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Abstract: In this paper we consider twelve special ruled surfacescéssal to the curver the involute curvex® and Bertrand mate
a** , withky # 0. They are called as Frenet ruled, involutive Frenet rutebBertrandian Frenet ruled surfaces, cause of their gemera
are the Frenet vector fields of curae First we give all the parametrizations of all Frenet ruledaces in terms of the Frenet apparatus
of curvea. We examined distribution parameters and Singularity oblumive and Bertrand Frenet ruled surfaces based on theefren
apparatus of curve in E3.
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1 Introduction and preliminaries

A ruled surface can always be described (at least locallgh@set of points swept by a moving straight line. A ruled
surface is one which can be generated by the motion of a ktii#ig in Euclidean 3- space2]. Choosing a directrix on
the surface, i.e. a smooth unit speed cuns) orthogonal to the straight lines, and then choosif®) to be unit vectors
along the curve in the direction of the lines, the velocitgtee os andv satisfy<a',v> = 0. The striction point on a
ruled surfacep (s,v) = a(s) + vX(s) is the foot of the common normal between two consecutive igéois (or ruling).
Deriving curves based on the other curves is a subject in gegninvolute-evolute curves, Bertrand curves are these
kind of curves. The involute of a given curve is a well-knovamcept inIR?, [1]. We can say that evolute and involute
is a method of deriving a new curve based on a given curvealahd a* be the curves in Euclidean-3space The
tangent lines to a curve generate a surface called the tangent surface.df the curvea* which lies on the tores
intersect the tangent lines orthogonally is called an imteobfa. If a curvea™ is an involute ofa, then by definitiono
is an evolute ofx*. Hence giveru, its evolutes are the curves whose tangent lines intessecthogonally. By using the
similiar method we produce a new ruled surface based on ter atled surface. The differential geometric elements of
theinvoluteD scroll are examined ing]. It is well-known that, if a curve is differentiable in an ep interval, at each
point, a set of mutually orthogonal unit vectors can be amestd. And these vectors are called Frenet frame or moving
frame vectors. The rates of these frame vectors along the dafine curvatures of the curves. The set, whose elements
are frame vectors and curvatures of a cuaves called Frenet-Serret apparatus of the curves. Let Erarotor fields
beVi(s),V2(s),Vs(s) of a and let the first and second curvatures of the cur® bek; (s) andk;(s), respectively.
The quantitiegV1,V>,V3,D, kg, ko } are collectively Frenet-Serret apparatus of the curvesalt@id object move along
a regular curve described parametricallyds). For any unit speed cunae,in terms of the Frenet-Serret apparatus, the
Darboux vector can be expressed as

D(s) = ka(S)Va (5) + ka(s)Va () [3] (1)
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where curvature functions are definedkay= ki (s) = |[Vi(s)|| and k(s) = — <V2,V3>. Let a vector field be
o ko
D(s) = 1 (M1 (9) +Vs(9) (@)

alonga (s) under the condition thad¢; (s) # 0 and it is called the modified Darboux vector fieldoo{7]. Let unit speed
regular curvex : 1 — E2 anda* : | — E2 be given. Folvs € |, then the curver* is called the involute of the curve, if
the tangent at the point(s) to the curvea passes through the tangent at the poings) to the curvea*. The distance
between corresponding points of the involute curvEdris

d(a(s),a*(s)) = |c—s|, c=constantvyse |,
then we may write that
a*(s)=a(s)+(c—9s)Va(s), [4.

Let o : | — E3 and a* : | — E3 be the C?— class differentiable unit speed two curves and the quastiti
{V1,V2,V3,D ki, ko } and {V;, V5, V3, D%, ki ks } are collectively Frenet-Serret apparatus of the curmeand the
involutea*, respectively, then

Vi =\,
Vyi=—8 vy
2 e)E (619)? 3)
Vi=—f v+ M v,
(1¢-+13) 2 (KB+13)2
and )
N k K. ko — kqK k
Dr=—"2 12702y, g (4)

NI

= 1 3 V2
C+1)2 T (€+1R)F  (G+1)
the first curvature and second curvaturéwblutea™ are given by
!

N —k%(%)

K=ok T ke

Leta : | — E2 anda* : | — E3 be theC?>— class differentiable unit speed two curves andvgs), V»(s),Va(s) and
Vi (s),V5*(s),V5*(s) be the Frenet frames of the curvesand a**, respectively. If the principal normal vectvp of
the curvea is linearly dependent on the principal normal vedfgt of the curvea**, then the paifa, a**) are called
Bertrand curve pair4,8]. Also a** is called Bertrand mate. If the cureg”™ is Bertrand mate ofr, then we may write
that

a*™(s)=a(s)+AVa(s) (5)

If the curvea™ is Bertrand matex (s), then we have thafv;™ (s),Vi(s)) = cosB = constant The distance between
corresponding points of the Bertrand curve paiEfhis constant,4,8]. a(s) is a Bertrand curve if and only if there exist
nonzero real numbessandf such that constaritk; + Sk, = 1 for anys € I. It follows from this fact that a circular helix

is a Bertrand curved]. Frenet-Serret apparatus of the cureeand the Bertrand mate** as follows,

sk B A

V™ = 7 2+ﬁ2V1+ \/A2+32V3

Vit =V, (6)
Kk A B .

V3 - \/)\2+52V1+ \/A2+32V3’
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and

/A2 2
5** )\;B) (k2V1 + k1V3) . (7)

"~ (Bki— ke
the first and second curvatures of the offset cureare given by

- Pk kA (+K)
1~ (/\2+1[32)k2_ (/\2+B2)k% ’ (8)

<= e

2 Singularity and distribution parameters of involutive Frenet ruled surfaces

In this subsection first, we give the tangent, normal, biredrrarboux Frenet ruled surfaces of the involute-evolute
curvesa*. Further we write their parametric equations in terms of Fhenet apparatus of the involute-evolute curve
curvea. Hence they are called collectively "Involutive Frenet dilgurfaces of curve.” as in the following way. Let
a:l —E3anda* : | — E3 be theC?— class differentiable unit speed two curves and the quaﬂtﬁwl,vz,V3,I5} and
{vl*,vz*,vg, 5*} are collectively Frenet-Serret apparatus of the cuovasd theinvolutea™, respectively,

o1 (s,v1) = a(s)+ (c—s)Vi(s) +VviVa(s), 9
03 (Sv2) = @ (9 +(c—Va(9) +v, | A TVs (10)
(K2 +K3)2
05 (svs) = @ (9 + (c— SV (9) + vs [ 2TV (11)
(K+K3)2
¢4 (s va) = a(s)+(c—s)Vi(S)+Va ke Vi — kake — k1k2V2 + kiVs (12)

: _ KV
\/ K2+ K3 (K2 +k2)? \/ K2+ K3

are the parametrization of the ruled surface which are dafleolutive tangent ruled surface, involutive normal ruled
surface, involutive binormal ruled surface and involutive Darboux ruled surface, respectively, $]. Normal vector
fieldsny,n5,n3, andn; of ruled surface®;, ¢5, ¢5, and¢, respectively, along the cunievolutea™, can be expressed
by the following matrix, p]

0 0 -1
nI —Vok3 (17V2ki) \VA
né _ \/(vzkg):r%fvzki)z \/(v2k§)2+(17vzki)2 V;* ' (13)
’73 \/ :i 22 73’ > 0 Vi
n; (Vo)L (vaky) "1 8
0 -1 0

Theorem 1. Let 7,95, ¢3, and ¢, be involutive Frenet ruled surfaces, respectively, aldrgdurvea. Only involutive
normal ruled surface has singular points if the cuvés a general helix with parametep v % .

Proof. Let ni,n;,n3, and n; be the normal vector fields of involutive Frenet ruled sue&@g;,¢;,¢5, and ¢,
respectively, along the cunee. Using the above theorem involutive tangent ruled surfasenioesingular points sincé;
# 0.Involutive Darboux ruled surface has no singular pointsei; # 0. Involutive binormal ruled surface has no

singular points under the condition
—vak5V — Vg

v (vaks)?+ 1

£0. (14)

(© 2016 BISKA Bilisim Technology


www.ntmsci.com

183 BISKA S. Kilicoglu and S. Senyurt: Singularity and distributioarameters of involutive and Bertrandian...

Involutive normal ruled surface has singular points if thevea* is a planar curvés = 0 andv, = k_l;; under the condition
—valkoV + (1 — ki) Vs = 0. (15)

Normal ruled surface has singular points if the cumfes a planar curve

Koky — K, ko h) ky
f=0= k= 2 1 —0=— [ 2) =0= = —constant 16
2 27 (c— 9k (K +K2) (@ ko (16)

Hence we can say that involutive normal ruled surface hagutan points if the curver is a general helix wittvy, = k*
parameter. Also we can find distribution parameter of thelumiwe Frenet ruled surface of foinvolutive Frenet ruled
surfacesalong the curvex in terms of Frenet apparatus of curwe

Theorem 2. The distribution parameter of the involutive Frenet ruledface are

P =P =0,

/

5
P =k = : 17
=R k() &

/K2 4K
Bt — K 1175

3T T ek

det(a’ X.X")

Proof. From thePx = XXy

definition of distribuiton parameter, it is trivial.

3 Singularity and distribution parameters of Bertrandian Frenet ruled surfaces

In this subsection first, we give the tangent, normal, biredri@arboux Frenet ruled surfaces of the Bertran nodte
Further we write their parametric equations in terms of thenEt apparatus of the Bertrand cutwveHence they are
called collectively ” Bertrandian Frenet ruled surfacesafvea” as in the following way. Le{a, a**) Bertrand curves
pair and the quantitie%Vl,Vz,Vg, f)} and {vl**,vz**,vg*, f)**} are collectively Frenet-Serret vector of the cureeand
the Bertrand mate**, respectively,

k% BV1+/\V3 k%
7 (swWy) = 0+ AV +w————x SH(SWo) = a+ (A +wWa)Vy, (18)
//\2+B2
—AV1+BV3 kiv/A2+4 B2 «
At = AV _— = AV 7D 1
3 (sws) = a+ 2+W3< e ) 47 (SWa) = A+ AVo - War g 5 (19)

are the parametrization of the ruled surface which aread&8eetrandian tangent ruled surface, Bertrandian normal
ruled surface, Bertrandian binormal ruled surface and Bertrandian Darboux ruled surface, respectively, $].

Theorem 3. The normal vector fieldg;*, n;*,n3*, andn;* of ruled surface®;™, ¢5*, ¢3*, and ¢,* , respectively, along
the curve Bertrand mate*, can be expressed by the following matrix;

0 0 -1
ni —wks* b — (1-woki*) Vo
5" « - 2 2 1
Ma" | | Vo) (1wl V0w (v | |y | (20)
ok —W- _
N3 \/ 3* 2 32 0 Vi
n;* (k)1 () 2
0 -1 0

Theorem 4. Bertrandian Frenet ruled surfaces, respectively, alorgythrvea has no singular points.
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ProofLet ni,n2,n3, and ns be the normal vector fields of involutive Frenet ruled sueta¢;™, ¢5*, ¢3*, and ¢;*,
respectively, along the curve. Using the above Bertrandian tangent ruled surface has mulsinpoints sinceé/;*
# 0.Bertrandian Darboux ruled surface has no singular pointsedi;* # 0 Bertrandian binormal ruled surface has no

singular points under the condition
—WKS* Vi — V"

V (waks)* 41

Bertrandian normal ruled surface has no singular pointesinirvek; =

0. (21)

1

(RTars # 0 even for the parameter
A2+ B2k
wpo Lo 4Bk (22)
ki Bky — Ako
under the condition
—Wok3* V" + (1 —voki*) Vg = 0. (23)

Normal ruled surface has singular points if the cuavé is a planar curvé;* = 0. Hence we can say that normal ruled
surface has singular points if the curwes a general helix.

Also we can find distribution parameter of the involutivet@eruled surface of four Bertrandi&menet ruled surfaces
along the curver in terms of Frenet apparatus of curee

Theorem 5. The distribution parameter of the Bertrandian Frenet rutedface are

P =P =0,
2 — R = (/\2+B2)k2,
Bki — Aka
T Bk
Proof. From thePy = (je(&i;(,;() definition of distribution parameter, it is trivial.

4 Conclusion

Since the distribution parametgf, P;, P;* andP,* are zero, involutive tangent ruled surface, involutive fitarx ruled
surface Bertrandian tangent ruled surface, Bertrandiabd@e ruled surface are developable surfaces. Involutivenal
ruled surface is developable surface, siR¢e= k3, and

ki

Involutive binormal ruled surface are not developableaeafsince
P; =ki and \/k?+k3 #0.

Bertrandian normal ruled surface is not developable sarfBertrandian binormal ruled surface is developable sarifa
ki* =0, where
kg
A=—5—.
2 | 12
kS +ks
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