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Abstract: In this paper, we derive some fixed point theorems in 2-Baspekes. LeX be a 2-Banach space afce a self-mapping
onX. Let : [0,00) — [0,00) ; B, : [0,00) x [0,00) — [0,00) @andy : [0,00) x [0,00) x [0,00) — [0,0) be continuous mappings having
some specific characteristics. Using these mappings, weedgdime conditions foF under whichT has a unique fixed point iK. The
conditions for two self-mappindgg andT, on X for having the common unique fixed point are also derived éteproper examples.
Moreover, defining a 2-norm in the projective tensor prodiyetce, we derive a fixed point theorem here with a suitablepbea
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1 Introduction

In this paper, we derive some fixed point theorems for mappiog 2-Banach spaces satisfying some specific
characteristics. The notion of 2-normed linear spaces lagid topological structures was initiated by Gahleg|[in his
paper “Linear 2-normed spaces”. He studied the speciad db2-metric spaces which is linear and defined a 2-norm on
those spaces. Motivated by this work, several authors nateeki [11], Rhoads 27], White [29], etc., studied various
aspects of the fixed point theory and proved some fixed poéarédms in 2-metric and 2-Banach spaces. Cho et3l. [
investigated about common fixed points of weakly compatibl@ppings in 2-metric spaces. In 1993, Khan and
Khan [12] derived some results on fixed points of involution maps iBahach spaces. In 2012{], Saha et al.
discussed some fixed point theorems for a class of for wealdgr@ractive mappings in a setting of 2-Banach Space.

2 Preliminaries

Definition 1. Let X be a real linear space of dimension greater taand let||., .|| be a real valued function on X X
satisfying the following conditions:

@) |Ix,y|l = 0if and only if x and y are linearly dependent,
() 1%yl = lly,x|| for all x,y € X,
(i) |laxy| = |allly,x||, o being real, xy € X,
(iv) [Ixy+2| < |Ixyll+1x 2|, for all, x,y,ze X

Then||.,.|| is called a2-norm on X and X, ||.,.||) is called a linear2-normed space.
Definition 2. A sequencéx,} in a2-normed spacéX, ||.,.||) is said to be a Cauchy sequencBrifn m—se ||Xn — Xm, 8| =0
forallain X.
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Definition 3. A sequencegx,} in a 2-normed space X is called a convergent sequence if there siarX such that
liMn_e |[Xn —X,a]| = 0 for all ain X.

Definition 4. A 2-normed space in which every Cauchy sequence is convesjeaitéd a2-Banach space.

Definition 5. Let X and Y be two linea?-normed spaces. An operator: X — Y is said to be continuous atxX if for
every sequencg} in X, {xn} — xas n— co implies{T(xn)} = T(X)inY asn— oo .

Definition 6. Let f and g be two self-maps on a set X. If=fxgx , for some x in X then x is called coincidence point of f
and g.

Definition 7. Let f and g be two self-maps defined on a set X. Then f and g atedsdie weakly compatible if they
commute at coincidence points, i.e., if £fgu for some & X , then fgu=gfu.

3 Fixed point in 2-Banach spaces

Theorem 1.Let X be a2-Banach space and T be a self map on X.{zef0, o) — [0,c0) and : [0,0) x [0,00) — [0, 0)
are continuous mappings satisfying the conditiaid) = 0, ¢y is monotonically increasing;

by(s) < B(r,s) = bs<rbe {1,2};B(st)=0<s=t=0.
Let

W(ITx=Tyal) < B(llx—Txal, ly—Ty.al]) —maxe(x—Txall), ¢(lly—Tyal|)]
where xy,a€ X. Then T has a unique fixed point on X.

Proof. For any fixedxg € X, we construct a sequen¢g,} by xn11=Tx,, N=0,1,2,...

WX —xn+1,8l)) < B([[¥n-1—Xn, 81, X0 — Xn+1,a]])
—maxy(|[*n-1—Xn,all), Y([Ixn —Xnt1,2)]
< B([Xa-1=%n,all, X0 —Xar1,2])

Therefore we write,
(% —Xnt-1, 8] < [[¥n—1— Xn,@]|-

So, {|¥n — Xn+1,8||} is @ monotonic decreasing sequence of real numbers and itesweverges to some, say, i.e.,
[IXn — Xn+1,8]| = r @asn — co.

Now, ||Xn — Xn+1,8]| = || TX—1— T X, So,

Y(r) = g(lim |12 —Xn+1,8]) = M P([Tx0-1 = Txe,a)
< Jim [B([Ixn-1=Tx-1,2], [ %1 = Txn,a])) = max(@([[¥a-1 = Tx-1,al]), W (X0 = Txn,al]))]
= lim [B([[Xn-1—Xn, [, [[%n = Xn1-1, ) = maxX(([[¥n-1 = Xn, &), Y([[*n = Xn1-1,2]))]

= B(r,r) —maxy(r), g(r)].

Thus, 2p(r) < B(r,r) = 2r <r, possible for = 0. Hence||Xn — Xn+1,8|| — 0 asn — co.

Next, we show tha{x,} is a Cauchy sequence ¥ If possible, let{x,} be not a Cauchy sequence, and so, there exists
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£ > 0 such that there exists sub sequenfeg } and{x,, } of {xn} with nx > me > k such that|xm, —xn,,a|| > € and
[|Xm, — Xn,—1,8| < € Then,

p(e) < Yllxm —Xnall) = Y([Txn—1—Txn—1,2])
< B(|xme-1— TXme-1,all, [ X1 — Txo-1,2])
—maxy([Xm-—1—Txn-1,a/]), Y(Xn-1 = Txn-1,2]))]

Takingng andmy — e and using the continuity g8 andy

W(e) < B(0,0) —maxy(0), P(0)] =0=y(0) = <0

which is a contradiction. Henc¢,} is a Cauchy sequence ¥y and so, it converges to somgn X. Now,

W(lIx—Tzal) < B(lIXn-1—Tx-1,all,[|z— Tz al|) — maxy([xn-1— Tx-1,al), Y(lz— Tzal])]
= 2y(||z—Tzal|) < B(0,[|z—Tzal|); [takingn — oo]
=2||z—Tza| <0, (Vae X)

=|lz—Tza||=0

Sincea is arbitrary, takinga =0, we getz=Tz
To show the uniqueness: L&tz = z; andTz = 2. Then

W(ITa-Tz.a) < Bl - Tz.al, |z - Tz.al) - maxy(lza - Tz.al), ¢(|z - T2.a])
— B(0,0) — maxy(0), y(0)!.

Therefore we write,
ITz—Tz,a|=0vaeX=>Ta=Ta=27=12.

The proof is completed.

Example 1.Let X = R3 and we consider the following 2-norm of(refer to [1])

i jk
%yl = |det| x1 x2 x3
Y1Y2Y3

wherex = (x1,%2,%3),Y = (Y1,¥2,y3) € R3. Then(X, |.,.]|) is a 2-Banach space.
We fix (e, f,g) € R® and letT be a self mapping oR? defined byT (x,y,2) = (e, f,g) V(x,y,2) € R3.
Let @(s) =2s, B(r,s) = % + s, where(r,s) € [0,0). Now, Tx= (g, f,g) = Tytherefore|Tx—Ty,a|| = 0.

Hence all the conditions of Theorem 1 are satisfied TSkas a unique fixed poirfe, f,g) € RS,

For common fixed point of two self mags andT, on X, we prove.

(© 2017 BISKA Bilisim Technology
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Theorem 2.Let X be a 2-Banach space anddnd T be two self maps on X. Lgt and 3 be as defined in Theorem 1
with B(r,s) = B(s,r). Then T and §, have common unique fixed point, if fagya € X

Y([ITx—Tay,all) < B(IIx—Taxall, [y — Tay,all) — maxw(|x—Tax,all), Y([ly — Tay,all)]
Proof. For a fixed poinig € X, we construct a sequen¢r, } by
Xont1 = T1(Xen) @ndxen;2 = T2(Xeny1), N=10,1,2, ...

Now, it can be shown th&x,} is a Cauchy sequence ¥y converging to somein X, which is the common fixed point
for T, andTo.

Corollary 1. Let X be a 2-Banach space and T be a self map on Xyl Btbe as defined in Theorem 3.1 satisfying

W(ITx=Tyal) < <[B(lIx—Ty.all, [ly—Ty.al) —max@(ly—Txal]), (lx—-Txal]))]

Olkr

where c> 2 and xy,a € X. Then T has unique fixed point on X.
Corollary 2. If ¢ satisfies then also similar result holds for

W(ITx=Tyal) <B(lIx—y.al, ly—Tyal]) - ma{y(lx—y,al), g (lIx—Txal)], vx,y,a € X.
We now establish another fixed point theorem for T using tWwerahappingy and ¢.
Theorem 3. Let X be a 2-Banach space and T be a self mapping on Xy L&D, ) x [0,0) x [0,00) — [0,) and
@:[0,00) x [0,00) — [0, ) be continuous mapping satisfyig(r,0,r +t) < kr and¢(r,t) > k’r, where kk/ € [0, ) such
thatk—k/ < 1. Let

ITx=Tyall < yvllIx—yall, [ly—Txall, [Ix=Ty,al] - @[lIx—Txal, [y—Tyal],vxy,ac X

Then T has a fixed point.

Proof. For any fixedxp € X, we construct a sequen¢®,} by X1 = T X,. We get,

(%0 — Xnt-1, @[ < V[[[Xn—1—Xn, @}, [IX0 — %n, @[, [[Xn—1— Xn+1, @] — @[[[Xn—1— %n, @], [|[Xn — Xn1-1,8]]]
< Y[lIXn-1—%n, @[, 0, [|Xn—1— Xn, & + [[Xn — Xn1-1, 8] — @[[[Xa—1—Xn, @[, [[Xn — X1, a]]]
< (K= K)[[Xn-1 — %n,al|

(
< (K=K X2 — Xn-1,8]| < oo < (K—K)"[%0 — X1, 8| — 0 @S n— o

Hence{xn} is a Cauchy sequence ¥and so, it converges to soregsay) inX.

l2—Tzal < 2— X1, + a1 — T2 2]
< 251, + ¥ilx— 2.all, |2~ Txn,al, %0 — Tzl — @lla — Txo,al, [l Tz al]
< 0+Y[0,0,0+ |z~ Tzal] - [0, |z— Tz ][] [takingn — e,

Therefore we writd|z— Tz a|| =0, for all ac X. Sinceais arbitrary, takingpa =0, we getz=Tz

Example 2.Let y(r,s,t) = ki (r +s+t) andg(r,s) = ka(r +s), wherek; andk, are two constants> 0). Now we can find
outk,k/ € [0,00) with k—k/ < 1 such that/(r,0,r +t) = ki (2r +t) < kr and@(r,t) = ko(r +t) > k/r. Let T andX be as
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defined in Example 1. Now, fogy,a € X

ITx=Tyal <yllIx—y,all, [ly—Txal, [[x—Ty.all]] - ¢[lx—Txall, [y — Ty,all]
Hence by Theorem 3, has a fixed point oiX.
Depending upoii; andk,, the mapping is of different types. From the given condition,

ITx=Tyall < yllIx—y.all, ly—xall+[x=Txall, [Ix—-y,a] + ly—Ty.al] - @[[x—Txal, [y — Ty all]

ki[3[[x—y,all + [Ix—Txal + ly— Ty, al] - kall[x— Txall +[ly— Ty all].

NN

So, ifky = kp, then||Tx—Ty,a|| < 3ki||x—y,a|| which is a contraction mapping &g < 3 (and has a unique fixed point)

. 1
and nonexpansive fdq = 3

Next, we discuss common fixed point for four mappings in 2-&dmspaces.

4 2-Norm for projective tensor product

4.1 Algebric tensor product

[2]. Let X,Y be normed spaces ovewith dual spaceX* andY* respectively. Giver € X,y €Y, letx®y be the element
of BL(X*,Y*;F) (which is the set of all bounded bilinear forms froff x Y* to F), defined by

x®y(f,g) = f(x)a(y), (f e X*,geY")

The algebraic tensor product ¥fandY, X ®Y is defined to be the linear spanpf®y: x e X,y € Y} in BL(X*,Y*;F).

4.2 Projective tensor product

[2]. Given normed spaces andY, the projective tensor norppon X ® Y is defined by
[Jully =inf{S [Ixillllyill cu= "3 x @y}
I I

where the infimum is taken over all (finite) representationg. ¢-or the normed spacesandy, in the projective tensor
productX ®,Y, we take
[[uvI[ = [lull{v][, u,v e Xy Y

Following White 9], we can say thaX ®,Y is a 2-Banach space upto linear dependence ¥.€, Y satisfies all the
conditions for being a 2-Banach space exaephdv may be linearly dependent and yt v|| # 0).

Let Dx, Dy and Dxe,y denote a closed and bounded subseX of andX ®,Y respectively. Lefl; andT, be two pairs

of mappings wherdj : Dxe,y — Dx andTs : Dxe,y — Dy be such that for any,v € Dxay,y anda®be Dxay,y with

lall > 1 and|[b] > 1.

1

KM,
1

(F) IT2(u) = T2(V)[| < K—,\,ll(k/llu—\/,a@ bl| - ¢(K|lu—-v,a® b))

() [ITa(u) = TaW)[| < (K[lu—v,a®bl| — ¢(klju-v,abl))

(© 2017 BISKA Bilisim Technology
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where

(i) Y:[0,0) — [0,00) is continuous and non-decreasigg0) =0
(ii) ||T1U|| <M; and||T2u|\ <My, Vue D)(@yy.

Here,Dxs,v is bounded bK andk, k' are positive. From the mappingsandT, we define a mapping : Dxe,y — Dxa,y
such thafTu= Tiu® Tou.

Theorem 4.The mapping T derived by the pair of mappir{@s, T») satisfying(E) and (F) has a unique fixed point in
DX®VY if K+ k/ <1

Proof.Foru,v € Dxg,y, a€ X andb € Y anda® b € Dxs,y with [|a]| > 1 and|[b]| > 1

[Tu—Tvaeb|=|Tiu® Thu—Tive Tov,a® b|
< (Mu—Tv) @ Tou,a@ b|| + || Taive (Tou — Tov),a® b
= || Tou — Tav|||Tzull[|a® b]| + || Tav][ || T2u — T2v||[a® b]|

1
< o Klu—via® b — @(klu—v,a@bl))].KM2
KM,

1
+ K Ju—va®b| - gk Ju—v.a®b])KM;
KM
— (k+K)[lu=v.a®b| - w(k|u—vasbl|) - (K u—v.asb])

<[lu—v,a®b|| — {@(K[u—v.azb|)+ @K u—-v,azb])}
Letxo € Dxs,y be fixed. We taket,; 1 = T X,. Now,

[IXn+1—Xn,a@b|| = || TX — TXa—1,2R b||
< o X-1,28 b — Y(K|%— X126 b]) — Y(K/|[¥a— Xo_1,25 b))
< |[Xn—Xn—1,a® b|

Hence{||x+1— Xn,a®bl|} is a monotonically decreasing sequence of non-negatiVauesbers and so, is convergent to
some real, say. Takingn — oo, we get

r <r—{y(kr)+ y(k'r)},(by continuity ofy). Then y(kr)+y(k'r) <O,
this is possible only when= 0. So,

lim |[Xh+1—Xn,a®bl| =0

n—oo

= lim [|Xne1 —Xallla®@bl| =0 = lim ||Xn11—X%a|| =0
n—oo n—oo

= r!mo ||Xn+1 — Xn, UH =0Vue D)(@yy
Hence{x,} is a Cauchy sequence in the 2-Banach siiaes,y . Let it converge to somee Dxg,y. Now,

12— T2ull < (12— Xner, Ul + X1 — T2 U]l = [|IZ— Xora, Ul + [ T30 — Tz ]
< |Z= Xop1, Ul + |30 — zul| = [ (K||x0— z u]]) + @(K [ X — z u])]
— O0asn— o

(© 2017 BISKA Bilisim Technology
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Hence||z—Tzu|| = 0= z= Tz To show the uniqueness. Latandz, be two distinct fixed points foF in Dxe,v- Now,
22— 22Ul = T = T22,ul < 22— 22.ul| — [W(K| 22— 22, ul)) + (K 22— 22,u])
= Y(K||zs — 22,u])) + YK ||z — 2,u]) <O
which is contradiction. S@; = 2. Thus,T has a unique fixed point in the closed and bounded sisefy of X @, Y.

Example 3.Let D|1®YK(With the same 2-norm as defined above in the tensor prodaceyp,: andDk denote a closed
and bounded subset Bf®, K, 1* andK, bounded by, vK andv/K respectivelyk > 0).

We defin€Ty : Dy, x — Dj1 by
1
() a®x) = 575 > {aix}, wherea = {ai }n
| |

1 . .
andTy:Djg x »Dx by  Ta(Jia®x)= ZZi lai]].|x| . For arbitraryby = {by,} € D)1, b € Dx with ||b|| > 1 and
bl > 1,

Iy @@ X)) = gz 3 @ < g 3 @) bl o

S 2—Ii3H Iza‘ @%bk @ bl| [I* @y X = I*(X)(refer to R6])]

1., 1
<—Kl= (=
S gkt = (5 M),

and

2

1 K
IT2(H & x| < lelza«- ®xil[[lbk @ b]| < 7 (=Mz)

| Z (

Foru=5ia®@x andv=y;d ®y;in D|1®yK' we have,

1 1
Mot~ Tovl| = | 55 3 (30K}~ 3¢5 3 (G|

1 1
Jlzaex—sidey]  lu-viibeb|
= <

K3 = K3
Z Z
1 1(1
L Ju—vbeb] — 3 | 3 u-vbeob]
2 212
<2 -
7
1 1 1 t 1
~ a0 Dbl -y (lu-vbeobl ) | wherey(t) = 5.k,

and

1 1 1
ITou—Tavl| = 117 > llall-xl =7 S llekl-yilll < Z |3 laill- i = IIdiII-IYiI‘ [k b]
| | | |

(© 2017 BISKA Bilisim Technology
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Taking the projective tensor norm,

1 1 1
[ITou—Tavl| < 7 [ljull = V][I @bl} < 7 [Ju—Vil[be@ b = 7 fJu—v.bc@ bl

1 11
3lu-ubeb] -3 | Slu-vubab|

s KL
2K
1 1
Su—vb@b|| — @ S|lu—v,bk@b|
<2 2 ; where (t)fgk/*}
S KMy ' v =2K =3
o N 11 .
Therefore(Ty, T,) satisfies the condition&) and(b). Also, k+k/ = >t5= 1. So, the mapping : D15 i = Diig

has a unique fixed point B, .

LetTy, S, Pr, T2, S andP, be some mappings whefg, S;, Py Dxe,y — Dx andT,,$,P: Dxe,y — Dy be two mappings
such that for any,v € Dxg,y anda®be X®yY,

1
(G) [T(w) =SV < gy, (K((IPu=Tva®bf| + |[Pu—Sya@bf)) - g(k[Pu—Tva@ bl|,k|Pu—Syasbf))

1

MM (K ([Pu—Tva®b||+ [[Pu—Sva®b||) — ¢(K||Pu—Tyaxb|| k' |Pu— Svax bj|))
1

(H) [T2(u) = S(v)[| <
where
(i) Y:[0,0) — [0,00) is continuous and non-decreasigg0) =0

(i) max(||Toull, [|Sv]|]] < M1 and maX(| Taul, S]] < Mg, Yu,v € Dxg,y, a € X andb € Y. Here,Dxg,y is bounded
by M andk, k/ are positive.

From the mapping3;,S;,P1, T2, S and B we define some mappings: Dxe,y — Dxg,y such thafTu= Tau® Tou;
S:Dxg,y — Dxg,v such thaSu= Su® SuandP : Dxg,y — Dxg,y such thaPu=Pu® Pu.

Theorem 5.Let T,S and P be self mappings as defined above such that

() {T,P} and{S P} are wealy compatible
(i) TX®,Y) CP(X®yY)and IX®,Y) CP(X®yY)

(iii) satisfy(G) and(H), then T,S and P have a common unique fixed point pn Pif k + K <

N

Proof.Letxp € Dxay,y be fixed. We define

Yn = TX = PXi11, Ynr1 = S¥1=PXy2

Now, for anya®@b € Dxg,y,

[Tu—Sva@b| < [[Tou— S| Taull[a b]| + [|Swl][|T2u — S ac b

1

< Z(|[Pu—Tv,a®b| + |Pu—Svab|) — y(K/||Pu—Tvax b|,k'|Pu—Sva® b|).

N

(© 2017 BISKA Bilisim Technology
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[Yn —Yn+1,2®@b|| = ||T><n —Shi1,a@b|
(HPXn — TX11,8@ D[ + [|PX — S¥1,a®@ bl|)

— W(K|PX — Txn11,2@ bl K| PY — Shi1,2 b))
(K [[P% = T 1,a@ b||, K [Pxy — S¥41,a@ b )

-b I

-y
1
Z(Hynfl —Yni1,a@ 0]+ [[Yn-1—Ynr1,2®b||)

— Y(KlIYn-1—Ynt1,20b[|, K[Yn-1—Ynr1,20b]))

— (K |[yn-1— Yn+1.2® b||,K/[[yn_1 — Yns1,2@ b]|)
1
< 5 (I1¥a-1=Yn.a@b] + yn—Yni1,2 b))

— Y(K|Yn—1—Yn+1,2®@ b, K|[Yn-1— Yn+1,2@ b]|)
— (K [lyn-1—Yni1,a0 0], K/ ||[yn-1—yn11,a2b]))
= [[Yn-1—Yn,a®@b|| = 2¢(K[|yn-1— Yn+1, 2@ b[|,K[|Yn-1— Yns1,2® b]|)
- ZW(k/Hyn—l —Ynt1,2Q Dbl I(/HYnfl —Yn+1,2QDb||)
< [Yn-1—Yn,a®b|.

Hence{|lyn+1— Yn,a®bl| } is a monotonically decreasing sequence of non-negatiVeueabers and so, is convergent to
some real, say. If r £ 0, then

[Vn — Yni1,a®@b|| = ||TXn — S¥41,a®b|
Z(HYn—l —Yni1,a@ 0] 4+ [[Yn-1—Ynr1,2@b||)

— Y(K||Yn-1—Yn+1,2@b||,K||Yn—1—Yns1,a®Db]|)
(K [[Yn-1—Yn+1,2@ b||,K[yn-1 — Ynr1,2@ b]|)

-y
1 1
< 5(Iyn-1=¥n+1,2@bl)) < 5([[¥n-1—Yn, 82Dl +[[Yn = Yn+1,2@b]])
Takingn — o, we get||yn—1— Ynt+1,a®b|| — 2r and

r <r—2{y(2kr,2kr) 4+ @(2k/r,2k/r)}, (by continuity ofy), therefore Zuy(2kr,2kr)+ w(2k/r,2k/r)} <O,
this is possible only when= 0. So,

Amo”ywl*Ynaa@ bl| = 0. 1)

Now, proceeding as in Theorem 4.3 we havenlim [|Yni1 — Yn,dl| = 0Vq € Dxg,y and{yn} is a Cauchy sequence in
Dxe,v. Let it converge to somee Dxayy i.e.,

limy,=z= lim Txy = lim Px,.; = zand
n—oo n—o0 n—oo

lim S¥.1=lim Px, . o=2
n—-o0 n—oo

(© 2017 BISKA Bilisim Technology
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SinceS(X) C P(X) andT (X) C P(X), so there exists a poimte Dxg,y such thaz = Pu. Now,

[Tu=zql| <[[Tu=S¥1,9 +[[S¥+1— 24|
< 3 (IPU=Txos1.0 + [Pu-— Skl
— Y(K[Pu—Txai1,0l, K[[Pu—S1,4[)
— Y(K||Pu=Txo 2,0l K [[Pu—S¥ 2,0 + [ S¥1— 2.
Takingh — oo,

[Tu-2zq[|<0= |Tu-2zq|=0

ThereforeTu= z So,Pu= Tu= z i.e.,uis a coincidence point d? andT. Since the pair of mappings are weakly
compatiable, so,
PTu=TPu=Pz=Tz

Again forz= Puwe have,

z—Suq|| = [[Tu—Suq||
1
< 2 (Pu=Tu.ql +[|Pu—Suql])
— Y(k|[Pu—Tu,ql|,k[[Pu—Suq])
— Y(K'||Pu—Tu,q||,K [|Pu—Suq]) = 0.

Thus,||z— Suq|| = 0. So,Su= z ThusPu= Su=z, i.e.,wis a coincidence point @ andS. Since the pair of mappings
are weakly compatiable, so,
PSu= SPu= Pz=Sz

Now, we show thar is a fixed point ofT

ITz—2zq|| = | Tz—Suq|
1
< 2 (IPz=Tuq[ +[[Pz—Sug])
— Y(K[Pz—Tu,ql|.k[Pz—Sudq]|)
— @(K'||Pz—Tu,ql.,K'||Pz— Sud]|)
= 2Tz zq
possible only fol|Tz— z q|| = 0= T z= zthereforel z= Pz= z. Now, we show that is a fixed point ofS
lz—Szq|| = |[Tz—Szq|
1
< 7(IPz=Tzq] + [Pz Szq]))
— W(K|Pz—Tzq] k|Pz—Szq])

— Y(K'||Pz— Tz | K'||Pz— Szq|) = 0
= [Sz=zq||=0

(© 2017 BISKA Bilisim Technology
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possible only foiSz= z thereforeSz= Pz= z. Hence,T z= Pz= z= Sz Uniqueness can be shown in a similar manner.
Thuszis a common unique fixed point for the mappiigSandP.

5 Conclusion

Thus, in this paper, we have derived different fixed poinbtkens in 2-Banach spaces and also in the tensor product of
normed spaces as 2-Banach spaces.

In the paper of Misiak17], in 1989, the idea ofi-normed spaces can be found. Some recent results and refartieslin
n-normed spaces can be found i3], [16]. Let n € N andX be a real vector space of dimensid n. A real-valued
function||.,...,.|| on X" satisfying the following four properties,

(1) |IX1,---,%a|| = O if and only ifxy, ..., X, are linearly dependent;
(2) |IXa,...,%a|| is invariant under permutation;
() [IX1y s Xn—1, 0%l = |@|[|X1, --s Xn—1, %n]|| fOr anya € R ;

(4) HX17 "'aanl7y+Z|| < ||Xla "-7anlay|| + HX17 ---aanlyz”,
is called am-norm onX and the pai(X, ||.,...,.||) is called am-normed space. Considering the study of fixed points,
the following problem can be raised.

Can we make analogous study concerning fixed points for a mgppin then-normed spaces and their tensor product?
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