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Abstract: In this work, we have applied the generalized Kudryashov methods to obtain the exact travelling wave solutions for the
(3+1)-dimensional Jimbo-Miwa (JM) equation, the (3+1)-dimensional Kadomtsev-Petviashvili (KP) equation and the
(3+1)-dimensional Zakharov-Kuznetsov (ZK). The attained solutions show distinct physical configurations. The constraints that will
guarantee the existence of specific solutions will be investigated. These solutions may be useful and desirable for enlightening specific
nonlinear physical phenomena in genuinely nonlinear dynamical systems.
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1 Introduction

In the last few decades’ nonlinear evolution equations (NLEEs) has become special classes of the category of partial
differential equations (PDEs). It is renowned that finding exact solutions for NLEEs, by using different abundant
methods plays an energetic role in mathematical physics and become one of the furthermost exciting and awfully active
areas of research investigation for mathematicians and physicist. Many important phenomena and dynamic processes in
physics, mechanics, chemistry and biology can be represented by nonlinear partial differential equations. Nonlinear wave
phenomena of dispersion, dissipation, diffusion, reaction and convection are energetic prominence in NLEEs. It is
essential to determine exact traveling solutions for these nonlinear equations to allow us to get an insight through
qualitative and quantifiable properties of these equations. These days the research area of NLEEs has made a significant
progress. There has been a rising concentration in finding exact analytical solutions to nonlinear wave equations by
means of appropriate technique. Particularly, the existence of soliton solutions for NLEEs is of abundant importance
because of their prospective applications in many physics areas such as chaos, mathematical biology, diffusion process,
plasma physics, optical fibers, neural physics, solid state physics etc. In recent years, quite a few methods for obtaining
explicit traveling and solitary wave solutions of NLEEs have been proposed and developed. A variety of powerful
methods such as, homogeneous balance method [1, 2], auxiliary equation method[3, 4], the Exp-function method [5, 6],
Darboux transformation method [7, 8], the tanh-function method [9], the modified extended tanh-function method [10],
Jacobi elliptic function method [11, 12], the first integral method [13, 14], the modified simple equation method [15-17],
the (G'/G)-expansion method [18-25], the homotopy perturbation method [26-30], the exp(—® (£))-expansion method
[31], the variational iteration method [32] and the F-expansion method [33-35] and so on.

The Jimbo-Miwa equation was first announced by M. Jimbo and T. Miwa [36] and it is well-known that this model is not
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Painlevé integrable. For many years many expert have researched it and certain explicit solutions have been obtained
[37-39]. Exact three-wave solutions as well as periodic cross-kink wave solutions, doubly periodic solitary wave
solutions and breather type of two-solitary wave solutions for the Jimbo-Miwa equation have been attained using the
generalized three-wave method in [40]. The KP equation is used to model shallow-water waves with weakly non-linear
restoring forces. It is a natural generalization of the KdV equation and it gives multiple soliton solutions. The ZK
equation governs the behavior of weakly nonlinear ion-acoustic waves in plasma comprising cold ions and hot
isothermal electrons in the presence of a uniform magnetic field [41].

In this work we would like to use the generalized Kudryashov methods to seek the exact travelling wave solutions for the
(3+1)-dimensional Jimbo-Miwa (JM) equation, the (3+1)-dimensional Kadomtsev-Petviashvili equation and the
(3+1)-dimensional Zakharov-Kuznetsov (ZK) equation. The main advantage of this method over the existing other
methods is that it provides more new exact traveling wave solutions.

The layout of this paper is systematized as follows. In Section 2, we give the description of the generalized Kudryashov
method. In section 3, we apply this method to the Jimbo-Miwa equations, the Kadomtsev-Petviashvili equation and the
Zakharov-Kuznetsov equation. In section 4, we discuss the graphical representation of some obtained solutions and the
sections 5, we briefly make a summary to the results that have been obtained.

2 Algorithm of the generalized Kudryashov method

In this section, we describe the generalized Kudryashov method for finding the exact traveling wave solutions of NLEEs.

Suppose that we have NLEEs of the form

Su Su Su Su 8*u §%u §u
¢(u,§,a767y7(siz7ﬁ757y2’8722’“.)_0’xe¢’t>07 (1)

where u = u(x,y,z,t)is an unknown function, @ is a polynomial in uand its various partial derivatives, in which the
highest order derivatives and nonlinear terms are involved.

The foremost steps of generalized Kudryashov method are as follows [42].

Step 1: The traveling wave transformation u(x,y,z,t) = u(€), & = x+y+z— ct transform Eq. (1) into an ordinary

differential equation of the form

du d*u
u7 77 7....>
d&’ d&?

Step 2: Suppose that the solution of Eq. (3) has the following form

O =0, (@)

N .
')—:oain(é)
MO — 3)
X b;0/(8)
Jj=0
where a;(i =0,1,2,...,N) and b;(j = 0,1,2,...,M) are constants to be determined later such ay # 0 and by # 0, and
0 = Q(&) satisfies the ordinary differential equation

do(8) _
—ig =26 -00). )
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The solutions of Eq. (4) are as follows:

1
- 1+Aexp(€)

Step 3: Determine the positive integer numbers N and M in Eq. (3) by using the homogeneous balance method between

(%) (&)

the highest order derivatives and the nonlinear terms in Eq. (2).

Step 4: Substituting Eqs. (3) and (4) into Eq. (2), we obtain a polynomial in @'/, (i, j =0, 1, 2,---). In this polynomial

equating all terms of same power and equating them to zero, we obtain a system of algebraic equations which can be
solved by the Maple or Mathematica to get the unknown parameters a;(i =0, 1,2,...,N) and b;(j =0, 1,2,....M), o.
Consequently, we obtain the exact solutions of Eq. (1).

3 Application

3.1 The (3+1)-dimensional Jimbo-Miwa (JM) equation

In this subsection we will find the exact traveling wave solutions of the Jimbo-Miwa (JM) equation through the
generalized Kudryashov method.

Let us consider the (3+1)-dimensional JM equation [38] of the form

Uy + SUyllyy + Sttty + 21y — 3uty, = 0. (6)

Using the traveling wave transformation of the form
u(&)=ulx,yzt), E=x+y+z—ct. ©)
Eq. (6) is converted into the following ordinary differential equation
. !/
u”+3((u’)2) —(2c+3)u" =0. ®)

Eq. (8) is integrable, therefore, integrating once Eq. (8) with respect to & and neglecting the constant of integration, we
obtain

W +3()* = (2c43) u' = 0. )

Considering the homogeneous balance between the highest order nonlinear derivative u” and nonlinear term of the
highest order (u’)zin Eq. (9), we attain N =M + 1.

If we choose M = 1then N = 2. Hence for M = land N = 2Eq. (3) reduces to

_ap+a10+ a0
bo+b10Q ’

where ay, a;, ax, bpand byare constants to be determined later.

u(g) (10)

Now substituting Eq. (10) into Eq. (9), we get a polynomial inQ (&), equating the coefficient of same power ofQ (§), we
attain the following system of algebraic equations:
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3a3b7 + 6azb; =0,
—6a3b} — 12ayb3 + 12a3boby + 24azbob? =0,
36azb3b1 — 2carh; + dayb; + 12a3b3 — 24a3bob, + 6a1azbob; — 6agarb? + 3a3b? — 48aybyb? = 0,
12a3boby — 12aparbob + 2azb; — 244303 + 12a1a,b3 — T2a2b3by + 16a2bob?
—Scazbob% =+ 26‘61217? — 12a1a2boby + 24a2b(3) =+ l2aoa2b% =0,
12a3b3 — 6apazb? + 6a1b3b; — 6aghob? + 24aparboby — 6agbgb, — 10cazb3by — 6agarbob,
+8asbob? + 3atb 4 3adb} +26a:b3b + 2agb; + 2cagh; — S4ayby + 6aazboby 4 6a1 b}
—2a1bob?} — 2caybob? + 8cayboh? — 24a1a,b} = 0,

—2apb} + 4cagbob? — 6a2b} — 2capbi — 12apazboby — 16a1b3by + 10ayb3b; — 6a3b?
+2cayboh? + 12agb3by + 10cazblby — 4caz by + 12a1a2b3 + 2a1bob? + 16agbob?
+12agaboby — 12a,by + 32a2by — 4cab3b =0,

—6agaiboby +4a by — 4cagh?by + 3atbl + 4ca by — 10agbob? — 4aghib,
+2capbgby — 2azby + 10a1b%by + 3aib} + dcarbl — 2car by = 0,
2a,by — 2aopb3b1 — 2cagbiby 4 2ca by = 0,

Solving the above system of equations for ag, a; , a2, bg,bjandc, we attain the following values:
Setl: c=—1,a9="2l20) 4y — —2p,.
Set 2: Cc = 0.50, ap = —0.50611 ,ay = 4b0, bl = —2]90.

Set 1 corresponds the following solutions for Jimbo-Miwa equation

~ajAexp(§)+2boAexp (&) +2bg +a; —2by

ui (€) (1+Aexp(&)) by ’

where € =x+y+z+1.

Set 2 corresponds the following solutions for Jimbo-Miwa equation

£) = 1 (al —alAzexp(2§)+8bo)
2l = Wep28) - by

where £ =x+y+z—0.50z.

Remark: All of these solutions have been verified with Maple by substituting them into the original solutions.

3.2 The (3+1)-dimensional Kadomtsev-Petviashvili (KP) equation

In this subsection we will construct the generalized Kudryashov method to find the exact traveling wave solutions of
the (3+1)-dimensional Kadomtsev-Petviashvili (KP) equation which is an important nonlinear equation in mathematical
physics. Let us consider the (3+1)-dimensional KP equation [43]

(uy + Outty + tyy) 4 3utyy +3u,; = 0. (11

The KP equations describe the dynamics of solitons and nonlinear waves in plasma physics and fluid dynamics [44].
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We investigate the solutions of the KP equation by the method described in section 2.The wave transformation (7)
reduces Eq. (11) into the following ordinary differential equations

(—cu' +6ud +u") +6u" =0, (12)
Eq. (12) is integrable, therefore, integrating twice and neglecting the constant of integration, we obtain

(6—c)u+3u”+u"=0. (13)

Considering the homogeneous balance between the highest order nonlinear derivative #” and nonlinear term of the
highest order #?in Eq. (13), we attain N = M + 2.

If we choose M = 1then N = 3. Hence for M = land N = 3Eq. (3) reduces to

_ap+a10+ @ 0* +a30°
bo+b10 ’

u(g) (14)

where ag, a1, a», a3, bpand bare constants to be determined later. Now substituting Eq. (14) into Eq. (13), we get a
polynomial inQ (&), equating the coefficient of same power ofQ(£) , we attain the following system of algebraic
equations:

6a3b? +3a3b; =0,
3a3bo — 10a3b? + 2ayb? + 16azboby + 6arazb; =0,
10a3b? — 27azbob + 6ajazb; — 3axb? — casb? 4 3a3by + 6azboby + 12a3b3 + 6azazby = 0,
6ayasby — 21asb — cazb} + 6agazby — 2cazboby + 3a3by + 6a1asby + 6ayb} — azboby + Taxbi +23azbob; = 0,
6ayazbo + 3aby — cazbl + 6a1b — 10asb3 + 2a1 b3 — 2cazboby + aybob + 6agazby
+15a2boby + 15a3b3 — carb? — aph? — 2apbob; + 6agazb; = 0,
—cayb§ + 6apazbg + 3atby + 11aiboby + 3agboby 4 Tagh? + 10ayb3 + 6agai by — cagh? — 3ay b} — 2cayboby = 0,
6aga by — 2capbob + 3agby + 11agboby +Taybg — cabl =0,

6apb3 + 3a3by — caghl = 0.

Solving the above system of equations for ag, a1, a»,as, by, by1andc, we attain the following values:
Set 1: c=5a9)= —%bo, ay = 2by— %bh a) = 2(b1 —bo) ,az3 = —2by.
Set 2: c=7,a90=0,a; =2b; —ay,a3 = —2b;,by = 0.50a;.

Set 1 corresponds the following solutions for KP equation

(4Aexp (&) —A%exp(28) —1)
(1+Aexp(§))°

w(€)=5

where & =x+y+z—5t.

Set 2 corresponds the following solutions for KP equation

2Aexp(§)

O aen @)
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where £ =x+y+z—7t.

Remark: All of these solutions have been verified with Maple by substituting them into the original solutions.

3.3 The (3+1)-dimensional Zakharov-Kuznetsov (ZK) equation

In this subsection, we will apply the generalized Kudryashov method to construct new exact traveling wave solutions to
the Zakharov-Kuznetsov (ZK) equation.

Let us consider the (3+1)-dimensional ZK equation [17] is of the form

Uy + autty + Uy +tyy +uz; = 0. (15)

Where a is a positive constant. The ZK equation is a generalization of the KdV equation. The ZK equation governs the
behavior of weakly nonlinear ion-acoustic waves in plasma comprising cold ions and hot isothermal electrons in the
presence of a uniform magnetic field. The ZK equation, which is a more isotropic, was first derived for describing
weakly nonlinear ion-acoustic waves in strongly magnetized lossless plasma in two dimensions. It was found that the
solitary wave solutions of the ZK equation are inelastic.

We investigate the solutions of the ZK equation by the method described in section 2.The wave transformation (7)
reduces Eq. (15) into the following ordinary differential equations

—cu' +au +3u" = 0. (16)
Integrating once and neglecting the constant of integration, we obtain
[ /
—cu—+ Eau +3u' =0, 17

Taking the homogeneous balance between the highest order term 1> and the derivative term u’ from Eq. (17), yields
N=M+1.

If we choose M = 1 then N = 2. Hence for M = 1 and N = 2 Eq. (3) reduces to

_ap+a10+ a0
u(é)* b0+b1Q 9

where ag, ay,ay, bpand bjare constants to be determined later. Now substituting Eq. (18) into Eq. (17), we get a

(18)

polynomial inQ (&), equating the coefficient of same power ofQ (&) , we attain the following system of algebraic
equations:

6a,b; —|—aa§ =0,
—6axby —2cayby 4+ 2aaaz + 12a3by = 0,
aa% —2cayby — 2cai by + 2aapa; — 6agby + 6a1bg — 12a,b9 =0,
—6aibg + 6agb; —2capb| —2ca1by + 2aapa; = 0,

aa% —2capby = 0.
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Solving the above system of equations for ag, a; , az, by ,b1andc, we attain the following values:

Setl:c=—-6,a0=0,a; =0,by = ﬁaaz, b = —%aag.
Set2:c=-3,a0=0,a, =0,by = f%aal —by.
Set3:c=—-3,a0=0,by = féaal,bl = —%aaz.
Setd:.c=3,a9=—ay,a; =0,by = —%aal.
Set5:c=3,a90=—ay—a;,by= —%aag — éaal, b= —éaaz.
Set 6:c=6,a9 =ay,a; = —2ap,byg = ﬁaaL b= —éaag.

Set 1 corresponds the following solutions for ZK equation

12

O e g 1)

where § =x+y+z+6¢.
Set 2 corresponds the following solutions for ZK equation

6a1

w2 (8) = e aarAexp (&) L 6bAep (8]

where & =x+y+z+3t.
Set 3 corresponds the following solutions for ZK equation

6
u =
28 = T Aexp (8))
where & =x+y+z+3¢.
Set 4 corresponds the following solutions for ZK equation
6ajAexp (&)

us (6) = aa; +aajAexp (&) —6by’

where & =x+y+z—3t.
Set 5 corresponds the following solutions for ZK equation

_ 6Aexp(&)
SO T Ao (@)
where & =x+y+z—3t¢.
Set 6 corresponds the following solutions for ZK equation
124%exp (&)

o) e (28) 1)

where € =x+y+z—6t.

Remark: All of these solutions have been verified with Maple by substituting them into the original solutions.

4 Graphical representation of some obtained solutions

Graphical representation is a significant instrument for communication and it exemplifies evidently the solutions of the
problems. We plot solutions u#jand usfor (3+1)-dimensional Jimbo-Miwa (JM) equation in Figures 1-2, solutions u;and
upfor (3+1)-dimensional Kadomtsev-Petviashvili (KP) equation in Figures 3-4 and solutions upand wugfor
(3+1)-dimensional Zakharov-Kuznetsov (ZK) equation in Figures 5-6 along with y = z = 0. The graphs eagerly have
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shown the solitary wave form of the solutions.

9.8 4

Fig. 1: Kink shaped soliton of JM equation for a; = 1,by = 2,b; = 0.50,A = 3,y = z = Owithin the
interval—5 < x, ¢ < 5. (Only shows the shape ofu;(&)), the left figure shows the 3D plot and the right figure shows the
2D plot fort = 0.
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=400 4

Fig. 2: Singular Kink soliton of JM equation fora; =1,by=1,A = —0.50, y = z = Owithin the interval -5 < x, ¢ <5.
(Only shows the shape ofu; (£)), the left figure shows the 3D plot and the right figure shows the 2D plot fort = 0.
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Fig. 3: Bell-shaped soliton of KP equation for A = 2, y = z = Owithin the interval—1 < x, ¢ < 1. (Only shows the shape
ofu; (&)), the left figure shows the 3D plot and the right figure shows the 2D plot forr = 0.
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-200000

u
-300000 -

-400000
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Fig. 4: Singular soliton of KP equation for A = —0.50, y = z = Owithin the interval—5 < x, ¢ < 5. (Only shows the shape
ofuy (&)), the left figure shows the 3D plot and the right figure shows the 2D plot forr = 0.
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Fig. 5: Kink shaped soliton of ZK equation for a =1, A = 3, y = z = Owithin the interval -5 < x, r <5. (Only shows the
shape ofu (€)), the left figure shows the 3D plot and the right figure shows the 2D plot forr = 0.

1000

-2000 4

Fig. 6: Singular Kink soliton of ZK equation for a =1, A = 0.10, y = z = Owithin the interval—-5 < x,¢ < 5. (Only
shows the shape ofug(£)), the left figure shows the 3D plot and the right figure shows the 2D plot fors = 0.

5 Conclusions

The generalized Kudryashov method is effectively applied to establish exact traveling wave solutions to the
(3+1)-dimensional Jimbo-Miwa (JM) equation, the (3+1)-dimensional Kadomtsev-Petviashvili equation and the
(3+1)-dimensional Zakharov-Kuznetsov (ZK) equation. The aim of this work is to present a reliable treatment for
studying of these three equations. The generalized Kudryashov method is very effective to construct exact solutions and
gives more general solutions. The attained solutions may be convenient for understanding the mechanism of the intricate
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nonlinear physical phenomena in wave collaboration. These consequences are going to very convenient for leading
research in future.
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