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Abstract: The object of the present paper is to study a para-Sasakiaifaidawith a canonical paracontact connection. We prove
that ¢ —conformally flat,¢ —concircularly flat andp —projectively flat para-Sasakian manifolds with respectananical paracontact
connection are alh —Einstein manifolds. Also, it is shown that a quasi-condady flat para-Sasakian manifold is of constant scalar
curvature.
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1 Introduction

In 1976, 1. Sato T] introduced the notion of the almost paracontact structgre , n) satisfying¢? =1 —n ® & and
n(&) =1 on a differentiable manifold and studied several propsntif these manifolds (see als8])[ The structure is
an analogue of the almost contact structug, ([6]), and is closely related to almost product structure (intcast to
almost contact structure, which is related to almost cormpleucture). Every differentiable manifold with almost
paracontact structure defined by |. Sato has a positive teefRi@mannian metric.

S. Kaneyuki and M. Konzai4] defined an almost paracontact structure on a pseudo-RiaramanifoldM2™t1 of
dimension(2n+ 1) and constructed the almost paracomplex structurtdh® x R. Recently, S. Zamkovoylf] has
associated the almost paracontact structure gived]ino[ a pseudo-Riemannian metric of signatdre+ 1,n) and
showed that any almost paracontact structure admits suckeadp-Riemannian metric which is called compatible
metric.

As a generalization of the well-known connection defined byf&éhaka 10] and, independently, by S.M. Webstdr7],

in context of CR-geometry, Tanaka-Webster connection wa®duced by S. Tannoll]. In a paracontact metric
manifold S. Zamkovoy 18] defined a canonical connection which plays the same role hef (generalized)
Tanaka-Webster connectiobl] in paracontact geometry (see al§))| In this study we consider a canonical paracontact
connection on a para-Sasakian manifold which seems to bep#racontact analogue of the (generalized)
Tanaka-Webster connection.

In the present paper we study para-Sasakian manifolds &itlbrical paracontact connection. Section 2 is a general
survey of the para-Sasakian manifolds. In section 3, we gfivee relations between curvature tensor (resp. Ricci tgnso
with respect to canonical paracontact connection and tunwadensor (resp. Ricci tensor) with respect to Levi-@ivit
connection. In section 4)—conformally flat para-Sasakian manifolds with respect twocécal paracontact connection
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are investigated. We studyp—concircularly flat para-Sasakian manifolds in Section 5 asttbw that a
quasi-concircularly flat para-Sasakian manifold with extgo canonical paracontact connection is of constanascal
curvature. In Section 6, we obtain some characterizationg £W flat para-Sasakian manifolds.

2 Preliminaries

Let M2 be a differentiable manifold. If there exists a trig, &, ) of a tensor fieldp of type (1,1), a vector fields
and a 1-formm on M2"1 which satisfy the relationsi]

$>=1-n®E, 1)

ni€)=1 ¢<=0 (2)

wherel denotes the identity transformation, then we say the tiipl€, n) is analmost paracontact structurand the
manifold is analmost paracontact manifoldn this case the relations

no¢ =0, rank(¢)=2n,

hold. Moreover the tensor fieldl induces an almost paracomplex structure on the paracatisaicbutionD = kern, i.e.
the eigendistribution®* corresponding to the eigenvalug4 of ¢ are botm-dimensional.

If an almost paracontact manifodd?™1 with an almost paracontact structuig, £,n) admits a pseudo-Riemannian
metricg such that 18]

then we say thaM?*! is an almost paracontact metric manifoldith an almost paracontact metric structure
(¢,£€,n,9) and such metrig is calledcompatible metricAny compatible metrig is necessarily of signatuf@+ 1, n).

From (3) it is obvious that 18]
g(X7¢Y) = _g(‘vaY)a (4)

9(X, &) =n(X), (5)
for anyX,Y € TM?2"1, The fundamental 2-form d1>*+1 is defined by
P(X.Y) =g(X, Y).

An almost paracontact metric structure becomes a paraztomigtric structure I8] if g(X,¢Y) = dn(X,Y), for all
vector fieldsX,Y, wheredn (X,Y) = 3{Xn(Y) = Yn(X) - n(X,Y])}.

For an almost paracontact metric maniféfd™** with the structurg¢,&,n,g), a local orthonormal basis can also be
constructed as followslB].

Let U be coordinate neighborhood &#?™1 andX; any unit vector field ot orthogonal tof. Then¢ X, is a vector
field orthogonal to bottx; and &, and |¢X1|2 = —1. Now choose a unit vector field, orthogonal to§, X; and ¢ X;.
Theng X, is also vector field orthogonal ®, X1, $X; andX, and|¢X,|2 = —1. Proceeding in this way we obtain a local
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orthonormal basiéX;, ¢ %, &), (i=1,2,...,n) called ap —basis

We note that an almost paracomplex structure onnalithensional manifold, denote by, is a (1,1)-type tensor
satisfyingJ? = | and it has eigensubbundl&s andT~ corresponding to the eigenvalues-1L of J respectively. The
Nijenhuis tensoN of J, given by

N3(X,Y) = [3X,JY] + [X,Y] = I[IX,Y] — I[X,JY],

is the obstruction for the integrability of the eigensubthiesT ™, T—. If N = 0, then the almost paracomplex structure is
calledparacomplexr integrable[16].

Let M®™+1 be an almost paracontact metric manifold with struciigref,n) and consider the manifoll2"1 x R. We
denote a vector field oM?™1 x R, by (X, f ) whereX is tangent tau?**1 | t is the coordinate ol and f is a C°
function onM2™1 x R. An almost paracomplex structudeon M2™t1 x R is defined by 5]

J <x,f%) = <¢X+ fE,n(X)%) :

If Jis integrable we say that the almost paracontact stru¢tur&, ) is normal A normal paracontact metric manifold
is apara-Sasakian manifoldAn almost paracontact metric structue, &,n,g) on aM?*! is para-Sasakian manifold
if and only if [18]

(Ox9)Y = —g(X,Y)& +n(Y)X, (6)

whereX,Y € TM?"t1 and[ is Levi-Civita connection ofM2™*1,

From (6), it can be seen that
Oxé = —¢X. (7)

Example 1.[1]Let M = R?"*1 be the(2n + 1)—dimensional real number space witky, Y1, X2, Y2, ..., Xn, Yn, Z) Standard
coordinate system. Defining

LI I R B B
0Xq  0Yq' 0ya OXq' 0z
0

n n
g=nen+ Y dx@dx— 3 dys®dya,
a=1 a=1
wherea =1,2,...,n, then the setM, ¢, &, n,g) is an almost paracontact metric manifold.

Furthermore, in a para-Sasakian manifsld'1, the following relations hold]g]:

9(R(X,Y)Z,&) = n(R(X,Y)Z) = g(X,Z)n(Y) —g(Y,Z)n(X), (8)
R(X,Y)& =n(X)Y =n(Y)X, 9)
R(&,X)Y = —g(X,Y)E+n(Y)X, (10)
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R(&,X)§ =X=n(X)§, (11)

S(X, &) = —2nn(X), (12)

for any vector fieldsX,Y,Z € TM?t1, Here, R is Riemannian curvature tensor aSdis Ricci tensor defined by
S(X,Y) = g(QX,Y) whereQ is Ricci operator.

Now we consider the connectiéhdefined by L1],
OxY = OxY +n(X)$Y = n(Y)0xE + (Oxn)Y - &, (13)
whereX,Y € TM?"*! andO denotes Levi-Civita connection d?"2, If we use equation?) in (13), then we obtain
OxY = OxY + 1 (X)@Y +n(Y)$X +g(X, 9Y)E. (14)

Definition 1. We call the connectiol defined by 14) on a para-Sasakian manifottie canonical paracontact connection
on a para-Sasakian manifold

Proposition 1.0n a para-Sasakian manifold the connectiohas the following properties:

On=0, Og=0, O&=0, (15)

(Ox )Y = (Ox )Y +g(X,Y)E —n(Y)X. (16)

Proof. Calculation is straightforward by using4).

3 Curvature tensor

The curvature tensdR of a para-Sasakian manifoM with respect to the canonical paracontact connedios defined
by

R(X,Y)Z = OxOyZ — OyOxZ — Oy Z. (17)
By using equationi4) in (17), we obtain
RIX,Y)Z =R(X)Y >Z+9(Y Z)n(X)& —9(X,2)n(Y)&
+n (Y)n( X =n(X)n(2)Y +29(X,¢Y)¢$Z (18)
+9(X,9Z)pY —g(Y,92) X,
whereR(X,Y)Z = OxOyZ — OyOxZ — D[X,Y]Z is the curvature tensor & with respect to Levi-Civita connectidn.
Let T andT be curvature tensors of ty[8,4) given by

T(X,Y,Z,W) =g(R(X,Y)Z,W),

and
T(X,Y,Z,W) = g(R(X,Y)Z,W),

(© 2016 BISKA Bilisim Technology



NTMSCI 4, No. 3, 162-173 (2016)www.ntmsci.com BISKKA 166

respectively.

Theorem 1.In a para-Sasakian manifold the following relations hold:

R(X,Y)Z+R(Y,Z)X +R(Z,X)Y =0, (19)
T(X,Y,Z,W)+T(Y,X,Z,W) =0, (20)
T(X,Y,Z,W)+T(X,Y,W,Z) =0, (21)
T(X,Y,Z,W)—T(Z,W,X,Y) =0. (22)

Proof. Using (18) and first Bianchi identity with respect to Levi-Civita cagtionl], we obtain

ROX,Y)Z+R(Y,Z)X+RZ,X)Y =29(X,0Y)$Z+g(X,$Z)dY —g(Y,$Z)pX +29(Y,$Z)pX
+9(Y,9X)$Z —9(Z, ¢ X)PY +29(Z,$X)$Y +9(Z,¢Y)$X (23)
—9(X,9Y)¢Z.

If we use @) in (23) we get (9). Next, from (L8) we have

TXY,ZW)  =T(X,Y.ZW)+g(Y.Z)n(X)n(W) - g(X,2)n(Y)n (W) +g(X,W)n(Y)n(2) (24)
—9(Y,W)n(X)n(2) +29(X, ¢Y)9(¢Z,W) +9(X,$Z)g(¢Y,W) — 9(Y, ¢ Z)g($ X, W).

It is well known that
T(X5Y7Z7W) = 7T(Y7X5Z5W)’ T(X5Y7Z7W) = T(X’Y7W7Z)7 T(X7Y5Z5W) = T(Z’W5X7Y)

By taking into account above equations we @)((21) and @2), respectively.

LetEi = {e,¢8,&} (i=1,2,....,n) be alocal orthonormail—basis of a para-Sasakian manifédd Then the Ricci tensor
Sand the scalar curvatureof M with respect to canonical paracontact connecficare defined by

SX.Y) = 5 g(R@.X)Y.e)— 3 g(R(pa.X)Y.0a) +g(REX)Y.8), (@5)

1M =

1
and | |
T= Zs‘(ej,e, > S(gej, pe)) +S(E.€), (26)
J: :
respectively.

Theorem 2. In a para-Sasakian manifold M, the Ricci tensBrand scalar curvaturg of canonical paracontact
connectiori] are defined by
S(X,Y) = S(X,Y) —29(X,Y) + (2n+2)n(X)n(Y), @7)

T=T1-2n, (28)

where S and denote the Ricci tensor and scalar curvature of Levi-Ciettanectior], respectively. Consequentg',is
symmetric.
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Corollary 1. If a para-Sasakian manifold is Ricci-flat with respect to eaital paracontact connection then it is an
n-Einstein manifold.

Lemma 1.Let M be a para-Sasakian manifold with canonical paracommmnectiorﬁ. Then

9(R(X,Y)Z,&) =n(R(X,Y)Z) =0, (29)
R(X,Y)E =R(&,X)Y =R(&,X)& =0, (30)
S(X,&) =0, (31)

forall X,Y,Z e TM.

4 Conformal curvature tensor with canonical paracontact canection

The conformal curvature tens¢see [L7]) of a para-Sasakian manifoM with respect to canonical paracontact connection
is defined by

S(Y,V)X = S(X,V)Y

C(X.Y)V =RX.Y)V — zt5 <+g(Y V)QX —g(X,V)QY

for any vector fieldX,Y,V € TM.

Using (18), (27) and 8) in (32), we have

CIX.YIV =RXCY)V gYV)N(X)E ~gXVIN(E +n(n(V)X—n(N(V)Y + 290,98V o
+G(X, OV)PY — (Y, V) §X — 57 A+ 752 (g(Y.V)X — g(X,V)Y),
where
S(Y,V)X —S(X,V)Y
—4g(Y,V)X+4g(X,V)Y
A= +9(Y,V)QX—g(X,V)QY
n(Y)n(V)X—=nX)n(V)Y
2n+2
e )l+g<v,vm<><>s—g(x,V>n<Y>z
Definition 2. A differentiable manifold M satisfying the condition
9°C($X,9Y)$V =0, (34)
is called¢ —conformally flat (seel3]).
It can be easily seen the2C(¢ X, dY)pV = 0 holds if and only if
g(C(9X,#Y)9V.9U) =0, (35)

foranyX,Y,U,V € TM.

(© 2016 BISKA Bilisim Technology
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In view of (33), $ —conformally flatness implies that

9(R($X,9Y)V,0U) +29(6X,Y)g(V,9U) +g(6X,V)g(Y,4U) — g(4Y.V)g(X,9U)
_LB_ —2n g(¢Ya¢V)g(¢X5¢U) (36)
~m B e | g(x gv)g(eY.U) )

where
S(@Y,¢V)g(¢X,9pU) — S(¢X,9V)g(9Y,¢U)
—29(9Y,9V)9(9X,9U) +29(¢ X, $V)g(9Y, ¢U)
+S(¢X, pU)g(@Y, pV) — S(¢Y, pU)g(d X, $V)
—29(9Y,¢V)9(¢X,9pU) +29(¢ X, pV)g(¢Y, 9U)

Choosing{e, ¢&, &} as an orthonormal basis of vector field3Mn by a suitable contraction 086) with respect toX and
U we obtain

aw¢wwwmw)ah<HQHEQW¢w ) o

T+4— 6n)g(¢Y ¢V) - 2n(2n-1) ((Zn - 1)g(¢Ya ¢V)) ) (37)
for any vector field¥,V € TM. From the last equation above, we get

strv) == (2 e+ (2 ),

which implies that is ann-Einstein manifold. Therefore we have the following.

Theorem 3.Let M be a¢ —conformally flat para-Sasakian manifold with respect to@ainal paracontact connection.
Then M is am —Einstein manifold.

Definition 3. A differentiable manifold M satisfying the condition
g(C(X,Y)V,9U) =0, (38)

is called quasi-conformally flat.

From (33) we can write

gROX,Y)V,U) +g(X,oU)n(Y)n (V) —g(Y,¢U)n(X)n(V) +29(X, 9Y)g(¢V, pU )
g%, V)G, PU) — (Y, V)G(X. PU) = 51C — 772 ( 9. V)9(X,9U) ) | (39)

—g(X,V)g(Y,¢U)

where
S(Y,V)g(X, 9U) — S(X,V)g(Y, 9U)
—49(Y,V)g(X,9U) +4g(X,V)g(Y,$U)
C=| +S(X,pU)g(Y,V)—S(Y,9U)g(X,V)
g(X,eU)n(Y)n(v)

Hent2) [g(Y,¢U>n(X>n(V)

PuttingY =V = £ in (39) and by using ) we get

g(R(X,§)E,U) +9(X,9U) = 5ztq (SX,9U) — 29(X,9U)) — zz2"59(X, 9U), (40)
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for any vector fieldX andU on M.

In view of (11), we obtain
T+2n

s0x,0U) = (5" ) 90X, 4U).

ReplacindJ by ¢U in the last equation we have

s0cw) = (52 goc) - (A o)

Therefore we have the following.

Theorem 4.Let M be a quasi-conformally flat para-Sasakian manifoldwéspect to canonical paracontact connection.
Then M is am —Einstein manifold.

5 Concircular Curvature tensor with canonical paracontact connection

The concircular curvature tensdsee [L4],[15]) of a (2n+ 1)—dimensional para-Sasakian maniféfdwith respect to
canonical paracontact connection is defined by;

Z(X,Y)V =RX,Y)V — a(Y,V)X —g(X,V)Y). (41)

2n(2n—1) (

By using (L8) and £8), we obtain from 41)

ZXYNV =RXY)V 4 gYVINX)E = gXVINYE+n(MNVIX=n(X)n(V)Y +29X.4Y)8V o,
+9(X, V)Y — (Y, V)X — 520 (g (Y, V)X — g(X,V)Y).
Definition 4. A differentiable manifold M satisfying the condition
9°Z(9X,4Y)9V =0, (43)
is calledg —concircularly flat.
It can be easily seen thafZ(¢X,$Y)pV = 0 holds if and only if
9(Z(9X,9Y)9V,9U) =0, (44)

foranyX,Y,U,V € TM.

Using @2), ¢ —concircularly flathess means

g(R(X,9Y)$V,9U) +29(¢X,Y)g(V,¢U) +9(¢X,V)g(Y,9U) — g(¢Y,V)g(X, pU)
_ron [ 9(8Y,4V)g(éX,¢U) (45)
2n(2n-1) _g(¢xa¢v)g(¢Y7¢U) .

Choosing{e, ¢e,&} as an orthonormal basis of vector fields\ih so by suitable contraction o#%) with respect toX

andU we obtain
T—2n
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for any vector field¥ andV on M. From above equation, we get

strv) == (52 aoevy+ (2 o),

which implies that is ann —Einstein manifold. Therefore we have:

Theorem 5.Let M be a¢ —concircularly flat para-Sasakian manifold with respect smonical paracontact connection.
Then M is am —Einstein manifold.

Definition 5. A differentiable manifold M satisfying the condition
9(Z(X,Y)V,4U) =0, (46)

is called quasi-concircularly flat.

From @2), we can write

gROX,Y)V,9U) +g(X,oU)n(Y)n (V) —g(Y,¢U)n(X)n(V) +29(X, 9Y)g(¢V, pU )
e ( g(Y.V)g(X, $U) ) @)

+g(xa ¢V)g(¢Y7 ¢U) - g(Ya ¢V)g(¢xa ¢U) = 2n(2n-1) _g(x V)g(Y ¢U)

PuttingY =V = £ in (47) and by using ) we get

T—2n

IR(X,£)E,0U) +9(X,8U) = 25—

9(X, V), (48)

for any vector fields< andU onM. By use of (1) we obtain

From above equation we can state following:

Theorem 6.If a para-Sasakian manifold M is quasi-concircularly flatlviespect to canonical paracontact connection,
then it is of constant scalar curvature.

6 Projective curvature tensor with canonical paracontact onnection

Let M be a para-Sasakian manifold with canonical paracontactemion.The projective curvature tensdsee [L7]) of
M is defined by;

P(X,Y)V =R(X,Y)V — 2—1n (SY,V)X = S(X,V)Y). (49)

By using (L8) and @7), we obtain from 49)

POGYIV =R YV 49(Y,V)N(X)E —gX,V)n(Y)E+n(Y)n(V)X —n(X)n(V)Y +29(X,dY)pV
Y, V)X — S(X,V)Y
+9(X, V)Y —g(Y, pV)$X — 5 —29(Y,V)X +29(X,V)Y
+(@2n+2)[n(Y)n(V)X =n(X)n(V)Y]

(50)
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Definition 6. A differentiable manifold M satisfying the condition
9°P($X,$Y)9V =0, (51)

is called¢ —projectively flat.

It can be easily seen thafP(¢X,¢Y)¢V = 0 holds if and only if

9(P(¢X,9Y)¢V,9U) =0, (52)
foranyX,Y,U,V € TM.
In view of (50), if M is ¢ —projectively flat then we have

9(R($X. )PV, 9U) +20(9X.Y)g(V, $U) +g(4X.V)g(Y,0U) ~g(9Y.V)g(X.9U)
S($Y.9V)9($X.0U) —S($X.V)g(9Y.4U) ) | (53)

=

\S]

Choosing{e, ¢e,&} as an orthonormal basis of vector fields\ih so by suitable contraction 058) with respect toX

andU we obtain

S(BY,0V) ~ 20(4Y,9V) = 5 (

(20— DS($Y.9V)
2 Ang(gY, ¢v>> ’ &9

for any vector field& andV on M. From above equation, we get
S(Y,V) =—29(Y,V) + (2—2n)n(Y)n(V),

which implies that is ann —Einstein manifold. Hence we have the following.

Theorem 7.Let M be a¢ —projectively flat para-Sasakian manifold with respect to@aical paracontact connection.
Then it is ann —Einstein manifold.

Definition 7. A differentiable manifold M satisfying the condition

g(P(XaY)V7¢U) =0, (55)

is called quasi-projectively flat.
From (60) we can write

GROXYIV,4U) +9(X.0U)n (V)n (V) = a(¥. #U)n (X)n (V) +29(X, $Y)g(9V. 9U) (56)

+9(X, 9V)g(9Y,$U) —g(Y, 9V)g(9X,$U) = 7SRy

where
S(Y,V)g(X,9U) — S(X,V)g(Y,¢U)

SRy = L | ~20(V)EXU) +29(X,V)glY, 4U)

2 a(X,uU)n(Y)n(V)

HEneZ) l—g(Y,¢U)n(X)n(V)
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Let {&,¢6,&} (i =1,...,n) be an orthonormal basis of the tangent space at any point.c®ateaction of $6) with
respect tor andV gives

S(X,9U) — gR(X,£)8.,8U) +30(X,0U) = 51 (~S(X, $U) + (T~ 20+ 4)g(X, $U)). (57)

for any vector fieldX andU onM.

In view of (11) we obtain
T—10n+4

SX, V) = ( 2n—+1

ReplacingJ by ¢U in the above equation we have

)g(X,¢U)-

-1 4 - 4+ 4n?
T 0n+)(X,U)(T 8n—+4+4n

S(X’U)( 2n+1 2n+1

)n0on)

Therefore we have the following:

Theorem 8.Let M be a quasi-projectively flat para-Sasakian manifolthwéspect to canonical paracontact connection.
Then M is am —Einstein manifold.

7 Conclusion

In this manuscript we study canonical paracontact conoect para-Sasakian manifolds. Also we obtain some curatur
conditions on para-Sasakian manifolds with a canonicaqmartact connection.
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