bk‖|b|

6
1

2K3‖∑
i

ai ⊗ xi‖‖bk⊗b‖ [l1⊗γ X = l1(X)(refer to [26])]

6
1

2K3 K2 =
1

2K
(= M1),

and

‖T2(∑
i

ai ⊗ xi)‖6
1
4
‖∑

i
ai ⊗ xi‖‖bk⊗b‖6 K2

4
(= M2)

Foru= ∑i ai ⊗ xi andv= ∑i di ⊗ yi in Dl1⊗γK, we have,

‖T1u−T1v‖= ‖ 1
2K3 ∑

i
{ainxi}−

1
2K3 ∑

i
{dinyi}‖

=

1
4
‖∑i ai ⊗ xi −∑i di ⊗ yi‖

K3

2

6

1
4
‖u− v‖‖bk⊗b‖

K3

2

6 2









1
2
‖u− v,bk⊗b‖− 1

2

[

1
2
‖u− v,bk⊗b‖

]

K
K2

2









=
1

KM2

[

1
2
‖u− v,bk⊗b‖−ψ

(

1
2
‖u− v,bk⊗b‖

)]

; whereψ(t) =
t
2
,k=

1
2
,

and

‖T2u−T2v‖= ‖1
4 ∑

i
‖ai‖.|xi |−

1
4 ∑

i
‖di‖.|yi|‖6

1
4

∣

∣

∣

∣

∣

∑
i
‖ai‖.|xi |−∑

i
‖di‖.|yi |

∣

∣

∣

∣

∣

‖bk‖|b| .

c© 2017 BISKA Bilisim Technology

www.ntmsci.com


8 D. Das et. al: Some fixed point theorems in 2-Banach spaces and2-normed tensor product spaces

Taking the projective tensor norm,

‖T2u−T2v‖6
1
4
|‖u‖−‖v‖|‖bk⊗b‖6 1

4
‖u− v‖‖bk⊗b‖= 1

4
‖u− v,bk⊗b‖

6

1
2
‖u− v,bk⊗b‖− 1

2

[

1
2
‖u− v,bk⊗b‖

]

K
1

2K

6

1
2
‖u− v,bk⊗b‖−ψ

(

1
2
‖u− v,bk⊗b‖

)

KM1
; whereψ(t) =

t
2
,k/ =

1
2

Therefore,(T1,T2) satisfies the conditions(a) and(b). Also, k+ k/ =
1
2
+

1
2
= 1. So, the mappingT : Dl1⊗γK → Dl1⊗γK

has a unique fixed point inDl1⊗γK.

LetT1,S1,P1,T2,S2 andP2 be some mappings whereT1,S1,P1 : DX⊗γY →DX andT2,S2,P2 : DX⊗γY →DY be two mappings
such that for anyu,v∈ DX⊗γY anda⊗b∈ X⊗γ Y,

(G) ‖T1(u)−S1(v)‖ 6
1

MM2
(k(‖Pu−Tv,a⊗b‖+ ‖Pu−Sv,a⊗b‖)−ψ(k‖Pu−Tv,a⊗b‖,k‖Pu−Sv,a⊗b‖))

(H) ‖T2(u)−S2(v)‖ 6
1

MM1
(k/(‖Pu−Tv,a⊗b‖+ ‖Pu−Sv,a⊗b‖)−ψ(k/‖Pu−Tv,a⊗b‖,k/‖Pu−Sv,a⊗b‖))

where

(i) ψ : [0,∞)→ [0,∞) is continuous and non-decreasing,ψ(0) = 0
(ii) max[‖T1u‖,‖S1v‖] 6 M1 and max[‖T2u‖,‖S2v‖] 6 M2, ∀u,v∈ DX⊗γY, a∈ X andb ∈ Y. Here,DX⊗γY is bounded

by M andk,k/ are positive.

From the mappingsT1,S1,P1,T2,S2 and P2 we define some mappingsT : DX⊗γY → DX⊗γY such thatTu= T1u⊗T2u;
S: DX⊗γY → DX⊗γY such thatSu= S1u⊗S2u andP : DX⊗γY → DX⊗γY such thatPu= P1u⊗P2u.

Theorem 5.Let T ,S and P be self mappings as defined above such that

(i) {T,P} and{S,P} are wealy compatible
(ii) T(X⊗γ Y)⊆ P(X⊗γ Y) and S(X⊗γ Y)⊆ P(X⊗γ Y)

(iii) satisfy(G) and(H), then T ,S and P have a common unique fixed point on DX⊗γY if k+ k/ 6
1
4

Proof.Let x0 ∈ DX⊗γY be fixed. We define

yn = Txn = Pxn+1, yn+1 = Sxn+1 = Pxn+2

Now, for anya⊗b∈ DX⊗γY,

‖Tu−Sv,a⊗b‖6 ‖T1u−S1v‖‖T2u‖‖a⊗b‖+ ‖S1v‖‖T2u−S2v‖‖a⊗b‖

6
1
4
(‖Pu−Tv,a⊗b‖+ ‖Pu−Sv,a⊗b‖)−ψ(k/‖Pu−Tv,a⊗b‖,k/‖Pu−Sv,a⊗b‖).

c© 2017 BISKA Bilisim Technology
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‖yn− yn+1,a⊗b‖= ‖Txn−Sxn+1,a⊗b‖

6
1
4
(‖Pxn−Txn+1,a⊗b‖+ ‖Pxn−Sxn+1,a⊗b‖)

−ψ(k‖Pxn−Txn+1,a⊗b‖,k‖Pxn−Sxn+1,a⊗b‖)
−ψ(k/‖Pxn−Txn+1,a⊗b‖,k/‖Pxn−Sxn+1,a⊗b‖)

=
1
4
(‖yn−1− yn+1,a⊗b‖+ ‖yn−1− yn+1,a⊗b‖)

−ψ(k‖yn−1− yn+1,a⊗b‖,k‖yn−1− yn+1,a⊗b‖)
−ψ(k/‖yn−1− yn+1,a⊗b‖,k/‖yn−1− yn+1,a⊗b‖)

6
1
2
(‖yn−1− yn,a⊗b‖+ ‖yn− yn+1,a⊗b‖)

−ψ(k‖yn−1− yn+1,a⊗b‖,k‖yn−1− yn+1,a⊗b‖)
−ψ(k/‖yn−1− yn+1,a⊗b‖,k/‖yn−1− yn+1,a⊗b‖)
= ‖yn−1− yn,a⊗b‖−2ψ(k‖yn−1− yn+1,a⊗b‖,k‖yn−1− yn+1,a⊗b‖)
−2ψ(k/‖yn−1− yn+1,a⊗b‖,k/‖yn−1− yn+1,a⊗b‖)
6 ‖yn−1− yn,a⊗b‖.

Hence{‖yn+1−yn,a⊗b‖} is a monotonically decreasing sequence of non-negative real numbers and so, is convergent to
some real, sayr. If r 6= 0, then

‖yn− yn+1,a⊗b‖= ‖Txn−Sxn+1,a⊗b‖

6
1
4
(‖yn−1− yn+1,a⊗b‖+ ‖yn−1− yn+1,a⊗b‖)

−ψ(k‖yn−1− yn+1,a⊗b‖,k‖yn−1− yn+1,a⊗b‖)
−ψ(k/‖yn−1− yn+1,a⊗b‖,k/‖yn−1− yn+1,a⊗b‖)

6
1
2
(‖yn−1− yn+1,a⊗b‖)6 1

2
(‖yn−1− yn,a⊗b‖+ ‖yn− yn+1,a⊗b‖)

Takingn→ ∞, we get‖yn−1− yn+1,a⊗b‖→ 2r and

r 6 r −2{ψ(2kr,2kr)+ψ(2k/r,2k/r)},(by continuity ofψ), therefore 2{ψ(2kr,2kr)+ψ(2k/r,2k/r)} 6 0,

this is possible only whenr = 0. So,

lim
n→∞

‖yn+1− yn,a⊗b‖= 0. (1)

Now, proceeding as in Theorem 4.3 we have limn→∞ ‖yn+1− yn,q‖ = 0 ∀q ∈ DX⊗γY and{yn} is a Cauchy sequence in
DX⊗γY. Let it converge to somez∈ DX⊗γY i.e.,

lim
n→∞

yn = z⇒ lim
n→∞

Txn = lim
n→∞

Pxn+1 = zand

lim
n→∞

Sxn+1 = lim
n→∞

Pxn+2 = z.
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SinceS(X)⊆ P(X) andT(X)⊆ P(X), so there exists a pointu∈ DX⊗γY such thatz= Pu. Now,

‖Tu− z,q‖6 ‖Tu−Sxn+1,q‖+ ‖Sxn+1− z,q‖

6
1
4
(‖Pu−Txn+1,q‖+ ‖Pu−Sxn+1,q‖)

−ψ(k‖Pu−Txn+1,q‖,k‖Pu−Sxn+1,q‖)
−ψ(k/‖Pu−Txn+1,q‖,k/‖Pu−Sxn+1,q‖)+ ‖Sxn+1− z,q‖.

Takingn→ ∞,

‖Tu− z,q‖6 0⇒ ‖Tu− z,q‖= 0

ThereforeTu= z. So,Pu= Tu= z, i.e., u is a coincidence point ofP andT. Since the pair of mappings are weakly
compatiable, so,

PTu= TPu⇒ Pz= Tz.

Again forz= Puwe have,

‖z−Su,q‖= ‖Tu−Su,q‖

6
1
4
(‖Pu−Tu,q‖+ ‖Pu−Su,q‖)

−ψ(k‖Pu−Tu,q‖,k‖Pu−Su,q‖)
−ψ(k/‖Pu−Tu,q‖,k/‖Pu−Su,q‖)= 0.

Thus,‖z−Su,q‖= 0. So,Su= z. ThusPu= Su= z, i.e.,w is a coincidence point ofP andS. Since the pair of mappings
are weakly compatiable, so,

PSu= SPu⇒ Pz= Sz

Now, we show thatz is a fixed point ofT

‖Tz− z,q‖= ‖Tz−Su,q‖

6
1
4
(‖Pz−Tu,q‖+ ‖Pz−Su,q‖)

−ψ(k‖Pz−Tu,q‖,k‖Pz−Su,q‖)
−ψ(k/‖Pz−Tu,q‖,k/‖Pz−Su,q‖)

=
1
2
‖Tz− z,q‖

possible only for‖Tz− z,q‖= 0⇒ Tz= z thereforeTz= Pz= z. Now, we show thatz is a fixed point ofS

‖z−Sz,q‖= ‖Tz−Sz,q‖

6
1
4
(‖Pz−Tz,q‖+ ‖Pz−Sz,q‖)

−ψ(k‖Pz−Tz,q‖,k‖Pz−Sz,q‖)
−ψ(k/‖Pz−Tz,q‖,k/‖Pz−Sz,q‖) = 0

⇒‖Sz− z,q‖= 0
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possible only forSz= z thereforeSz= Pz= z. Hence,Tz= Pz= z= Sz. Uniqueness can be shown in a similar manner.
Thusz is a common unique fixed point for the mappingsT,SandP.

5 Conclusion

Thus, in this paper, we have derived different fixed point theorems in 2-Banach spaces and also in the tensor product of
normed spaces as 2-Banach spaces.

In the paper of Misiak [17], in 1989, the idea ofn-normed spaces can be found. Some recent results and relatedworks in
n-normed spaces can be found in [13], [16]. Let n∈ N andX be a real vector space of dimensiond > n. A real-valued
function‖., ..., .‖ onXn satisfying the following four properties,

(1) ‖x1, ...,xn‖= 0 if and only if x1, ...,xn are linearly dependent;

(2) ‖x1, ...,xn‖ is invariant under permutation;

(3) ‖x1, ...,xn−1,αxn‖= |α|‖x1, ...,xn−1,xn‖ for anyα ∈ R ;

(4) ‖x1, ...,xn−1,y+ z‖6 ‖x1, ...,xn−1,y‖+ ‖x1, ...,xn−1,z‖,
is called ann-norm onX and the pair(X,‖., ..., .‖) is called ann-normed space. Considering the study of fixed points,
the following problem can be raised.

Can we make analogous study concerning fixed points for a mapping T in then-normed spaces and their tensor product?
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