c.—/
NTMSCI 4, No. 4, 239-244 (2016) BISKA 23

.~ NewTrendsinWathematcal Sciences

http://dx.doi.org/10.20852/ntmsci.2016.109

Some properties of K< set

Funda Karacal, Mehmet Akif Inc& Umit Ertugruf

L3Mathematics Department, Karadeniz Technical Univer3itgbzon, Turkey
2Mathematics Department, Recep Tayyip Erdogan UniverRie, Turkey

Received: 31 August 2016, Accepted: 30 October 2016
Published online: 13 November 2016.

Abstract: In this paper, an order which is subset of the natural order of [0,1] is considered. A set denoted By containing
some elements which are comparable with respest but incomparable with respect to is defined by using ordex. Some useful
properties oK« is investigated.
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1 Introduction

In mathematics, a partially ordered set (poset) formalizieng, sequencing or arrangment of the elements of a set.
Simply, a poset is comprised of a set with a binary relatidre Telation is called partially orders to express the faat th
not every element precedes the other. Because such a atiwstris more general, partial order is very effective for
algebra. One can easily argue that posets are very impaarthey plays fundamental roles in many particular fields of
mathematics such as lattice theotyZ, 5], triangular norms11], fuzzy logic and its application$[13].

Triangular norms (conorms) are binary operation, definedOoh] unit real interval at first, satisfies properties of
monotonicity, associativity, commutativity and neutr&raent. Therefore([0,1],<) is an useful poset for triangular
norms. When viewed from this aspect and having importancénformation science in mind, It is quite natural that
many researchers have studied on t-norms and their prepéti,8,11,15]. On the other hand, the ordet which is
sub-order of [0, 1], <) is noticeable topic for both t-norms (t-conorms) and oritheery [3].

In this study, we worked< set and its some properties such as partitiorkKefconsidering arbitrary sub-order of
(0,1, <).

This paper proceeds as follows: first, in Section 1 we givebidisic definitions and notations. Secondly we investigate
some properties df<. If K< is nonempty, we show th# is infinite. Again ifK< is nonempty, then for any € Ky, we
proved that there exists a maximal interval contain&fter that, we show that every elements not comparable thigh
elements oKy according to=< are also irky. With the help of these properties, we obtain a partitioK of

2 Preliminaries

Definition 1.[1] A partially ordered set or shortly poset P is a set in which ady relation x< 'y is defined, which
satisfies following conditions for y z:
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(i) Forallx, x<x.
(i) Ifx<yandy<x,thenx=y.
(i) Ifx<yandy<z, thenx z.

Furthermore, the binary relatiort which has the above properties is called an order on P. A p@seth respect to order
< is denoted by the pair P, <).

Definition 2. [1] A poset which satisfies the following condition is said to bieiply” or "totally” ordered and is called
a chain:

Given x and Yy, either X y or y < x.

Itis clear that every pair of elementg/ of a poseP may not providex <y ory < x. Such elements are called incomparable
elements. Dually, if the pair of elementsy of a posetP providesx <y ory < x, such elements are called comparable
elements. An upper bound of a subXetf a posef is an elemené € P containing everyx € X. The least upper bound
is an upper bound contained in every other upper bound; gi®tkd .u.b.X or SupX By Definition 1, SupXis unique

if it exists. The notations of lower bound &fand greatest lower bound.[.b.X or InfX) of X are defined dually. Again
by Definition1, InfX is unique if it exists.

Definition 3. [1] A lattice is a poset P any two elements havelabgor “meet” denoted by x\y and, Lu.b. or “join”
denoted by x' y. A lattice L is complete when each of its subsets X hasla band a gl.b. in L.

Definition 4. Let P be a poset witke. If an order= provides the following condition, thexi is called a subset of:
VxyePR, x=xy=x<y.

Let P be a poset with<, < be a subset ok andX C P. We write\/ X and A X if we mean respectivelupXandinfX
with respect to< and we write\/ - X and A X if we mean respectivelupXandin fX with respect to< (if they exist).

Let (L, <) be a lattice andk be a subset of. We consider the following equality:

\/(X/\ﬁ Yr) =XA< (\/yr)

T

for all {x,y;| T € T} CL.We sign this property witk — property Also, hereafteX denotes natural order ¢, 1]
and an order denotes any subset &f in this work. It's known that([0, 1], <) is a chain (also a lattice). If we assume
<+#<, then at least there are two elemextge [0, 1] which are incomparable with respect to the ordeHence, in this
situation the following set should be nonempty:

{xe[0,1]] forsome ye€[0,1], [x<y implies xAy] or [y<x implies y#£x}.

We will useK< symbol to denote this set.

3 Some properties oK< set

Proposition 1.K< is an empty set if and only (f0, 1], <) is a chain.

Proof. LetK< is an empty set. Then, for ame [0, 1] we can'tfindy € [0,1] providesix <y implies xAy] or [y<
x implies y#£X]. So, for allx,y € [0,1] we havex < y ory < x. Conversely, if [0,1], <) is a chain,then for akt € [0, 1],
there exists ng € [0, 1] providesK< conditions. SoK- is an empty set.
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Remarklf K is empty, note thak=< in Propositionl.

Proposition 2. If K< is a nonempty set, then there exists a subinterval-ot#ntaining for any element& K<, and so
K< is infinite.

Proof. Let K< be non-empty. TherkK< contains at least one member. xaienote such an element. By the definition of
the set<, there is an elemey € [0,1] such thak <y, butx £ yy, oryx < x butyy £ x. Without loss of generality, let us
assume that <y, butx £ yx. Now, we shall show thdk,y,] C K<. Suppose thak,yx] Z K<. Then, there is an element
C € [X,yx] such that ¢ K. So, it must bex < c andc < yx. By the transitivity of the ordex, it is obtained thak < yy, a
contradiction. Then, it must &, yx] C K<. That means thad{« is infinite and[x, yx| is a subinterval oK< containing the
elementx € K<.

Theorem 1.Let K< be nonempty set. For K<, there exists a maximal subinterval (the greatest subiai@Ky of K<
such that xc Ky. Moreover, the family

M:={Kx| Ky, i€l isamaximalsubinterval of K}

is a partition of K<, where the index set | is finite or countably infinite.

Proof. Let x € K< be arbitrary and# be a set defined by
o :={K| KCK< isansubinterval such thatx € K}.

By Proposition2, <% is non-empty. Also, it is clear thdte, C) is a poset. Le{Kj| j € J} be any chain of ¢4, C).
Thent K; = K* is a subinterval oK< i.e. K* € 4. Thus, by Zorn2s Lemma, has a maximal element. Let us denote
by K« such a maximal interval.

Let us show thaM is a partition ofK<. Again, by Propositior2, M is nonempty. LeKy, # Ky; for anyi, j € I. In this
case, itis clear thaty, NKy, = 0. Also it is clear thati| Ky = K<.

(Kx )i are the intervals and each of these intervals is nonemptyrerdfore, contains some rational numbers, which
can be used as an index set of the corresponding intervakegoently, the cardinality of the resulting index kean
not exceed the cardinality of all rational numbers[Qril]), i.e,| must be a finite or countably infinite set.

Lemma 1. Let Ky C K< be the greatest subinterval okkcontaining the element x. Then, every elements incomparabl
with the elements ofaccording to=< are also in K. Also, for any ye Ky, Ky = Kjy.

Proof. For anyy € Ky, it is clear thak € Ky C K. Sincex € Ky, itis clear thaky C Ky. ThenKy = K.

Lety € Ky andky be an incomparable element wittaccording to<. By the definition, eithey < k, buty A ky orky <y
butk, Ay. Lety < ky buty £ ky. Suppose tha, ¢ K« = Ky. Then, there exists the greatest subintelg@lcC K~ such that
ky € Ki,. ThereforeKy # Ky, and in this case, it is clear thi§ Ky, = 0. Then, there exist at least one an elentehK-
such thay <t < ky. By the definition oK, we havey <t < k. This inequality implieyy < ky, a contradiction. It means
thatky € Ky. Moreover, for any € Ky, it is clear thaKy = Ky.

Proposition 3. Let ([0, 1], <) providex — property and k C K< be the greatest interval containing the elemenrt K.
Then, K is a lower half-open interval.

Proof.Let Ky be not lower half-open interval. Then there is an elengenKy such that for any € Ky, ¢ <. Sincec € Ky,
there exists an elemexg not comparable witle. By Lemmal, x; € Ky. Thus,c < xc andc £ x.. There exists a sequence
(%n)neny» such thafxa|n € N} ¢ K< andsupx = c. Thus for everyn € N, x, < Xc. Then for somé, € [0,1],n€ N,

Xn = XcA<ln
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Since([0, 1], <) provides« — property, we have that

c= \/Xn = \/(XC/\5|n) = Xc/\j(\/ln)-

n n

Then it is obtained that < x¢, a contradiction. S&y is a lower half-open.
Proposition 4. Every element of Kis a derived point of K.

Proof. Let x € K< be arbitrary and I8t} be any neighborhood of Then for some An> 0,B(x,1/n) CU. Sincex € K<,
there existsyx € [0,1] such thatx <y, impliesx £ yx or yx < x impliesyy £ x. Letyx < x ande* := min{e, 1/n} for
€:=Xx—Yyx> 0. It follows B(x,e*) \ {x} CU \ {x} from B(x,e*) C B(x,1/n) C U. By the proof of PropositioR, since
[yx,X] € K<, we obtain thafx— £*,x] C [yx,X] € K<. On the other hand, it is clear that— £*,x] C B(x,£*). Then, we
obtain that

U\ {x} K< #0.

Thus,x is an derived point oK.

Theorem 2. Let {0,1} C B C [0,1] be an arbitrary set. If there exists a familyu;,Vv;))ic; of pairwise disjoint open
sub-intervals of0, 1] such that

Uu,w) €[0.1\BC (J(ui,vi,

iel iel
where | is finite or countably infinite index set, then theransorder < which is subset o£ such that B coincides with
the set of all comparable elements[@f1] with respect to<.

Proof. Let B be a subset 0f0, 1] satisfying the given inequalities aridbe a finite or countably infinite index set. Let
((ui,vi))iel be a family of pairwise disjoint open subinterval[6f1]. Then,[0,1] \ B can be represented as a union of a
finite or countably infinite family of pairwise disjoint imteals (B;)ic|, where for each € |, eitherB; = (a;,b;) or B; =
(&, by] for suitablea;, b € [0, 1] and whereB; U B; is not an interval foi # j. Then, the functior : [0,1] x [0,1] — [0, 1]
defined by
X*y:{a;. (X,y)E.BiXBi7
min(x,y) otherwise

is clearly a binary operation and the order defined by
x<Xy:& forsomel € [0,1] i x=yx/(

is clearly a subset of on [0,1]. Now, we will show that the set of incomparable elementfof] with respect to=
coincided0,1] \ B.

Let consideK <, we shall prove thak< = [0,1] \ B. Letx € [0,1] \ B. Then, for somé € I, x € B;. We claim that for any
y € By with X <y, it must bex £ y. Suppose that for somec B; with x <y, x <y. Then, for somé € [0,1], x=yx* (. If
¢ € B, it would bex =yx* ¢ = @& ¢ B;, which is a contradiction. Sincé¢ B, x = y* ¢ = min(y,¢). Sincex #Yy, x=/¢
contradicts thax € B;. So, for anyy € B; with x <y, it must bex A y. Then, it is obtained thate K<.

Conversely, lek € K<. Then, there is an elemeyt [0, 1] such thax < y impliesx Ay ory < x impliesy £ x. Assume
thatx <y butx A y. If for everyi € |, x ¢ Bj, thenxxy = min(x,y) = x contradicts thak £ y. Then, for some € I,
X € Bj. Thus,x € Ui Bi = [0,1] \ B. So, it is obtained thak< = [0,1] \ B. SinceB = [0,1] \ K<, B is the set of all
comparable elements {4, 1] with respect to<.
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Theorem 3.Let{0,1} C B C [0, 1] be an arbitrary set. If[0, 1], <) provides« — property and B coincides with the set of
all comparable elements ¢, 1] with respect to<, then there exists a finite or countably infinite index setd arfamily
((ui,vi))iel of pairwise disjoint open subintervals [ 1] such that

Uui,w) € 10,2\ BC [ J(ui,vi.

i€l il
Proof. By Theoreml, it is clear that there exists such an indexIsétet ([0, 1], <) be a<-supremum distributive lattice
andB coincides with the set of all comparable elementfof] with respect to<. Thus,[0,1] \ B= K<. By Theorenm,
there exists a partition df< such that for any; € K<

{Kx| Kx, i€l isamaximalsubinterval df<}.

Since ([0,1], <) providesx — property by Proposition3 for everyi € |, Ky, is a lower half-open interval. Thus, for
u,vi € [0,1],i €I, Ky = (ui,v) or Ky, = (u;,Vvi]. Therefore, for any € |

(ui,vi) CK< or (u,vi] CKx.

Then, clearly

U(ui,vi) CK<=[0,1]\BC U(ui,vi].

i€l i€l

4 Conclusion

In this paper, the order which is subset of natural ordet on [0,1] is handled and< set is defined using the order
=. In addition, some properties & are investigated, in this manner, some results on the oalagtween< and< are
examined. On the other harg set which is greatest interval 8 containing the elementis defined and properties of
Kx, relationship betweeldx andK are researched.
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