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1 Introduction and preliminaries

In 1994, MatthewsT] established the concept of partial metric spaces as fellow

Definition 1. [7] A partial metric on a nonempty set X is a function)@x X — R* such that for all xy, z€ X,
(P1) x=y& p(x.x) =p((xy) =pYY),

(P2) p(xX) < p(Xy),

(P3) P(xY) = P(¥:X),

(P4) p(xy) <p(X2)+Pp(zYy) -P(Z2).

A partial metric space is a paifX, p) such that X is a nonemty set and p is a partial metric on X.

The notion of metric-like spaces which is an interestingegatization of partial metric space (see, e.g., [6-7]) and
dislocated metric space (see [2-5]) was introduced by Addemiandi fL].

Definition 2. [1] A mappingo : X x X — [0,4), where X is a nonempty set, is said to be metric-like on X i&forx

y, € X, the following three conditions hold true:

(0l) o(xy)=0=x=Y;

(02) o(xy)=0(y.X);

(03) 30(%2) <0 (xy)+0(y,2).

The pair(X, o) is called a metric-like space. Then a metric-like on X satsséill of the conditions of a metric except that

o (x,X) may be positive for ¥ X.

Each metric-like 0 on X generates a topologyry on X whose base is the family of opew—balls
Do (x,€) ={aeX:|o(x,a)—o(x,Xx)| < €} forall xe X ande > 0.
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Definition 3. [1] Let (X, o) be a metric-like space, and I€x,} be any sequence in X and=XX. Then

(a) asequencéxn} is convergent to x with respect tg, if im0 0 (X0,X) = 0 (X,X);

(b) asequencéx,} is ao—Cauchy sequence (X, o) if limn m—e 0 (X0, Xm) €Xists and is finite;

() (X,o0) is called o—complete if for everyg—Cauchy sequencéx,} in X there exists x X such that
lIMnm—e O (Xn,Xm) = liMnoe 0 (%, X) = 0 (X,X).

The notion of 0— o—complete metric-like spaces was initiated by Shukla et&lif 2013 as a new generalization
of metric-like space. Recently, Fadail et a@2] presented some fixed point results of maps that satisfy, ¢ )-weak
contractive condition in 8- g—complete metric-like space.

Definition 4. [8] Let (X,0) be a metric-like space. A sequenf®} in X is called a0 — o—Cauchy sequence if
liMnm—e 0 (X0, Xm) = 0. The spacgX, o) is said to beéd — o—complete if everp — o—Cauchy sequence in X converges
with respect targ to a point xe X such that (x,x) = 0.

Remark][8]

(1) Itis clearthat every 8 o—Cauchy sequence isa—Cauchy sequence {{X, o) and everyo —complete metric-like
space is 6- c—complete. Also, every-Bcomplete partial metric space is a@ —complete metric-like spaces.
(2) Itis not hard to see that, & (Xn,X) — 0 (X,X) = 0, theno (X,,y) — o (x,y) forally € X.

Definition 5. [9] Let f and g be self maps of a set X. I&nfx = gx for some x X, then x is called a coincidence point of
f and g, and w is called a point of coincidence of f and g. The pag of self maps is weakly compatible if they commute
at their coincidence points.

Proposition 1. Let f and g be weakly compatible self maps of a set X. If f andvg lsaunique point of coincidence
w = fx = gx, then w is the unique common fixed point of f and g

In 2012, Samet et al1[)] introduced the notion ofr — admissiblemappings as follows.

Definition 6. [10] Let f: X — X anda : X x X — [0, ) be given mappings. We say that fois- admissible if for all x
y € X, we have
a(xy)>1=a(fxfy)>1

In 2013, Shahi et alA[1] introduced the new concept of — admissiblewith respect to (abbreviated as w.rd.)

Definition 7. [11] Let f, g: X — X anda : X x X — [0,). We say that f i&r —admissible w.r.t g if for all xy € X, we
have
a(gxgy) = 1= a(fx fy)>1.

Remarkltis obvious that evergr — admissiblenapping isoc —admissiblev.r.tgwheng=1 (see [11, Example 3.2-3.4]).

Definition 8. [10] Let¥ be the family of functiong : [0, +) — [0, +) satisfying the following conditions:

(i) W is nondecreasing. item lim{{& y" (t) <  for allt > 0, wherey" is the " iterate of . Note that ify € ¥,
we havey (t) <t forallt > 0.
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Lemma 1.Let (X, o) be a0— g—complete metric-like space, §: X — X be mappings such that the following condition
is satisfied.
a (gx.gy) o (fx, fy) <@ (M(gx gy)) forallx,y € X, @)

wherey € ¥ anda : X x X — [0,0) and

o (gx fy) + o (gy, fx)}_ @

M (gx.gy) = maX{G(gxgy),a(gx fx), o (gy, fy), 2

If f and g have a point of coincidence=zX anda (gu,gu) > 1, theno (z,z) = 0.

Proof.Letz< X be the point of coincidence dfandg andu be the corresponding coincidence point, thagiis= fu=z
Suppose to the contrary thatz,z) > 0. From () and @), we get that

0(z,2) = o (fu, fu)
<a(gu,gu)o(fu,fu)
< ¢ (M(gugu)
=y (maX{O'(gLI’gu),o'(gu’ fuy, o (gu, fu), o(gu, fu) Z o(gu, fu) })
~p(mad o000, 222102
=y(0(z2) (Using definition ofy)
<0o(zz

which is a contradiction. Hence,(z,z) = 0.

2 Main Results

The following theorem is a generalization and improvemétworem 2.2 of Aydi and Karapina¥].

Theorem 1.Let (X, o) be a0 — o—complete metric-like space. Suppose the mappings X — X satisfy

a (gxgy) o (fx, fy) <@ (M(gxgy)) forallx, y € X, 3)

wherey € ¥ anda : X x X — [0,00) and

U(gxfy)w(gy,fx)}_ @

M (gx.gy) = maX{G(gxgy),a(gx fx), o (gy, fy), 2

Suppose that

(i) fisa—admissiblew.rtg;
(i) there exists xe X such thatr (gx, fxg) > 1;
(iii) If {gx} is a sequence in X such thatgx,, g%.+1) > 1 for all n and gx — gz< g(X) as n— o, then there exists
a subsequencggXx, } of {gx} such thatar (gx,x),92) > 1 for all k;
(iv) eithera (gu,gu.) > 1or o (gu.,gu) > 1 whenever gu= fu and gu = fu,.
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Also suppose X) C g(X) and f(X) or g(X) is a closed subset of X. Then f and g have a unique point of ideince
in X. Moreover, if f and g are weakly compatible, then f and geha uniqgue common fixed point z anidz,z) = 0 =
o(fzfz)=0(9292.

Proof. By (ii), there existsg € X such thatr (gxo, fXp) > 1. Letxg be an arbitrary point iiXX. Choose a point; € X such
that fXo = gx;. This can be done, since the rangegafontains the range of. Continuing this process, having chosen
Xn € X, we obtainx, 1 in X such that

fXn = gxyp1 forallne N. (5)

As f is a —admissiblew.r.t g, we get
a (g%, fXo) = a (9%0,9%1) > 1= a (fxo, fx1) = a (gx1,9%) > 1.
By repeating the process above, we derive that
a (9%, 9%+1) > 1 forallne N. (6)

Consider the two possible cases. Supposegkat gx,+1 for somen € N. Thereforegx, = X, is a point of coincidence
and then the proof is finished. Hence, supposedkai~ gx,.1 for all n € Ng. By (3), (4) and ), we have

0 (9%1+1,9%) = 0 (fXn, FXq-1)
<0 (9%, 9% 1) O (FXn, TXa—1)
<Y (M(g%,0%-1)) (7)

foralln> 1, where

0 (9%, G%-1) , 0 (@, TXn), }

M (g%, 9% 1) = max
0 (9%-1, TXn-1), U(g)ﬁnyn—l)ZU(gmflnyn)

0 (9%, 9% 1), 0 (9%, 9% +1) »
gmax{ 30'<g><n,g><n+1)4+0(g><n4,g>m)

= max{0 (9%, 9%-1) ; 0 (9%, 0%n+1) } - (®)
Due to monotonicity of the functiogy and using the inequalitieS), (7) and 8), we get
0 (9%, P%) < Y (Mmax{o (g%, 9%n-1), 0 (9%, 9%1)}) (9)
foralln> 1. If for somen > 1, we geto (9%, 9%-1) < 0 (9%, 3%+1), by (9), we have
T (9%, %) < P (0 (9%, Par1)) < T (9%, G%n+1)

a contradiction. Hence, for atl > 1, we get

max{ o (g%, 9%-1) , 0 (%, IX11)} = O (9%, 0%-1) - (10)
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By virtue of (9) and (L0), we get for alln > 1 that

0 (9%+1,0%) < Y (0 (9%, 9% 1)) (11)

Continuing this process inductively, we have

0 (9%+1,9%) < Y" (0 (g%,9%)) foralln> 1. (12)

By using ©3) and (2, for allk > 1, we have

0 (PXntk, 0%) < O (PXntk, Inik—1) + - - + T (9%+1,9%n)
n+k—1
< 5 YP(o(9%,9%))
pP=n
+00

< > ¢P(0(g%0,9%)) — 0 asn — o. (13)
p=n

We getthaf{ gx,} is a 0— o —Cauchysequence in the-8 c—complete metric-like spad¥, g). Since{ fxn} = {g%+1} C
g(X) andg(X) is closed in O- c—complete metric-like spadeX, o), there existal € X such that

lim 0(9%,gu) = lim 0 (g%, g%m) = 0 (gu,gu) =0. (14)

Now, we show thati is a coincidence point of andg. On the contrary, assume thafgu, fu) > 0. Since by assumption
(iii) and (14), we havea (gxy),gu) > 1 for all k, by using ¢3) and @), (4) we get

o(gu, fu)

< 0 (9u, FXaa) + 0 (X, Fu)

<0 (9u, FXq) + a (%) 9U) 0 (FXng, FU)
< 0 (9, FXng)

0 (9% (k)»9Y) , T (F¥nk) FXn)) -
i (max{ o (gu, fu), G(Wk)’fu)za(gu’wk)) . )

Taking the limit ak — o in (15) and Remarld, we conclude

o(gu fu) <y (max{a(gu, fu),w})

=y (o(gu fu)) < o(gu, fu)

which is a contradiction. Thus, we get that(gu, fu) = 0, that is,gu= fu = z This show thatf and g have a
coincidence point.

Uniqueness:Assume that there exists another point of coincidenad f andg andu. is the corresponding point, that
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is, gu, = fu, = z.. Then by Lemmad, we haveo (z.,z.) = 0. Therefore, we have

0(z,z.) =0(fu, fu,)
<a(gugu)o(fu,fu.)
< ¢ (M(gu,gu))
:LIJ(m {G(QU,QU*),U(gu,fu)’o-(gu*,fu*%0(gu,fu*)zg(gm,fu)})
:LLI(max{a(z,z*),a(z,z),g(z*,Z*%U(z,z*):o(z*,z)})
=y(o(zz))
<0(zz),

which is a contradiction. Thus, we haggz z.) = 0, that is,z= z.. Hence, the coincidence point 6fandg is unique.
From the Propositiod, f andg have the unique common fixed point. In the case whéX) is closed set if{X, o) the
proof is similar.

From Theorend, if we chooseg = | the identity mapping oX, we deduce the following corollary.

Corollary 1. Let(X,0) be a0 — o—complete metric-like space. Suppose the mapping + X satisfy

a(xy)o(fx fy) <@ (M(xy)) forallx, y € X, (16)

wherey € ¥ anda : X x X — [0,) and

(17)

M (x,y) = max{a(x,y),a(x, fx), 0 (y, fy), o (x, fy):o(y, fx) }

Suppose that

(i) fisa—admissible;
(i) there exists xe X such thatr (xg, fXo) > 1;
(i) If {xn} is a sequence in X such thet(xy,xn+1) > 1 for all n and % — z€ X as n— =, then there exists a
subsequencéx, } of {x,} such thata (x,),z) > 1 for all k.
(iv) eithera (u,u,) >1ora(u,,u) > 1whenever = fuandu = fu,.

Then f has a unique fixed poiate X ando (w, w) = 0.

From Corrollaryl, if the functiona : X x X — [0, ) is such thatr (x,y) = 1 for all x, y € X, we deduce the following
corollary.

Corollary 2. Let(X,0) be a0 — o—complete metric-like space. Suppose the mapping £ X satisfy
o(fx, fy) <@g (M(xy)) forallx,ye X, (18)

wherey € ¥ and M(x,y) is defined by17). Then f has a fixed point.

(© 2016 BISKA Bilisim Technology



=
NTMSCI 4, No. 3, 36-48 (2016) www.ntmsci.com BISKA 42

The following theorem is a generalization and improveméfteorem 2.5 of Aydi and Karapinas] (0 —completeness
(respectivelygr — admissiblé of space is replaced by-0o—completeness ((respectivety,— admissiblew.r.t g)).

Theorem 2.Let (X, 0) be a0 — o—complete metric-like space. Suppose the mappings X — X satisfy

a (gxgy) o (fx, fy) <@ (M(gxgy)) forallx, y € X, (19)

wherey € ¥ anda : X x X — [0,) and

M (gx gy) = max{o (gx,gy),o (gx fx), o (gy, fy)}. (20)

Suppose that

(i) fisa—admissiblew.rtg;
(i) there exists xe X such thatr (gx, fxg) > 1;
(iii) If {gx} is a sequence in X such thatgx,, g%.+1) > 1 for all n and gx — gz< g(X) as n— o, then there exists
a subsequencggXx, } of {gx} such thatr (gx,x),92) > 1 for all k.
(iv) eithera (gu,gu.) > 1or o (gu.,gu) > 1 whenever gu= fu and gu = fu,.

Also suppose fX) C g(X) and f(X) or g(X) is a closed subset of X. Then f and g have a unique point of ideince
in X. Moreover, if f and g are weakly compatible, then f and geha unique common fixed point z anidz, z) = 0=

o(fz,fz) =o0(gz92.
Proof. By the given assumption and the proof of Theorerwe construct the sequengs, } in X such that
fXn = 0% +1 forallne N. (22)
Since alsof is a —admissiblew.r.t g, we obtain that
o (9%, 0%+1) > 1 forallne N. (22)

Consider the two possible cases. Assumegiat= gx,1 for somen € N. Thereforegx, = X, is a point of coincidence
and in that case the proof is completed. Thus, assumgxhat gx,.1 for all n € Ng. From (19), (20) and £2), we have

0 (9%+1,9%)

=0 (fxn, fXn-1)

< 0 (9%, 9%-1) 0 (fXn, FXn-1)

<Y (M (9%, 9%-1))

= max{0 (g%, Pn-1), 0 (%, Txn), 0 (-1, FXn-1)}

= max{0 (g%, 9%-1) , 0 (9%n, P%n+1) } (23)

for all n > 1. By virtue of monotonicity of the functiogy and from @1) and £3), we have

0 (9%+1,9%) < Y (Max{o (9%, 9¥-1),0 (9%, I%+1)}) (24)
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for alln > 1. If for somen > 1, we geto (g%, 9% -1) < 0 (9%, 9% +1), from (24), we get

0 (9%1+1,0%) < Y (0 (9%, 0% +1))
< 0 (9%, 9% 1)

a contradiction. Thus, for afl > 1, we have

max{ o (g%, 9%-1) , 0 (%, IX11)} = O (9%, 0%-1) - (25)

Owing to 24) and @5), we have for alh > 1 that

0 (9%+1,0%) < Y (0 (9%, 0% 1)) - (26)

Continuing this process inductively, we obtain

0 (9%+1,9%) < Y" (0 (g%0,0%)) foralln> 1. (27)

By using triangular inequality an@7), for allk > 1, we get

0 (9%-+k: O%1) < O (Pl PXnik—1) + - -+ T (G%11,9%)
n+k—1

< > UP(o(9x0.9%))
p=n

IN

—+oo
Z YP(0(9%,9%)) — 0 asn — oo, (28)
p=n

We obtain tha{gx,} is a 0— o — Cauchysequence in the-0 g —complete metric-like spadeX, g). As{ fxn} = {@%+1} C
g(X) andg(X) is closed in 0- c—complete metric-like spade, o), there existsl € X such that

lim & (g%, gu) = lim 0 (g%, g%m) = 0 (gu,qu) =0. (29)

Next, we shall prove that is a coincidence point of andg. Assume, in contrast to, that(gu, fu) > 0. Resulting from
assumption (iii) andZ9), we obtaina (gxn(k),gu) > 1 for all k, by using triangular inequality and 9), (20) we have

+ ¢ (max{o (9%, 9u) , 0 (P> FXni) o (U, fu)}) . (30)

Lettingk — o in (30) and Remarld, we obtain that

o(gu,fu) < yY(o(gy, fu)) < o(guy, fu)
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which is a contradiction. Thus, we get that(gu, fu) = 0, that is,gu = fu = z This show thatf and g have a
coincidence point.

Suppose that there exists another point of coincidencef f and g and u. is the corresponding point, that is,
gu, = fu, = z.. Then by Lemmd, we haveo (z.,z.) = 0. Therefore, we have

0(zz.)=0(fu,fuy)

gugu) o (fu, fu,)

M (gu,gu.))

maX{U(gu,gu*) ) G(gu7 fU) 9 U(gu*7 fu*)})

max{o(zz.),0(22),0(z,z)})

o
a
<y
=y
Y
Y
o

~~ A~ o~ ~~ ~~ T

a contradiction. Therefore, we get(z,z.) = 0, in other wordsz = z,. Thus, the coincidence point éfandg is unique.
From the Propositiod, f andg have the unique common fixed point. In the case wheéX) is closed set iffX, o) the
proof is similar.

From Theoren?, if we choosey = | the identity mapping oiX, we deduce the following corollary.

Corollary 3. Let (X, o) be a0 — o—complete metric-like space. Suppose the mapping + X satisfy
a(xy)o(fx fy) <@ (M(xy)) forallx,ye X, (31)
wherey € ¥ anda : X x X — [0,00) and

M(xy) = max{a (xy),o (x fx),a(y, fy)} (32)

Suppose that
(i) fisa—admissible;
(i) there exists xe X such thatr (xg, fxo) > 1;
(iii) If {xn} is a sequence in X such that(xy,X,+1) > 1 for all n and % — z € X as n— o, then there exists a
subsequencex, } of {x,} such thatar (x,x),2) > 1 for all k.
(iv) eithera (u,u,) >1or a(u.,u) > 1whenever = fuand u. = fu,.

Then f has a unique fixed poiate X ando (w, w) = 0.

From Corollary3, if the functiona : X x X — [0, ) is such thair (x,y) = 1 for all x, y € X, we deduce the following
corollary.

Corollary 4. Let (X, 0) be a0 — o—complete metric-like space. Suppose the mapping + X satisfy
o (fx, fy) <@g (M(xy)) forallx,ye X, (33)

wherey € ¥ and M(x,y) is defined by32). Then f has a fixed point.

(© 2016 BISKA Bilisim Technology
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TakingM (x,y) = o (x,y) in (32), we have the following results.

Corollary 5. Let(X,0) be a0 — o—complete metric-like space. Suppose the mapping + X satisfy
o(fx fy) <y@(o(xy)) forallx,ye X, (34)

wherey € ¥. Then f has a fixed point.

3 Examples

We give an illustrative example wherein one demostrate®iéml1 on the existence and uniqueness of a common fixed
point.

Example 1.Let X = {0,2,4}. Defineo : X x X — [0, +) as follows:

0(0,00=0,0(2,2)=4,0(4,4) =2,
0(0,2) =0 (2,0) =38,
0(0,4) =0 (4,0) =4,
0(2,4=0(4,2)=5.

Then(X, o) is a 0— c—complete metric-like space. Givdng: X — X as
f0=0,f2=4andf4=0

and
g0=0,92=2 andg4 = 4.

Take (t) = 2t for eacht > 0. Define the mapping : X x X — [0, +o) by

1 ifx=0,
amw={

0 otherwise’

First we shall show that is o —admissiblew.r.t g. Letx, y € X such thata (gx,gy) > 1. This implies thagx= 0 and
sincef0=0, a (fx, fy) =1 for eachy € X. Hence,f is o — admissiblew.r.t g.

We need to consider three cases:

Case 1:If x=0andy = 0, we have
a (gx.gy) o (fx, fy) = o (fx, fy) =0.

(© 2016 BISKA Bilisim Technology
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Case 2:If x=0andy = 2, we have

0(90,02)0 (f0,f2) =0 (f0,f2)=0(0,4) =4 < 28: ga(gO,gZ) = (0(g0,92))

3
<y (maX{U(QO, 62).0 (g0, f0), 0 (g2, 2), 2 (9% 12 : o (92, f0) })

=y (M(g0,92)).

Case 3:If x= 0 andy = 4, we have
a(gxgy) o (fx fy) = o (fx fy)=0.

It is also clear that assumption (iii) and (iv) of Theoréns satisfied. Consequentlf,andg have a coincidence point.
Here, 0 is a coincidence point 6fandg. Also, obviously all the assumptions of Theor@rare satisfied. In this example,
0 is the unique common fixed point 6fandg.

In what follows, we give the following example making effi@etour obtained results.

Example 2.Let X = [0,00)NQ ando : X x X — [0,+®) be defined by

o(xy) = 2X if x=y
Y= max{x,y} otherwise

Then(X, o) is a 0— c—complete metric-like space (for more details, sgj& Define the mapping$, g: X — X by

0 ifx=3, 1 ifx=3
fx= o ' andgx= « oo
= otherwise, 5 otherwise

Consideny : [0,+) — [0,+00) defined by

ift<[0,1],
otherwise

wa){

Now, we define the mapping : X x X — [0,+) by

aiey _ [TTxyE0,
Y= 0 otherwise

ol W

First, letx, y € X such thatx (gx, gy) > 1, sogx, gy € [0, 1]. In this case,

B 2 2y\ ..
a(fx,fy)a<7,7)1,

thatis, f is o — admissiblew.r.t g.

We distinguish three cases:

(© 2016 BISKA Bilisim Technology


www.ntmsci.com

(_/
7 BISKA E. Yolacan and H. Kiziltunc: Common fixed point results fongealizeda — (y— contractions...

Case 1iIf x, y € [0,1] andx >y, then we get

a(gx,gy) o (fx, fy) = o (fx fy)
= max{fx, fy}

2X 2 X

=—=< ==

732

=30(9x9y)

N

Wi w

< ZM(gxgy) = ¢ (M(gx.gy)).

Case 2:If x, y € [0,1] andx =y, then we get

a(gxgy) o (fx, fy) = o (fx, fy)

Case 3:If x, y € [0,1] andx < y, then we get

a(gxgy) o (fx, fy) = o (fx, fy)

= max{fx, fy}
2y
2
y)

<

~|R

X Wl
Q

o9

Wi wiN

< ZM(gxgy) = ¢ (M(gx.gy)).

It is also clear that assumption (iii) and (iv) of Theoréns satisfied. Consequentlizandg have a uniqgue common fixed
point, that is to say 0. Note théX, o) is not ac—complete metric-like space. Hence, Theorem 2.2 of Aydi aathinar
[5] is not applicable.

4 Conclusion

Our theorems and corolaries which include the corresp@naisults announced in Samet et al. (2012) as special cases
fundamentally improve and generalize the results of Aydi Karapinar (2015) in the following sense.

(i) Extend fromo—completeness to-8 g—completeness.
(i) Extend the mappings frora — admissiblemapping toa — admissiblew.r.t g mapping.
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