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Abstract: In this paper, we introduce and study an extended mixed ibruih problem by using auxiliary principle technique. A
generalized predictor-corrector iterative algorithmesided for solving extended mixed equilibrium problem. Thewergence of the
method mentioned requires some condit{6y g-relatively relaxed Lipschitz continuity and relativedyrelaxed monotonicity of the
mappings.
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1 Introduction

An important generalization of the variational inequafitypblem is an equilibrium problem. It has been shown that the
equilibrium problem provides a natural, novel and unifieanfework to study a wide class of problems arising in
nonlinear analysis, optimization, economics, finance aachey theory. The equilibrium problem includes many

mathematical problems as particular cases such as matbhahy@bgramming problems, complementarity problem,
variational inequality problems, fixed point problems, miax inequality problems, Nash equilibrium problems in

non-cooperative games, etc., sée[4,6,11].

It is well known that there are many numerical methods iniclgdorojection method, resolvent operator technique,
Wiener-Hopf equation, extragradient and descent methodssélving different variational inequality (inclusion)
problems. Since it is impossible to find the projection ineca$ equilibrium problems, thus the above mentioned
methods can not be applied. To over come this difficulty N8bahd Ding P] has used the auxiliary principle technique
to suggest some predictor-corrector iterative algoritton dolving some equilibrium problems. In this paper, we
introduce and study an extended mixed equilibrium problérithvinvolves single as well as multi-valued mappings by
using auxiliary principles technique. By using conditi¢t), relatively g-relaxed Lipschitz continuity and relatively
g-relaxed monotonocity of the mappings, we define a genedlzedictor-corrector iterative algorithm to approxiemat
the solutions of extended mixed equilibrium problem. Hinalonvergence analysis is discussed.

2 Preliminaries

LetH be a real Hilbert space equipped with nojtr| and inner product:, -). LetCB(H) be the family of all nonempty
bounded closed subsets ldf Let A/B: H — CB(H) be the multi-valued mappings afiG,g: H — H be the single
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valued mappings. Leff : H x H — H be the mappings ani be the closed convex subset idf we introduce the
following extended mixed equilibrium problem:

Findx,y € H,g(x) € K,u € A(x),v € B(x) such that

F(P(u)—G(v),g(y) —9(x)) > 0, Vg(y) € K. 1)

If Pis an identity mappind3, B =0 andg(y) — g(x) = g(y), then problemZ) reduced to the problem of findinge H,u €
A(x) such that

F(u,g(y)) >0, Vg(y) € K. 2

Problem @) is introduced and studied by No@j[ If Ais single-valued mapping, then proble®) is equivalent to finding
xeH

F(A(X),9(y)) >0,V g(y) € K. 3)

Problem(3) is called general equilibrium problem.

If A=1 = g, the identity mappings, then the probleB) éncounters with the original equilibrium problem intregd
and studied by Blum and Oettl’] and Noor and OettliT].

If F(x,y) = (X,y), V X,y € H, then from problem), we can obtain many variational inequality problems sddn
recent past. It is clear that for appropriate choices of rmaEpinvolved in the formulation of extended mixed
equilibrium problem {), one can obtain many existing equilibrium problems, \&tal inequality problems and
complementarity problems.

Definition 1. Let AB:— CB(H) be the multi-valued mappings,®,g: H — H be the single-valued mappings and K a
closed convex subset of H. Then

(i) Pis said to be relatively g-relaxed Lipschitz continuousidre is a constant k 0 such that
(P(u1) = P(u2),9(x) — 9(¥)) < —KIg(2 — g% ¥ u1 € A@),uz € A(X),9(x),9(¥),9(2) €K.
(i) G is said to be relatively g-relaxed monotone if there is astant c> 0 such that
(G(v1) — G(v2),9(y) —9(x)) > —¢lg(2) —g()*, Vvi€B(2), v2 € B(X), 9(x),9(y),9(2) €K.
We use the following condition for the proof of our results.
Condition(x):  F(P(u1) = G(v1),9(x) —g(y)) + F(P(u2) — G(v2),9(y) — 9(x))
< (P(u1) — P(u2),9(x) — 9(¥)) — (G(v1) — G(v2),9(y) — 9(x)) + a[|g(2) — g%
for somea > 0,u; € A(2), up € A(X), v1 € B(2), v» € B(x), 9(x),9(y),9(2) € K.
Lemma1.[10] Let X and Y be the topological spaces and X — 2% be an upper semi-continuous, multi-valued

mapping with compact values. Suppdsg} is a sequence in X such thaf x> Xo. If yo € T(Xq) for eacha, then there
existay € T(x) and a subsequendgp} of {yq } such that § — yo.
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3 Iterative algorithm and existence result
We begin this section by defining a generalized predictorembor iterative algorithm for solving the probled) (

For givenx,y € H,g(x) € K, u € A(x),v € B(x), consider the following corresponding auxiliary extendatked
variational inequality problem:

FindX e H,g(X) € K such that

(9(%) —9(x),9(y) — 9(X)) + pF (P(u) — G(v),9(y) —9(X)) = 0, Vg(y) €K, 4)
wherep > 0 is a constant.
If X = x, then the problem4) is nothing but problem ). This enables us to define the following generalized
predictor-corrector algorithm for solving extended mixeeplilibrium problem ).
3.1 Iterative Algorithm

For a givenxo,yo € H, g(xo) € K, Up € A(Xp), Vo € B(Xp), 0 < € < 1, compute the approximate soluti¢h, un,vn) of
problem () by the following schemes:

(9(Yn) —9(xn),9(Y) — 9(¥n)) + LF (P(un) — G(vn),9(y) —9(yn)) > 0, Vg(y) € K. (5)
(9(zn) — 9(¥n),9(Y) — 9(zn)) + BF(P(an) — G(bn),g(y) —9(zn)) >0, Vg(y) € K. (6)
(9(%n+1) —9(zn),9(Y) — 9(Xnt1)) + PF(P(en) — G(fn),9(y) — 9(Xn+1)) > 0, Vo(y) €K, (7

where

Un € A(Xn), [[Un+1— Un[| < D(A(Xn+1), AlXn)) + €[Xns-2 — Xnll,
Vin € B(Xn), [[Va1 — Vnl| < D(B(Xn+1), B(Xn)) + €[[%n+1— Xnl,
an € A(Yn), [[an1—an[ < D(A(Ynt1),AYn)) + €llYni1—Yall,
bn € B(Yn), [|bny1—bnl[ < D(B(Yni1),B(Yn)) + €l[Ynt1—Ynll,
€ € A(Zn), [[€r+1— enl| < D(A(Zn11),A(z0)) + €lZnt1 =z,

fo € B(z), [[fns1— foll < D(B(za11),B(zn)) + €l zns1— 7, (8)

wherep, B, p > 0 are constants arid is the Hausdorff metric o&8B(H).

The following lemma is useful for our convergence analysis.

Lemma 2. Let (x,u,v) be an exact solution of extended mixed equilibrium probl&and {x,}, {un} and {v,} be the
approximate sequences generated by AlgoritBf).(Suppose that P is relatively g-relaxed Lipschitz coraimswith
constant k> 0, G is relatively g-relaxed monotone with constant €, and condition(*) is satisfied. Then the following
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inequalities hold:

9(Xn+1) — 9(%) I < 19(Xn) — 9(X)[|? — [1— 2p(a +c— K)][g(Xn+1) — 9(z0) |12, 9
19(z0) — 9(9[|* < 19(z0-1) — 9 ||* = [1— 2B(a + ¢ = K)][|g(zn) — 9(yn) 1%, (10)
19(yn) = 9(xn)[1* < [19(¥n-1) — 9O[|* = [1— 2 (e + = K)]||g(yn) — 9(%n) [|*. (11)

Proof. Let (x,u,Vv) be the solution of extended mixed equilibrium probléhn.i.e.,x € H, u € A(x),v € B(x),g(x) € K
such that

UF(P(u) —G(v),g(y) —9(x)) > 0, V g(y) €K, (12)
BF (P(u) —G(v),g(y) —9(x)) > 0, V g(y) €K, (13)
pF(P(u) —G(v),g(y) —9(x)) > 0, Vg(y) €K. (14)

Puttingy = X1 in (3.11) andy = xin (7) we have

PF(P(u) = G(v),g(xn1) —9(x)) 2 0,V g(x) € K, (15)

(9(%n+1) —9(2z0),9(X) — g(Xn+1)) + PF(P(en) — G(fn),9(X) — 9(Xn+1)) = 0. (16)
Adding (15) and (L6) we have
(9(*n+1) = 9(zn),9(%) = 9(*n11)) = —P [F (P(en) — G(fn),9(X) — 9(¥ni1)) + F (P(U) = G(V),9(Xn+1) —9(X)].  (17)
Using condition(*) we have
F(P(en) — G(fn),9(X) — 9(Xn+1)) + F (P(u) — G(v),9(Xn11) — (X))
< (P(en) = P(1),9(X) — 9(%n+1)) — (G(fn) — G(V),9(*n+1) — 9(X)) + a]|g(zn) — 90%n+1) |- (18)
SinceP is relativelyg-relaxed Lipschitz continuous arlis relativelyg-relaxed monotone;18) becomes
F(P(en) — G(fn),9(x) — g(Xn+1)) + F (P(u) — G(v),9(Xn11) — 9(X))
< —K[9(z) — 90n+1) |2 + ¢l 9(zn) — 90n+0) 12+ a|9(z0) — 90401 = (@ +c—K)[lg(z) —g(xn:0) % (19)

Using (19), (17) becomes

(9(%11) — 9(z0), 9(0) — I(Xnt1)) > —p(a +C—K)[|9(Zn) — 91 [ (20)
Since

2 2
I I

19(X) — 9(zn)[|* = [I9(X) — 9(*n+1) + I(Xn+1) — I(Zn)

= [19(x) — g0n2)|I? + 190n+1) — 9(2n)II> + 2(9(%n+1) — 9(20). (X) — Y(Xn1-1)).-
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It follows from (20) that

(9(%n11) — 9(z0), 9(X) — 90n+1)) = 5 [19(X) — 9(z) |2 = |9(Xn+1) — IX)|? = |9 (Xn+1) — O(Zn)|%]

NI

> —2p(a +¢c—K)[|g(Xn+1) — 9(z) ][>

Therefore, we have

19(xn+1) =91 < 19(z0) — 9(X)II* — [~ 2 (@ +C—K)] | g(%n+-1) — 9(20)II?

< Jlg(z0) —9g(x)|%, (21)

forp < Wl&k) and(a +¢) > k. Puttingy = z, in (3.10) andy = x in (6), we have
BF (P(u) = G(v),9(zn) —9(x)) = 0, (22)
(9(zn) — 9(¥n),9(X) — 9(zn)) + BF (P(an) — G(bn),9(x) —g(zn)) > 0. (23)

Adding (22) and23we have
(9(zn) = 9(¥n),9(X) = 9(z)) = —B[F (P(an) — G(bn),9(x) — 9(z0)) + F(P(u) = G(v),9(z0) —9(x))].  (24)
Using the conditior{*) we have
F(P(an) — G(bn),9(x) — 9(z)) + F(P(u) — G(v),g(zn) — 9(x))
< (P(@n) — P(u),9(X) — 9(zn)) — (G(bn) — G(v),9(z) — 9(¥)) + a[|g(zn) — G(¥n) |- (25)
SinceP is relativelyg-relaxed Lipschitz continuous ar@lis relativelyg-relaxed monotone26) becomes
F(P(an) — G(bn),9(X) —9(z)) + F(P(U) — G(v).9(z) — 9(x))

< —K||9(zn) — 9(¥n)[I* + ¢l|9(zn) — 9(yn) |I* + al|a(z0) — A(yn) 12

= (a+c—K)[|lg(z) —g(yn)|> (26)
Using (26) ,(24) becomes
(9(z) — 9(¥n), 0(X) — 9(2a)) > —2B(a +c—K)[|9(za) — g(yn) |- (27)
Since
19(x) — g(yn)lI” = 19() — 9(zn) +9(20) — G(yn)[I?

= [|9(x) — 9(z0)l*+ 19(zn) — 9(¥n) >+ 2(9(X) — 9(2n), 9(2z) — Y(¥n))-
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It follows from (27) that

(9(z0) — 9(¥n).9() — 9(zn)) = %[HQ(X) =9(yn)lI* ~ 19(x) — 9(z0)|* ~ ll9(z0) — 9(yn)II%]
> —2B(a+c—K)[g(z) — g(vn)lI*.

Therefore, we have

9(z0) — 9(¥)[|* = [19(yn) — 9(X)[|* = (1= 2B(ar +c—k))[|9(zn) — () [|* < [|a(yn) — 9(X) ||, (28)

for B < Aaierk) ‘HHK and(a +¢) > k. Puttingy = yn in 22andy = xin (5), we have

UF (P(u) — G(u),9(yn) —9(x)) > 0. (29)
(9(yn) —9(Xn),9(X) — 9(¥n)) + HF (P(u) — G(u),g(X) — g(yn)) = 0. (30)

Adding (29) and B0), we have
(9(yn) —9(*n),9(x) = 9(¥n)) > —p[F (P(u) — G(u),g(x) — g(yn)) + F (P(u) — G(u),g(yn) — 9(x))]- (31)

Using condition(*), we have
F(P(un) — G(n),9(x) — g(¥n)) +F(P(u) — G(v),9(¥n) — 9(x))
< (P(un) — P(u),9(X) —g(¥n)) — (G(Vn) — G(V), g(¥n) — (X)) + arllg(¥n) — gxn) | (32)
SinceP is relativelyg-relaxed Lipschitz continuous ar@lis relativelyg-relaxed monotone3@) becomes
F(P(un) — G(vn),9(x) — g(¥n)) +F(P(u) — G(v),9(¥n) — 9(x))
< —Kllg(yn) — 9(xn) 1>+ cllg(yn) — g(xa) > + allg(¥n) — 9(xn) |12
= (a+c—K)g(yn) — 90> (33)
Using (33), (31) becomes
(9(¥n) — 90), 9(x) = g(yn)) > —2p(a +c—K)[lg(vn) — 90xn) > (34)

Since

19(%n) — () |* = [|9(X) — 9(¥n) + 9(¥n) — 9(xn) |2

= 190 — g(¥n)[I? + 19(¥n) — 9(xn) |? + 2(9(X) — 9(¥n), G(¥n) — I(*n))- (39)
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It follows from (34) that

2
I

(9(¥n) — 9(%), 9(X) — g(¥n)) = % [la(x) — ayn) 1> = 19(x) — g(yn) |12 = [l9(¥n) — 9(%n)[|?]

> 2p(a+c—K)llglyn) — g%

Therefore, we have

19(yn) =991 < [1g(0) = g(X) 1>~ [1 — 2u(a +c = K)][|g(yn) — 91> < [9(x0) — 9(¥) %, (36)

for u < m, (a+c¢) > k. From 1), (28) and 36), the inequalitiesY), (10) and (L1) hold.

Theorem 1.Let H be a real Hilbert space and K be a nonempty closed conveses of H. Let AB: H — CB(H) be
upper semi continuous, compact valued and D-continuous-ralued mappings with t as D-continuous constant of A
andy as D-continuous constant of B. Let §i — H be a single valued continuous mapping such that g is ormto-
Let F: H x H — H be a continuous mapping such that conditi¢h is satisfied. Let PH — H is relatively g-relaxed
Lipschitz continuous with constantk0 and G: H — H is relatively g-relaxed monotone with constant ®. Then for
any giveny € H,g(X) € K, Up € A(Xo), Vo € B(Xo), the iterative sequencé€sg, }, {un}and{v,} generated by the Algorithm
3.1 with

ar>0,0<p,u,[§<2 (a+c) >k,

_
(a+c—k)’

converge strongly to a solutidix,, U, Vo) Of extended mixed equilibrium problei).

Proof. Let (x,u,Vv) be a solution of extended mixed equilibrium probleth Sincea,c,k > 0 and

ar>0,0<p,u,[§<2 (a+c) >k,

(a+c—k)’
it follows from the inequalities9) to (11) that the sequencdd|g(xn) — a(X)||}, {lla(zn) — a1}, {lla(yn) — g(X)||} are
non-increasing and consequeniks}, {z,} and{v,} are bounded sequences. Also we have

[

Zo[l’ 2p(a+c— K90 1) —9(z)|1* < 9(%) — 93|,

n=

(o]

3 [1-2p(a+c—K)]llglyn) — g0n))lI* < [l9(¥e) — g%,

n=0

00

20[1— 2B (0 +c—K)]||9(zn) — 9(yn)|I” < l19(z0) — 9(x)|1%.

n=

The above inequalities imply that
lim [|g(xns1) —9(z)[1* =0,
lim [|g(yn) —g0%)[1> =0,

n—oo

lim llg(z) — g(yn) > =0.
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Thus, we have

9(¢n+1) — 90%) | < [[9(Xn+1) — 9(Z0)[| + [19(z0) — 9(Yn) | + [19(Yn) — 9(Xn) ||

— 0, as n— oo,

Since{xn} and{yn} are bounded sequences aid one-to-one, we have subsequenpes} and{yn, } such thafx,, } —

Xo and{yn; } — Xo andg(xn;) — 9(%o),9(¥n;) — 9(Xo) wherey(xo) € K. As A, B are upper semi continuous and compact
valued, by Lemma 2.1, there exist subsequercgs} of {un } and{vy;} of {vy} such thatu,; — Uo andvn; — Vo,

Uo € T(Xo) andvy € B(Xo). By (5), we have

(9(ynij) — 9(%n; ), 9(Y) — 9(¥ni;)) + HF (P(Un; ) — G(vn;),9(y) —9(yn;)) =0, Valy) € K. (37)

By the continuity ofF, P,G andg, letting j — « in (37), we have

F(P(Uo) — G(Vo),9(y) —9(%)) >0, Vg(y) € K,

i.e., (X, Uo, Vo) is @ solution of extended mixed equilibrium problet. (t follows from Algorithm 3.1, that

[[Un+1— Un| < D(A(Xn11), AX)) + €[ Xn+1— Xl
< X412 — Xl + €l Xnr1 = Xnl

= (t+€)[[Xns1—Xn|| = 0, aS N— 0.
It remains to show that € A(x). In factu, € A(x) and
d(u,A(x)) < max{d(un,A(X)), sup d(A(xn),w1)}

wy €A(X)

<max{ sup d(A(W2),X,), sup d(A(x),w1)}

W2EA(X) W €A(X)

= D(A(Xn),A(X)).
Then we have

d(u, A(X)) < [|u— unl| + d(un, A(X))
< [lu= unl| + D(A(n), A(X))

< |lu—up|| +||¥n—X|| — O, as x— oo,

which implies thad(u, A(x)) = 0. SinceA(x) € CB(H), it follows thatu € A(x). Similarly, we can show that € B(x).
This completes the proof.
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