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Abstract: In this work, a new Taylor matrix method based on the collocation points and residual correction method is developed to
solve the linear Lane-Emden differential equations with initial conditions. Correction of the approximate solution obtained by Taylor
collocation method is performed by means of the error differential equation with the Residual function. Details of the method are
presented and some numerical results along with error estimation are given to clarify the efficiency and high accuracy of the method.
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1 Introduction

Lane-Emden equations are singular initial value problems relating to second-order ordinary differential equations
(ODEs) which have been used to model several phenomena in mathematical physics and astrophysics such as thermal
explosions [1], stellar structure [2], the thermal behavior of a spherical cloud of gas, isothermal gas spheres and,
thermionic currents [3]. One of the equations describing this type is Lane-Emden equation defined by

LI(0)) =" () + Ly ()4 5(0y(x) = £, 20, 0 x < 1, 1) €€C[0,1, M)
with the initial conditions
¥(0) = y'(0) =B, )

where and are real constants.

In this study, by using the Tau method with error estimation [8] and the residual correction method [5-6-9] we develop
an efficient error estimation for the Taylor collocation method and also a technique to obtain the corrected solution (high
accuracy solution) of the problem [1-2].

2 Taylor collocation method

Let us consider the Lane-Emden equation defined by (1)
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and find the solution in the truncated Taylor series

y'(0)
n!

N
y(x)g Zynﬂa Yn =
n=0

, 0<x <1 3

where y, (n=0,1,...,N) are unknown Taylor coefficients to be determined and N is chosen as N > 2. The solution (3)
can be expressed in the matrix form as
y(x) = X(x)Y O]

where

X(x) = [1xx2--~ xN], Y= [)’0}’1 Y21 N '

On the other hand, it is clearly seen that the relation between the matrix X(x) and its derivative X'(x) is given [7,10] as

010---0
002---0
X'(x) =X(@)B: B=|::: . )
000
000---0
From the matrix equations (4) and (5), it follows that
y(S) (x) = X(X)BSY’ s=0,1,... )

To obtain a numerical approximation to Lane-Emden equation (1) under the given conditions (2), substituting the matrix

relations (6) into Eq. (1), we obtain the matrix equation

Y

X(x)B%Y + SX()BY +5(0)X ()Y = f(x) or (7

xX(x)B?Y + yX(x)BY +xs(x)X (x)Y = xf(x).
By substituting the collocation points defined by
i
Xi = —, i= 0, 1,...7N
N
into Eq. (7), we obtain the system of the matrix equations

X (x;)B?Y + yX (x)BY +x;5(x) X (%)Y = x: £ (x;).-

or the compact notation
PXB’Y + yXBY + SXY =F ®)

The augmented matrix for Eq. (8) becomes briefly

WY =F; W = [w;;] = PXB?+yXB+SX, i,j =0,1,...N )
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which corresponds to a system of N + 1 nonlinear algebraic equations with the unknown Taylor coefficients y, (n =
0,1,...,N) . The matrices in Eq. (8) are as follows:

x0.f (x0) P(xp) 0 - 0
x1f(x1) 0 Plx;)--- O
F= . 7P = . . . )
xn f(xw) 0 0 - Plxn)
xos(xo) O -~ O X(xp)
0 xys(xp) -+ 0 X(x1)
S= . o . X =
0 0 - xns(xy) X(xn)

The augmented matrix for Eq. (9) becomes, briefly,
[W:F] (10)

Next, by means of relations (4) and (6), we can obtain the matrix forms corresponding to the initial conditions (2) as
X(0)Y =« or [100---0;00---005} an

and
X(0)BY =f or [010~~-0;00--~0[3] (12)

Consequently, to obtain the solution of Eq. (1) under the conditions (2), by replacing the row matrices (11) and (12) by
the last two rows of the augmented matrix (10), we have the required augmented matrix

[W: F] (13)

By solving the matrix equation (13), the unknown Taylor coefficients y, (n =0, 1,...,N) are determined. Thus we get the

Taylor polynomial solution

N
yv(x) = Z Yux".
n=0

3 Residual correction and error estimation

In this section, we will give an error estimation for the Taylor collocation method and the residual correction of the Taylor

approximate solution. For our purpose, we can define the residual function of the Taylor collocation method as
Ry (x) = Liv(¥)] = f(x) (14)

where yy (x), which is the Taylor polynomial solution defined by (3), is the approximate solution of the problem (1)-(2),
Hence yy(x) satisfies the problem

Ll (0] =y () + Ly () + 50w () = £0)+ R (15)

wn(0) =@, yy(0)=p
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Also, the error function ey (x) can be defined as
en(x) = y(x) —yn(x) (16)

where y(x) is the exact solution of the problem (1)-(2). Substituting (16) into (1)-(2) and using (14)-(15), we have the
error differential equation

Llen(x)] = Ly(x)] = L[yn (x)] = —Rn(x)
with the homogenous initial conditions ey (0) = 0, ¢}, (0) = 0 or clearly, the problem

e (x) + gefv(x) Fs(en(x) = —Rn(x); en(0) =0, ey(0) =0 a7

Note that, from (16), the inhomogeneous initial conditions y(0) = a, y'(0) = B and yy(0) = ¢, yy(0) = B are reduced
to the homogeneous initial conditions ey(0) = 0, €},(0) = 0. Solving the problem (17) in the same way as Section 2, we
get the approximation ey 5(x) to ey (x) , (M > N) which is the error function based on the Residual function Ry (x).

Consequently, by means of the polynomials yy(x) and ey y(x), (M > N) we obtain the corrected Taylor polynomial
solution yy u(x) = yn(x) + en pm(x). Also, we construct the Taylor error function ey y(x) = y(x) — yn(x), the corrected

Taylor error function En a(x) = en(x) — ey m(x) = y(x) — yym(x) and the estimated error function ey pr(x).

4 Numerical examples

In this section, we show the efficiency of the presented method by using the numerical results of some examples, selected
through Lane-Emden equations. Also, we calculate the values of the exact solution y(x), the Taylor approximate solution
yn (), the corrected Taylor solution yy u(x) = yn(x) + ey m(x), the Taylor error |ey a(x)| and the corrected Taylor error
|Eym(x)| and the estimated error at the selected points of the given interval with 25 digits of accuracy with Maple
programming (see Tablel).

Example 1. [4] Firstly, let us consider the linear Lane-Emden equation

2
V() + 2 () +y(x) = 6+ 12047 447

subject to initial conditions
and

Using the given procedure in Section 3, the fundamental matrix equations of the equation and conditions, respectively,
are obtained as follows:
{PXB? +2XB +SX} = F and X(0)Y = 0, X'(0)BY =0

By taking N = 3, the Taylor coefficients are found as {yo = 0,y; =0,y, = 1,y3 = 1}.
Therefore, these coefficients give the exact solution y(x) = x> +x°.

Example 2. We finally close our analysis by studying the inhomogeneous linear Lane-Emden equation

Y00+ 25/ =202+ 3)(x), 5(0) = 1, ¥(0) =0
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with the exact solution y(x) = e [4].
By following the procedure in Section 3 and Section4, we calculate the values of the exact solution y(x), the Taylor

solution yy(x), the corrected Taylor solution yy a(x) , the corrected Taylor error |Ey a(x)| and the estimated error

len p(x)| at the selected points of the given interval (see Tablel). Table 1 shows that the presented method provides more

accurate predictions of y(x).

Table 1. : Error Analysis of Example 2.

X; Exact Solution Taylor app. Corr.Tay. sol.  Est.err.  Corr.Tay err
) =e" W) wu®)  levw®)]  |Eva(x)]
N=10,M =15
0.0 1.0000000000  1.0000000000  1.0000000000  0.00000 0.00000
0.2 1.0408107741 1.0408274196 1.0408107722  1.66e-6 8.83e-9
04 1.1735108709  1.1735338152 1.1735108685  2.29e-5 7.74e-9
0.6 1.4333294145 1.4333586702 1.4333294115  2.21e-5 4.58e-9
0.8 1.8964808793  1.8965200963 1.8964808752  2.92e-5 1.59¢-9
1.0 27182818284 27183383116 2.7182818226  5.64e-5 8.24e-9
N=20,M =25
0.0 1.0000000000  1.0000000000  1.0000000000  0.00000 0.00000
0.2 1.0408107741 1.0408107741 1.0408107741 8.63e-14 9.43e-18
04 1.1735108709  1.1735108709 1.1735108709 1.04e-14 1.64¢-18
0.6 1.4333294145 1.4333294145 1.4333294145 1.29e-14 3.59%-18
0.8 1.8964808793  1.8964808793 1.8964808793 1.92e-14 1.42e-18
1.0 27182818284 2.7182818284 2.7182818284 2.44e-14 5.44e-18

5 Conclusion

In this work, we carefully employed the reliable modified Taylor collocation method based on the residual correction
method for the solution of linear Lane-Emden equations. Lane-Emden equations, which are of crucial importance in
mathematical physics and astrophysics, are also solved by this method very accurately. Furthermore, an efficiently error
estimation can be done by this method. Hence, it can be approximated by the corrected Taylor polynomial solution to the
exact solution. From given illustrative examples, it can be seen that the method can obtain very accurate and satisfactory
results. An interesting feature of this method is that the exact solution is obtained as demonstrated in Example 1 when the

exact solution is polynomials.

References

[1] PL. Chambre, On the solution of the Poisson-Boltzmann equation with application to the theory of thermal explosions, J. Chem.
Phys. 20 (1952) 1795-1797.

[2] S. Chandrasekhar, Introduction to the Study of Stellar Structure, Dover, New York, 1967.

[3] O.U. Richardson, The Emission of Electricity from Hot Bodies, Longman, Green and Co., London, New York, 1921.

[4] S. A. Yousefi, Legendre wavelets methods for solving differential equations of Lane-Emden type, Appl. Math. Comput. 181 (2006)
1417-1422.

(© 2015 BISKA Bilisim Technology



(_/
24 BISKA B. B. Aslan, B. Gurbuz and M. Sezer: A Taylor matrix-collocation method based on residual...

[5]F. A. Olivera, Collocation and residual correction, Numer. Math. 36 (1980) 27-31.

[6] I. Celik, Approximate calculation of eigenvalues with the method of weighted residuals-collocation method, Appl. Math. (2005)
401-410.

[7]1 S. Yiizbasi, M. Sezer, A collocation approach to solve a class of Lane-Emden type equations, J. Advanced Research in Appl. Math.
(2011) 3:(2) (2011) 58-73.

[8] S. Shahmorad, Numerical solution of general form linear Fredholm-Volterra integro-differential equations by the Tau method with
an error estimation, 167 (2005) 1418-1429.

[9] 1. Celik, Collocation method and residual correction using Chebyshev series, Appl. Math. Comput. 174 (2006) 910-920.

[10] B. Biilbiil, M. Giilsu, M. Sezer, A new Taylor collocation method for nonlinear Fredholm-Volterra integro-differential equations.

Numer. Methods Partial Diff. Eq. 26 (3) (2010) 1006-1020.

[11] B. Giirbiiz, M. Giilsu, M. Sezer, Numerical approach of high-order linear delay difference equations with variable coefficients in
terms of Laguerre polynomials, Math. Comput. Appl., 16 (2011) 267-278.

[12] T. L. Saaty Modern Nonlinear Equations, Dover Publications Inc., New York, 1981.

[13] F. Karakog, H. Bereketoglu, Solutions of delay differential equations by using differential Transform method, Int. J. Comput. Math.
86 (2009) 914-923.

[14] M. Sezer, S. Yalcinbag, N. Sahin, Approximate solution of multi-pantograph equation with variable coefficients, J. Comput. Appl.
Math. 214 (2008) 406-416.

[15] B. Giirbiiz, M. Sezer, Laguerre polynomial approach for solving Lane-Emden type functional differential equations, Appl. Math.
Comput. 242 (2014) 255-264.

[16] E.H. Doha, WM. Abd- Elhameed, Y.H. Youssri, Second kind Chebyshev operational matrix algorithm for solving differential
equations of Lane-Emden type, New Astron. 23 (24) (2013) 113-117.

[17] S. Yiizbagi, M. Sezer, A collocation approach to solve a class of Lane-Emden type equations, J. Advanced Research in Appl. Math.
(2011) 3 (2) (2011) 58-73.

[18] S. Yiizbasi, E. Gok, M. Sezer, Residual correction of the Hermite polynomial solutions of the generalized pantograph equations,
New Trends Math. Sci., 2 (2015) 118-125.

[19] S. Yiizbagi, Approximate solutions of the hyperchaotic Rossler system by using the Bessel collocation scheme , New Trends Math.
Sci., 2, (2015) 70-78.

[20] S.K. Varani, A. Aminataei, On the numerical solution of differential equations of Lane-Emden type, Comput. Math. Appl. 59
(2010) 2815-2820.

[21] B. Giirbiiz, M. Sezer, Laguerre collocation method for solving Fredholm integro-differential equations with functional arguments,
J. Appl. Math. 2014 (2014) 12.

[22] E. Doha, A. Bhrawy, D. Baleanu, R. Hafez, A new Jacobi rational-Gauss collocation method for numerical solution of generalized

pantograph equations, Appl. Numer. Math. 77 (2014) 43-54.

(© 2015 BISKA Bilisim Technology



