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Abstract: In this work, we reveal a new equality for differentiable €tions. By using this equality, we have some new Ostrowkétyp
inequalities and some error estimates for the midpoint édarfor functions whose derivatives in absolute values gagepowers are
GA-convex.
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1 Introduction

The following result is known in the literature as Ostroviskiequality [7];

Theorem 1.([2, 8]) Let f: [a,b] — R be a differentiable mapping ofa, b) with the property thatf’ (t)| < M for all

t € (a,b). Then
at+b)2
}4_@] (1)

‘ 1
4 (b-a)

f(x)—n/:f(t)dt‘ < (b—a)M

for all x € [a,b].

The constam}1 is the best possible it means that it cannot be replaced byafiesraonstant. The inequalityl) can be
expressed in the following form:

b
109 pog [ tod] < gt @

(x—a)?+ (b—x)?

5 .
For some results which generalize, improve and extend thguialities(1) and (2) we refer the reader to the recent
papers (seel}2,4,5,7,8,9]).

In [6], Niculescu gave definition of GA-convex functions as folk

Definition 1. A function f: 1 C [0,00) — R is said to be GA-convex on |, if
f (XYY <tf () +(1-t) f(y) ®)

holds forall xy €  and t € [0, 1].

In [3, Theorem 3.3]Jscan presented Hermite-Hadamard inequality for €éenvex functions in the second sense as
follows:
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Theorem 2.([3]) Suppose that fl C (0,0) — R is GA-s-convex function in the second sense abd=d with a < b. If
f € L[a,b] then one has the inequalities:

- 1 bf(x) f(a)+f(b)
s-15 (\/ab) < < .
2 f( ab)_lnb—lna/a X dx< s+1 )
If one chooses = 1 in (4), one has Hermite-Hadamard inequality for GA-convex funtdias follows:
1 b f(x) f(a)+ f(b)
Vvab) < <
f( ab) - Inb—Ina/a X dx 2 ' ®)

2 New Ostorowski type inequalities

We will use the following equality for proving our main reail

Lemma l.Let f: 1 C (0,0) — R be a differentiable function orf Isuch that ab € | with a< b. If f' € L [a,b] then

f (X)f Inbilna/ab f Eju)dU: (Ina—lnb)/olp(t) (atblft) £ (atblft) dt ©6)

where

R
p(t) = {t—l,te (Inbflnx 1]

Inb—Ina>

for all x € [a,b].

Proof. Using integration by parts then changing variables foiofwlhg integral, we have

1
(Ina—Inb)/O p(t) (albt) ' (albtt) dt

Inb—Inx
= (na—Inb) U T (@bt f (@b Y dt [ (1) (abtY) f’(atb“)dt]

0 mb-Tna

Inb—Inx 1

f (alpl-t) |Inb-Tna .'L‘b:'ﬂ; tpl-t f (atpl-t 1 f (atpl-t
—(na_mnb) |t/ @2 e 1ERY gy TERY) —/ e

Ina—Inb o Jo Ina—Inb Ina—Inb{ . Jibdnx Ina—Inb

Inb—Ina

_ (Inb—Inx 1 b f(u) Inb—Inx 1 x £ (u)
(Inb—lna)f(x) 7Inb—|na/x u du+<1lnb—lna>f(x)Inb—Ina/a y au

S — /b G/

“Inb—Inata u

This completes the proof.

Theorem 3.Let f: 1 C (0,0) — R be a differentiable function orf lsuch thatab € | witha<b and f € L[a,b]. If |f’|
is GA-convex offg, b, then for all xe [a, b], we have

‘f(x) 1 /ab f EJU)du

“Inb—1Ina

< (Inb—Ina) l]f’(a)\

H1 (a,b,x) ,
+H3(aab’x)‘| o)

Hz (a, b7 X)
+Hgy (a, b7 X) ] ] (7)
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3
where
Hl(a,b,x):f%[(lnbfInx)2x+2(lnbfInx+1)x72b],
(Inb—Ina)
p— 2 — p—
Ha (a,b,X) = 1 _ (Inb—Inx)“x+ (Ina—Inb+2) (Inb — Inx) x ,
(Inb—Ina) +(Ina—Inb+2)x+blnb—blna—2b
2
Ha (a,b,x) = 1 _ —(Inb—=Inx)“x+ (Inb—Ina—2) (Inb—Inx) x 7
(Inb—1Ina) +(Inb—Ina—2)x+alnb—alna+2a
1 2
Hs(a,b,x) = —— |(Ina—Inx)*x—2a+2(lna—Inx+ 1) x| .
X = na)? [ ) ( i
Proof. By using GA-convexity of|f’| on Lemmal, we have
1 bf(u)
’f(x)_lnblna/ u du (8)
Inb—Inx
< (Inb—Ina) /nﬁ—na tbl t ‘f bl t ’dt—}—/nb I t) (atbl*t) ‘f, (atblt)’dt‘|
< (nbIna) fo”B*“at(atblft)[t|f’<a>|+(17t>|f/<b>|1dt
- + Jipans (1 1) (@02 [t (@) + (1— )| ¥ (b) it
i Inb—Inx
B 12 (Atpyl -t / mb—ha (1 _ 12\ (gtphl-t
<(nb—mnay| F'@IL™™E (@b t)f“f'f (B)] o™ " (1—t?) (&b t)ldtt |
+|f ( )|f||ngjnx (tft )(ab )dt+|f (b)|f:ngjnx (17'[) (ab 7)dt
Calculating appearing integrals, we have
Inb—Inx
/Inb Ina 2 tbl t I::"/Int) Ina 2 (9)
0
:—%[(Inb—lnx) X+2(Inb—Inx+1)x— 2b] = Hy (a,b,x),
(Inb—Ina)
e B :
nob—Iina 1— t n na B
L7 =) (@ at=n | 2)(2) a 10)
1 (Inb—Inx)?x+ (Ina—Inb+2) (Inb — Inx) x
=— =Hz(a,b
(Inb—Ina)? | +(Ina—Inb+2)x+binb—bina—2b 2(&bx),
1 B 1 ant
/nbfmx (t-1?) (@t Ydt=b [  (t-t?) (B) dt (11)
Inb=Tna Inb=Tna
2
_ 1 (Inb—Inx)“x+ (Inb—Ina—2) (Inb—Inx) x _Hs(ab.x),
(Inb—Ina)® +(Inb—Ina—2)x+alnb—alna+ 2a
1 1 t
2 — 2/a
/nb—lnx (1_t) (atbl t) dt=b Inb—Inx (1_t) (B) dt (12)
fnb-Tna 7 nb-Ta
1 2
=——=|(Ina—Inx)*x—2a+2(Ina—Inx+1)x| =Ha(a,b,x).
(Inb—Ina)® {( ) ( ) } 4(3,bx)

(7) is obtained from the combination @8)-(12). This completes the proof.

Corollary 1. In addition to the conditions of the Theore&nif we choose:

(© 2016 BISKA Bilisim Technology
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(1) [f'(x)| <M, for all x € [a,b], we have the following Ostrowski's type inequality for G#¥eex functions

’f(x)— ! /bfﬁ)du

Inb—Ina/a

< (Inb—Ina)M [Hj (a,b,x) +Hs(a,b,x) + Hz (a,b,x) + H4 (a,b,X)] (13)

(2) x=+/ab, we have the following midpoint type inequality for GAneex functions

b
}f (@) B Inbilna/a . )du

<(Inb—Ina) [}f )| (Hl (a, b, @) 4 Hs (a, b, @)) (14)
+[1 (b)| (H2 (a,b, @) +Ha (a, b, \/%))]

Theorem 4.Let f:1 C (0,0) — R be a differentiable function orff such thatab € | witha< b and f € L[a,b]. If |f|?
is GA-convex offia, b] for g > 1, then for all xe [a,b], we have

1 /Inb—1n\2\ "0 [ 1 (@) Hs (@b ) ?
< (Inb— Ina)[(i(lnblna)) <+|f’(b)|qH6(a,b,x)) (19)

F(X) = —— /bffj)du

Inb—Ina/a
1-1 1
N }(Inalnx) (1t (@)|"H7(a,b,x) \°
2 \Inb—Ina + £/ (b)|"Hg (a,b,x)
where
-1
Hs(a,b,x) = ——— |q?(Inb— InX)?x%+ 2q (Inb — Inx) X3 + 2x% — 2bY] ,
s(@bX) = o | Y-+ 2q( ) }
He (a.b.x) = -1 [ —R(Inb—Inx)?x4+ 2 (Inb—Ina) (Inb — Inx) x4
ST @ (nb—Ina)® | —2q(Inb—Inx) x4 q(Inb—Ina)xd — x4 — q(Inb — Ina) b4 + 264
Hy (2.b.x) = -1 [ 2 (Inb—Inx)>x@ — 2 (Inb— Ina) (Inb — Inx)xd
[k "~ B(Inb—Ina)® | +2q(Inb—Inx)x4—q(Inb—Ina)xd+2x3— g(Inb— Ina) al — 2ac
Hg(a,b,x):;3 _qz(lnafInx)zxq+2q(lnafInx)xq+2xq72aq .
g®(Inb—Ina)” L

Proof. By using Lemmal, power mean inequality and GA-convexity 6f'|9, we have

1 b f(u)
‘f(x)_lnblna/ u du (16)
Inb—Inx
< (Inb—1Ina) [/ T (@) [ () !d”/nb . t)(atb“)\f'(atb“)\dt]
Inb—Ina

1

Inb-Inx 1-3 Inb—Inx 3
< (Inb—Ina) [(/Omtdt> ([/OW (@)t | ()| T+ (1—1) | (b)|] dt)
1-5 L
+ <‘/nlblnx (1_t)dt> <[n1blnx (1_t) (atblit)q [t ‘ f/ (a)‘q+ (1_t) ’ f/ (b)’q] dt) ]
Inb=Tna Inb=Tna
1-5 Inb—Inx Inb—Inx 3
<(Inb—Ina) [( <:EE::2> ) ( /mbqt (b) dt+|f' (b)|* /O”’_'_abqt( )(%)%t)

(© 2016 BISKA Bilisim Technology
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(3] (o f oo a0 o oe ()% |

Inb—Ina ¥ Inb—Ina

Calculating appearing integrals, we have

Inb—Inx

b-na | g o (&) A
[Foe() a
S [ (Inb— Inx)*+ 2 (Inb — Inx) X+ 2x1 — 20 = Hs (a,b,%),

g3(Inb—1Ina)

Inb—Inx

mb-na g . A\

o )" -
T —R(Inb—1Inx)?xd+ 2 (Inb—Ina) (Inb — Inx) xd — He (a,b,x)
" g3(Inb—Ina)® | ~2q(Inb—InX)x3+q(Inb—Ina)x9— 2 —qg(inb—Ina)bd+2p% | ~

1 a\at
[nb—:lnx bqt(l_t)(B) dt (19)
7771 r q2(|nb7|nX)2Xq7q2(|nb—|na)(|nb*|nX)Xq ] —H (abx)
~ @(nb—1Ina)® | +29(Inb—Inx)x?—q(Inb—Ina)x?+2x1—q(Inb—Ina)a’ —2a| e

1

2/a\®

/:ng:nx (117 (5) o -
:;3 {qz(lna—InX)ZXq+ZQ(|na_|nx)xq+zxq_2aq =Hs(ab.x).

g (Inb—1Ina)

(15) is obtained from the combination ¢£6)-(20) . This completes the proof.

Corollary 2. In addition to the conditions of the Theoreif we choose:

(1) | (x)| < M, for all x € [a,b], we have the following Ostrowski's type inequality for Gaxreex functions

b f o it |
f(X)_|nbi|na/a fju)du <(Inb—Ina)M <% (H)) (Hs(a,b,x) +He(a,b,x))d  (21)
1 (Ina—Inx\? -5 1
: <§ (M) ) (H7(a’b’x)+H8(a,b,x))q] 7

(2) x = v/ab, we have the following midpoint type inequality for GAweex functions

1 (v88) i [

Inb—InaJa u

< (nb_ina) (})l% ( f’(a)qH5<a,b,\/ﬁ))))é+( f'<a>q|47(a,|o,\/a))))é

8 +|f’(b)|qH6(a,b,\/a_b +|f/(b)|qH8(a,b,\/§>

(22)

(© 2016 BISKA Bilisim Technology
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Theorem 5.Let f: 1 C (0,%) — R be a differentiable function off lsuch thatab € | witha < b and f € L[a,b]. If ||
is GA-convex offa, b] for g > 1, then for all xe [a,b], we have

1 M)
f(x>*|nb—|na/a g 9y s

(Ianna){(Hg(abx §(|F (@) Hy(@b.x) + | () Ha(a b)) (23)

Ql-

1
+ (Hio(a,b,x))""a (| ' (@)| "Hs (a,b,x) + | ' (b)|*Ha (a, b, X))
where H (a,b,x) — H4 (a,b, x) are defined as in Theoregand

Ho (a,b,x) = m [(Inb—Inx+1)x—b],

Hio(a,b,x) = [(Inx—Ina—1)x+4a].

(Inb—Ina)?

Proof. By using Lemmal, power mean inequality and GA-convexity of’|9, we have

bf(u)du

‘f(x> Inbilna/ u @9
Inb—Inx
< (Inb—Ina) [/O'”b "t (bt ) | £ (bt ) \dt+ﬁb N t)(a‘b“)\f’(atb“ﬂdt]

Inb—Inx 17% Inb—Inx :—é
< (inb—Ina) {(/O'"b'”at (ab™) dt) (/Ommat (a6 [t @]+ 2= 0)| ()| dt>
-3 L
(g 0] ([ a0 @ ao]o[Ta) ]
Tnb=Tna Tnb=Tna

¥ Inb—Tna nb—Ina

Inb—Inx

g(lnb—lna)[(/O'”b'”at(atblt)dt>l <\f |/'”“'|”GX‘ dt+|f ‘/:ﬂﬁ:ﬂz (%‘)ton)a
+<ﬂbmx(1t)(atblt)dt>l <|f }ﬁnbmx dt+|f }[ﬂbmx 1-1) (z)tdt>a].

Inb—Ina Inb—Ina Inb—Ina

Calculating appearing integrals, we have

Inb—Inx
T (bt dt = ’712 [(Inb—Inx+1)x—b] = Hy (a, b, x), (25)
0 (Inb—Ina)
1 1

oo (170 (@07 dt= [(INx—Ina— 1)x-+a] = Hio(a,b,x). (26)

(Inb—Ina)?

(23) is obtained from the combination @9)-(12) and(24)-(26). This completes the proof.

Corollary 3. In addition to the conditions of the Theorémif we choose:

(© 2016 BISKA Bilisim Technology
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(1) [f' (x)] < M, for all x € [a,b], we have the following Ostrowski’s type inequality for Gaeex functions

1-1 [ Hi(abx) %
(He (a,b,X)) <+H2(avbvx)>

b
F()— — / "W 4yl < (Inb—na)m a0 27)
Inb—InaJa u H b q
+(HlO(a b X))li%‘- 3(a7 7X)
o +Hg(a,b,X)
(2) x = v/ab, we have the following midpoint type inequality for GAweex functions
1 b f (u)
’f (\/%) B Inb—lna./a g
1-1 1
g(mbma)[(Hg(a,b,@)) ‘*(|f'(a)\qH1(a,b,\/§))+|f’(b)\qH2(a,b,\/§)))“ (28)

+ (o (b, \/%))17é (It (@)[*Hs (@b, vab) + | ' (b)|™Ha (ab, \/a_b)ﬂ .

Theorem 6.Let f: 1 C (0,0) — R be a differentiable function orf such thatab € | witha < b and f € L[a,b]. If |f/|3
is GA-convex ofie, b] for g > 1and ;- + g = 1, then for all x< [a,b], we have

1 b f (u) 1 /Inb—Inx\ "\ ? 1/ (a)|%Hy1(a, b, ) g
'f(x)lnb—lna/a u dug(lnbIna)[((p+l)<lnb—lna) ) <+|f’(b)|qH12(a,b,x)> (29)

1 [Inx—Ina piT P |/ (a)|9H13(a,b,x) g
* (p+1)(|nb|na) +|f"(b)|"H14(a, b, x)

where
-1
Hii(a,b,x) = ————— = [q(Inb—Inx)x¥ +x¥ — b9,
11( ) q2(lnb—lna)2[q( ) ]
le(a,b,x):%[q(lnb—Inx)xq—q(lnb—lna)xq+xq+q(lnb—Ina)bq—bq],
d?(Inb—1Ina)
ng(a,b,x):%[q(lnb—lnx)xq+xq—q(lnb—Ina)aq—aq],
d?(Inb—1Ina)
Hia(a,b,x) = 1 [—g(Inb—Inx)x9+q(Inb—Ina)xd — x1+ a9.

@2 (Inb—Ina)?

Proof. By using Lemmal, Holder inequality and GA-convexity off’|9, we have

’f ) 1 /‘b I

Inb—InaJa u

(30)

Inb—Inx

< (Inb—Ina) VOW'_t (@bt | (a'b™ ) |dt+ /l (1-t) (@Y | (a'b' )| dt]

Inb—Inx
Inb—Inx
< (Inb—Ina) (/ anat"dt)
0

Inb—Ina

q

o=

Inb—Inx
</O nb-Tna (atbl’t)q|f’ (atblt)}th>

(© 2016 BISKA Bilisim Technology
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! %’ ! tr1-t\d tr1-t) |9 %
— / -
+ <ﬁnblnx (1t)pdt> <ﬁnblnx (a b ) ‘f (a b )’ dt)
Inb—Ina Inb—Ina

< (Inb—Ina) {(/Oﬁbﬁ;tpdt)ﬁ (/Olﬂblﬂé (atblft)q[t‘f/(a)|q+(l—t)|f’(b)‘q] dt)a

+ <[lb| (1t)pdt> ’ <[:me (@) [t] ' (@) T+ (21— 1) | ' (0)|] dt) a}

Inb—Ina

1 Inb—Inx 1
<o | (g (moctey™ ) (gt )
= - Inb—Inx

(p+1) \Inb—Ina +|f/(b)|qI()lnb—lnabq(l_t)(%)qtdt

1
( 1 (Inxlna)p“)’l) |f'(a)|qf|'%’ﬁ’¢bqt( )qtdt ‘
+ ln—na t
(p+1) \Inb—Ina ()] fiip-me b (1 1) (§) *lt

Calculating appearing integrals, we have

olo

—

Inb—Inx
Inb—Ina a\ at -1
b% (=) dt=———[g(Inb—Inx)x%+x3—p"
/o (b) g2(Inb—Ina)? a( ) ]
- Hll (a7 b7 X) ) (31)
Inb—Inx
Tnb-Tna ay\ at 1
b9(1—1t)( = =—— =  _[gilnb=InX)xd—q(Inb—Ina)x?+x3+q(Inb—Ina) b4 — b
Jy sy (f) e ol )i~ ) al b9~ b
= H12 (a7 b7 X) ) (32)
/1 b% (E)Qtdt: _r [q(Inb—Inx)x3+x3—q(Inb—Ina)a% - a|
fo—nx =~ \b 0?(Inb—Ina)?
= H13 (a7 b7 X) ) (33)
1 ay at 1
bf1-t)(=) dt=———[—qg(lnb—InX)x%+qg(lnb—Ina)x9 —x3+ a4
oo 00 (5) 0t = i )X +a( ) 1
= H14 (a7 b7 X) . (34)

(29) is obtained from the combination ¢80)-(34). This completes the proof.

Corollary 4. In addition to the conditions of the Theorénif we choose:

(1) [/ (x)] <M, forall x € [a,b], we have the following Ostrowski’s type inequality for Ga«ex functions

1 Inb—Inx pri) Hi1(a,b,x) i
SUnb_lna)M{((erl)(lnbIna) ) <+H12(a,b,x) (35)

1 Inx—Ina pi1\ B His(a,b,x) i
+<(p—|—1)<|nb—|na> ><+H14(a,b,x) :

‘f(x) 1 /ab f EJU)du

Inb—Ina

(© 2016 BISKA Bilisim Technology
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(2) x = v/ab, we have the following midpoint type inequality for GAweex functions

1 1 p+1 % |f’(a)|qH11<a,b,\/§)) %
< (Inb- 'na)<(p+1>(5) ) (+|f'(b)|qH12(a,b,\/%)) (36)

+< 7(@)[*Hia (a.b. VaD) )5

1F (D)% Hya (a, b, \/%)

(69 e

Inb—Ina/a

Theorem 7.Let f:1 C (0,0) — R be a differentiable function orf such that ab € | witha < b and f € L [a,b]. If | /|9
is GA-convex ofi, b] for g > 1and 5 + 5 = 1, then for all x< [a,b], we have

’f(x)— 1 /‘bf(u)du

Inb—Ina/a u

tﬂl—\

Inb—Inx , 1 1/Ina-Inx i
(1o (3 (memme) ) tror(3-3 (memm) ) e
; 1 1/Inb—Inx\? , 1 /Ina—Inx\? q
+ (His(a,b,x)) p(‘f )| <§_§<Inb Ina) )Hf (b)’q<§ (Inblna) )) ]

<(Inb—Ina) |:(H15(aab X))

where Inb—Inx
_ W oo AN P :/1 P11 (2)°
H:I_S(a,b,X) /O b"t (b) dt, Hlﬁ(aabax) 'ﬂb:'ﬂﬁ ( t) (b) dt

Proof. By using Lemmal, Holder inequality and GA-convexity off’|9, we have

’f(x)— ! /bf(u)du

Inb—1Ina u

(38)

Inb—Inx
< (Inb—Ina) l/ T (bt | £ (alb ) ydt+/nb N t)(atb“)\f'(atb“)!dt]

< (Inb—Ina) {(/OW (atblt)pdt) </W[ [t @]+ (10| (0)|] dt)q

! (/ <1‘)p<atb“)pdt> p (/ tf @)+ -] ()] dt) a]

nb—Ina nb—Ina

1 1
Inb—Inx P Inb—Inx Inb—Inx q
< (Inb—Ina) K/ oAy (atb“)pdt> (\f’(a)]q/nﬁnatdtﬂf /”5’“( t)dt)
JO 0
1
+ ﬁnb—lnx (1_t)p(atb17t) ’f ‘ ﬁnb Inxt t+ ’f ‘ ﬁnb Inx _t dt
Inb=Tna

no—ina Inb=Tna Inb=Tna

ganbma>[(/ombptp(g)“dt) ()f’(a)lq< (he=ina :EZ>>+|f'<b>|q<%%(::Z:r?;) ))

(© 2016 BISKA Bilisim Technology
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e @) (1r@r (33 (mama) ) 1o (3 (ramm) )

Since the appearing integrals, we have

. Inb—Inx

nb—ina t
TP (2 ) dt = Hys(a,b,X), (39)
Jo b
! ay\
/:ng:nxbp(lt)p(g) dt = Hyg(a,b,x). (40)

(37) is obtained from the combination ¢38)-(40). This completes the proof.

Corollary 5. In addition to the conditions of the Theoréhif we choose:

(1) [f'(x)] <M, forall x € [a,b], we have the following Ostrowski’s type inequality for Gaxweex functions

1 b f(u)
}f(x)lnb—lna/a T
1 ez a2\
< (Inb—Ina)M | (His(a,b,x))? ((% (%) >+<%—%(H) )) (41)
1 1/Inb—Inx\? Ina—Inx 2 q
<<§§<Inb Ina)>+< (Inb Ina> )) ’

(2) x=+/ab, we have the following midpoint type inequality for GAneex functions

ol

+ (Hlﬁ(aa b,X))

1

(His(a0.vaD))* (17 @I° + 311 )¢
+(His(ab.vab) )" (31" @[+ 311 (b))

’Wﬁ@‘ L [Ty < (42)

Inb—InaJa u

<(Inb—Ina)

Ql-

3 Conclusions

In this paper, we prove a new equality for differentiabledtions. By using this equality, we have some new Ostrowki
and midpoint type inequalities for functions whose deiixest in absolute values at certain powers are GA-convex.
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