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Abstract: In this paper, we establish some common fixed point theorems for mappings satisfying anα −ψ−contractive condition
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1 Introduction and preliminaries

In 1994, Matthews [7] established the concept of partial metric spaces as follows.

Definition 1. [7] A partial metric on a nonempty set X is a function p: X×X →R+ such that for all x, y, z∈ X,

(p1) x= y⇔ p(x,x) = p(x,y) = p(y,y) ,

(p2) p(x,x) ≤ p(x,y) ,

(p3) p(x,y) = p(y,x) ,

(p4) p(x,y)≤ p(x,z)+ p(z,y)− p(z,z) .

A partial metric space is a pair(X, p) such that X is a nonemty set and p is a partial metric on X.

The notion of metric-like spaces which is an interesting generalization of partial metric space (see, e.g., [6-7]) and

dislocated metric space (see [2-5]) was introduced by Amini-Harandi [1].

Definition 2. [1] A mappingσ : X×X → [0,+∞), where X is a nonempty set, is said to be metric-like on X if forany x,

y, z∈ X, the following three conditions hold true:

(σ1) σ (x,y) = 0⇒ x= y;

(σ2) σ (x,y) = σ (y,x) ;

(σ3) 3 σ (x,z) ≤ σ (x,y)+σ (y,z) .

The pair(X,σ) is called a metric-like space. Then a metric-like on X satisfies all of the conditions of a metric except that

σ (x,x) may be positive for x∈ X.

Each metric-like σ on X generates a topologyτσ on X whose base is the family of openσ−balls

Dσ (x,ε) = {a∈ X : |σ (x,a)−σ (x,x)|< ε} for all x∈ X andε > 0.
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Definition 3. [1] Let (X,σ) be a metric-like space, and let{xn} be any sequence in X and x∈ X. Then

(a) a sequence{xn} is convergent to x with respect toτσ , if limn→∞ σ (xn,x) = σ (x,x) ;

(b) a sequence{xn} is a σ−Cauchy sequence in(X,σ) if limn,m→∞ σ (xn,xm) exists and is finite;

(c) (X,σ) is called σ−complete if for everyσ−Cauchy sequence{xn} in X there exists x∈ X such that

limn,m→∞ σ (xn,xm) = limn→∞ σ (xn,x) = σ (x,x) .

The notion of 0− σ−complete metric-like spaces was initiated by Shukla et al. [8] in 2013 as a new generalization

of metric-like space. Recently, Fadail et al. [12] presented some fixed point results of maps that satisfy(F,ψ ,ϕ)-weak

contractive condition in 0−σ−complete metric-like space.

Definition 4. [8] Let (X,σ) be a metric-like space. A sequence{xn} in X is called a0− σ−Cauchy sequence if

limn,m→∞ σ (xn,xm) = 0. The space(X,σ) is said to be0−σ−complete if every0−σ−Cauchy sequence in X converges

with respect toτσ to a point x∈ X such thatσ (x,x) = 0.

Remark.[8]

(1) It is clear that every 0−σ−Cauchy sequence is aσ−Cauchy sequence in(X,σ) and everyσ−complete metric-like

space is 0−σ−complete. Also, every 0−complete partial metric space is a 0−σ−complete metric-like spaces.

(2) It is not hard to see that, ifσ (xn,x)→ σ (x,x) = 0, thenσ (xn,y)→ σ (x,y) for all y∈ X.

Definition 5. [9] Let f and g be self maps of a set X. If w= f x= gx for some x∈X, then x is called a coincidence point of

f and g, and w is called a point of coincidence of f and g. The pair f , g of self maps is weakly compatible if they commute

at their coincidence points.

Proposition 1. Let f and g be weakly compatible self maps of a set X. If f and g have a unique point of coincidence

w= f x= gx, then w is the unique common fixed point of f and g.

In 2012, Samet et al. [10] introduced the notion ofα −admissiblemappings as follows.

Definition 6. [10] Let f : X → X andα : X×X → [0,∞) be given mappings. We say that f isα −admissible if for all x,

y∈ X, we have

α (x,y)≥ 1⇒ α ( f x, f y) ≥ 1.

In 2013, Shahi et al. [11] introduced the new concept ofα −admissiblewith respect to (abbreviated as w.r.t.)g.

Definition 7. [11] Let f, g : X → X andα : X×X → [0,∞). We say that f isα −admissible w.r.t g if for all x, y∈ X, we

have

α (gx,gy)≥ 1⇒ α ( f x, f y) ≥ 1.

Remark.It is obvious that everyα −admissiblemapping isα −admissiblew.r.t g wheng= I (see [11, Example 3.2-3.4]).

Definition 8. [10] LetΨ be the family of functionsψ : [0,+∞)→ [0,+∞) satisfying the following conditions:

(i) ψ is nondecreasing. item limits+∞
n=1ψn (t) < ∞ for all t > 0, whereψn is the nth iterate ofψ . Note that ifψ ∈Ψ ,

we haveψ (t)< t for all t > 0.
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Lemma 1.Let(X,σ) be a0−σ−complete metric-like space, f, g : X →X be mappings such that the following condition

is satisfied.

α (gx,gy)σ ( f x, f y) ≤ ψ (M (gx,gy)) for all x, y∈ X, (1)

whereψ ∈Ψ andα : X×X → [0,∞) and

M (gx,gy) = max

{

σ (gx,gy) ,σ (gx, f x) ,σ (gy, f y) ,
σ (gx, f y)+σ (gy, f x)

4

}

. (2)

If f and g have a point of coincidence z∈ X andα (gu,gu)≥ 1, thenσ (z,z) = 0.

Proof.Let z∈ X be the point of coincidence off andg andu be the corresponding coincidence point, that is,gu= f u= z.

Suppose to the contrary thatσ (z,z)> 0. From (1) and (2), we get that

σ (z,z) = σ ( f u, f u)

≤ α (gu,gu)σ ( f u, f u)

≤ ψ (M (gu,gu))

= ψ
(

max

{

σ (gu,gu),σ (gu, f u) ,σ (gu, f u) ,
σ (gu, f u)+σ (gu, f u)

4

})

= ψ
(

max

{

σ (z,z) ,σ (z,z) ,σ (z,z) ,
σ (z,z)+σ (z,z)

4

})

= ψ (σ (z,z)) (Using definition ofψ)

< σ (z,z)

which is a contradiction. Hence,σ (z,z) = 0.

2 Main Results

The following theorem is a generalization and improvement of Theorem 2.2 of Aydi and Karapinar [5].

Theorem 1.Let (X,σ) be a0−σ−complete metric-like space. Suppose the mappings f, g : X → X satisfy

α (gx,gy)σ ( f x, f y) ≤ ψ (M (gx,gy)) for all x, y∈ X, (3)

whereψ ∈Ψ andα : X×X → [0,∞) and

M (gx,gy) = max

{

σ (gx,gy) ,σ (gx, f x) ,σ (gy, f y) ,
σ (gx, f y)+σ (gy, f x)

4

}

. (4)

Suppose that

(i) f is α −admissible w.r.t g;

(ii) there exists x0 ∈ X such thatα (gx0, f x0)≥ 1;

(iii) If {gxn} is a sequence in X such thatα (gxn,gxn+1)≥ 1 for all n and gxn → gz∈ g(X) as n→ ∞, then there exists

a subsequence
{

gxn(k)

}

of {gxn} such thatα
(

gxn(k),gz
)

≥ 1 for all k;

(iv) eitherα (gu,gu∗)≥ 1 or α (gu∗,gu)≥ 1 whenever gu= f u and gu∗ = f u∗.
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Also suppose f(X)⊂ g(X) and f(X) or g(X) is a closed subset of X. Then f and g have a unique point of coincidence

in X. Moreover, if f and g are weakly compatible, then f and g have a unique common fixed point z andσ (z,z) = 0=

σ ( f z, f z) = σ (gz,gz).

Proof.By (ii), there existsx0 ∈ X such thatα (gx0, f x0)≥ 1. Letx0 be an arbitrary point inX. Choose a pointx1 ∈ X such

that f x0 = gx1. This can be done, since the range ofg contains the range off . Continuing this process, having chosen

xn ∈ X, we obtainxn+1 in X such that

f xn = gxn+1 for all n∈N. (5)

As f is α −admissiblew.r.t g, we get

α (gx0, f x0) = α (gx0,gx1)≥ 1⇒ α ( f x0, f x1) = α (gx1,gx2)≥ 1.

By repeating the process above, we derive that

α (gxn,gxn+1)≥ 1 for all n∈ N. (6)

Consider the two possible cases. Suppose thatgxn = gxn+1 for somen∈N. Therefore,gxn = f xn is a point of coincidence

and then the proof is finished. Hence, suppose thatgxn 6= gxn+1 for all n∈ N0. By (3), (4) and (6), we have

σ (gxn+1,gxn) = σ ( f xn, f xn−1)

≤ α (gxn,gxn−1)σ ( f xn, f xn−1)

≤ ψ (M (gxn,gxn−1)) , (7)

for all n≥ 1, where

M (gxn,gxn−1) = max

{

σ (gxn,gxn−1) ,σ (gxn, f xn) ,

σ (gxn−1, f xn−1) ,
σ(gxn, f xn−1)+σ(gxn−1, f xn)

4

}

≤ max

{

σ (gxn,gxn−1) ,σ (gxn,gxn+1) ,
3σ(gxn,gxn+1)+σ(gxn−1,gxn)

4

}

= max{σ (gxn,gxn−1) ,σ (gxn,gxn+1)} . (8)

Due to monotonicity of the functionψ and using the inequalities (5), (7) and (8), we get

σ (gxn+1,gxn)≤ ψ (max{σ (gxn,gxn−1) ,σ (gxn,gxn+1)}) (9)

for all n≥ 1. If for somen≥ 1, we getσ (gxn,gxn−1)≤ σ (gxn,gxn+1), by (9), we have

σ (gxn+1,gxn)≤ ψ (σ (gxn,gxn+1))< σ (gxn,gxn+1)

a contradiction. Hence, for alln≥ 1, we get

max{σ (gxn,gxn−1) ,σ (gxn,gxn+1)}= σ (gxn,gxn−1) . (10)
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By virtue of (9) and (10), we get for alln≥ 1 that

σ (gxn+1,gxn)≤ ψ (σ (gxn,gxn−1)) . (11)

Continuing this process inductively, we have

σ (gxn+1,gxn)≤ ψn (σ (gx0,gx1)) for all n≥ 1. (12)

By using (σ3) and (12), for all k≥ 1, we have

σ (gxn+k,gxn)≤ σ (gxn+k,gxn+k−1)+ · · ·+σ (gxn+1,gxn)

≤
n+k−1

∑
p=n

ψ p (σ (gx0,gx1))

≤
+∞

∑
p=n

ψ p (σ (gx0,gx1))→ 0 asn→ ∞. (13)

We get that{gxn} is a 0−σ−Cauchysequence in the 0−σ−complete metric-like space(X,σ). Since{ f xn}= {gxn+1}⊆

g(X) andg(X) is closed in 0−σ−complete metric-like space(X,σ), there existsu∈ X such that

lim
n→∞

σ (gxn,gu) = lim
n,m→∞

σ (gxn,gxm) = σ (gu,gu) = 0. (14)

Now, we show thatu is a coincidence point off andg. On the contrary, assume thatσ (gu, f u)> 0. Since by assumption

(iii) and (14), we haveα
(

gxn(k),gu
)

≥ 1 for all k, by using (σ3) and (3), (4) we get

σ (gu, f u)

≤ σ
(

gu, f xn(k)
)

+σ
(

f xn(k), f u
)

≤ σ
(

gu, f xn(k)

)

+α
(

gxn(k),gu
)

σ
(

f xn(k), f u
)

≤ σ
(

gu, f xn(k)

)

+ψ



max







σ
(

gxn(k),gu
)

,σ
(

gxn(k), f xn(k)

)

,

σ (gu, f u) ,
σ(gxn(k), f u)+σ(gu, f xn(k))

4









 . (15)

Taking the limit ask→ ∞ in (15) and Remark1, we conclude

σ (gu, f u)≤ ψ
(

max

{

σ (gu, f u) ,
σ (gu, f u)

4

})

= ψ (σ (gu, f u))< σ (gu, f u)

which is a contradiction. Thus, we get thatσ (gu, f u) = 0, that is,gu = f u = z. This show thatf and g have a

coincidence point.

Uniqueness:Assume that there exists another point of coincidencez∗ of f andg andu∗ is the corresponding point, that
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is, gu∗ = f u∗ = z∗. Then by Lemma1, we haveσ (z∗,z∗) = 0. Therefore, we have

σ (z,z∗) = σ ( f u, f u∗)

≤ α (gu,gu∗)σ ( f u, f u∗)

≤ ψ (M (gu,gu∗))

= ψ
(

max

{

σ (gu,gu∗) ,σ (gu, f u) ,σ (gu∗, f u∗) ,
σ (gu, f u∗)+σ (gu∗, f u)

4

})

= ψ
(

max

{

σ (z,z∗) ,σ (z,z) ,σ (z∗,z∗) ,
σ (z,z∗)+σ (z∗,z)

4

})

= ψ (σ (z,z∗))

< σ (z,z∗) ,

which is a contradiction. Thus, we haveσ (z,z∗) = 0, that is,z= z∗. Hence, the coincidence point off andg is unique.

From the Proposition1, f andg have the unique common fixed point. In the case whenf (X) is closed set in(X,σ) the

proof is similar.

From Theorem1, if we chooseg= I the identity mapping onX, we deduce the following corollary.

Corollary 1. Let (X,σ) be a0−σ−complete metric-like space. Suppose the mapping f: X → X satisfy

α (x,y)σ ( f x, f y) ≤ ψ (M (x,y)) for all x, y∈ X, (16)

whereψ ∈Ψ andα : X×X → [0,∞) and

M (x,y) = max

{

σ (x,y) ,σ (x, f x) ,σ (y, f y) ,
σ (x, f y)+σ (y, f x)

4

}

. (17)

Suppose that

(i) f is α −admissible;

(ii) there exists x0 ∈ X such thatα (x0, f x0)≥ 1;

(iii) If {xn} is a sequence in X such thatα (xn,xn+1) ≥ 1 for all n and xn → z∈ X as n→ ∞, then there exists a

subsequence
{

xn(k)

}

of {xn} such thatα
(

xn(k),z
)

≥ 1 for all k.

(iv) eitherα (u,u∗)≥ 1 or α (u∗,u)≥ 1 whenever u= f u and u∗ = f u∗.

Then f has a unique fixed pointω ∈ X andσ (ω ,ω) = 0.

From Corrollary1, if the functionα : X ×X → [0,∞) is such thatα (x,y) = 1 for all x, y∈ X, we deduce the following

corollary.

Corollary 2. Let (X,σ) be a0−σ−complete metric-like space. Suppose the mapping f: X → X satisfy

σ ( f x, f y) ≤ ψ (M (x,y)) for all x, y∈ X, (18)

whereψ ∈Ψ and M(x,y) is defined by (17). Then f has a fixed point.
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The following theorem is a generalization and improvement of Theorem 2.5 of Aydi and Karapinar [5] (σ−completeness

(respectively,α −admissible) of space is replaced by 0−σ−completeness ((respectively,α −admissiblew.r.t g)).

Theorem 2.Let (X,σ) be a0−σ−complete metric-like space. Suppose the mappings f, g : X → X satisfy

α (gx,gy)σ ( f x, f y) ≤ ψ (M (gx,gy)) for all x, y∈ X, (19)

whereψ ∈Ψ andα : X×X → [0,∞) and

M (gx,gy) = max{σ (gx,gy) ,σ (gx, f x) ,σ (gy, f y)} . (20)

Suppose that

(i) f is α −admissible w.r.t g;

(ii) there exists x0 ∈ X such thatα (gx0, f x0)≥ 1;

(iii) If {gxn} is a sequence in X such thatα (gxn,gxn+1)≥ 1 for all n and gxn → gz∈ g(X) as n→ ∞, then there exists

a subsequence
{

gxn(k)
}

of {gxn} such thatα
(

gxn(k),gz
)

≥ 1 for all k.

(iv) eitherα (gu,gu∗)≥ 1 or α (gu∗,gu)≥ 1 whenever gu= f u and gu∗ = f u∗.

Also suppose f(X)⊂ g(X) and f(X) or g(X) is a closed subset of X. Then f and g have a unique point of coincidence

in X. Moreover, if f and g are weakly compatible, then f and g have a unique common fixed point z andσ (z,z) = 0=

σ ( f z, f z) = σ (gz,gz).

Proof.By the given assumption and the proof of Theorem1, we construct the sequence{xn} in X such that

f xn = gxn+1 for all n∈N. (21)

Since alsof is α −admissiblew.r.t g, we obtain that

α (gxn,gxn+1)≥ 1 for all n∈ N. (22)

Consider the two possible cases. Assume thatgxn = gxn+1 for somen∈N. Therefore,gxn = f xn is a point of coincidence

and in that case the proof is completed. Thus, assume thatgxn 6= gxn+1 for all n∈N0. From (19), (20) and (22), we have

σ (gxn+1,gxn)

= σ ( f xn, f xn−1)

≤ α (gxn,gxn−1)σ ( f xn, f xn−1)

≤ ψ (M (gxn,gxn−1))

= max{σ (gxn,gxn−1) ,σ (gxn, f xn) ,σ (gxn−1, f xn−1)}

= max{σ (gxn,gxn−1) ,σ (gxn,gxn+1)} (23)

for all n≥ 1. By virtue of monotonicity of the functionψ and from (21) and (23), we have

σ (gxn+1,gxn)≤ ψ (max{σ (gxn,gxn−1) ,σ (gxn,gxn+1)}) (24)
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for all n≥ 1. If for somen≥ 1, we getσ (gxn,gxn−1)≤ σ (gxn,gxn+1), from (24), we get

σ (gxn+1,gxn)≤ ψ (σ (gxn,gxn+1))

< σ (gxn,gxn+1)

a contradiction. Thus, for alln≥ 1, we have

max{σ (gxn,gxn−1) ,σ (gxn,gxn+1)}= σ (gxn,gxn−1) . (25)

Owing to (24) and (25), we have for alln≥ 1 that

σ (gxn+1,gxn)≤ ψ (σ (gxn,gxn−1)) . (26)

Continuing this process inductively, we obtain

σ (gxn+1,gxn)≤ ψn (σ (gx0,gx1)) for all n≥ 1. (27)

By using triangular inequality and (27), for all k≥ 1, we get

σ (gxn+k,gxn)≤ σ (gxn+k,gxn+k−1)+ · · ·+σ (gxn+1,gxn)

≤
n+k−1

∑
p=n

ψ p(σ (gx0,gx1))

≤
+∞

∑
p=n

ψ p (σ (gx0,gx1))→ 0 asn→ ∞. (28)

We obtain that{gxn} is a 0−σ−Cauchysequence in the 0−σ−complete metric-like space(X,σ). As{ f xn}= {gxn+1}⊆

g(X) andg(X) is closed in 0−σ−complete metric-like space(X,σ), there existsu∈ X such that

lim
n→∞

σ (gxn,gu) = lim
n,m→∞

σ (gxn,gxm) = σ (gu,gu) = 0. (29)

Next, we shall prove thatu is a coincidence point off andg. Assume, in contrast to, thatσ (gu, f u)> 0. Resulting from

assumption (iii) and (29), we obtainα
(

gxn(k),gu
)

≥ 1 for all k, by using triangular inequality and (19), (20) we have

σ (gu, f u)

≤ σ
(

gu, f xn(k)

)

+σ
(

f xn(k), f u
)

≤ σ
(

gu, f xn(k)

)

+α
(

gxn(k),gu
)

σ
(

f xn(k), f u
)

≤ σ
(

gu, f xn(k)

)

+ψ
(

max
{

σ
(

gxn(k),gu
)

,σ
(

gxn(k), f xn(k)

)

,σ (gu, f u)
})

. (30)

Lettingk→ ∞ in (30) and Remark1, we obtain that

σ (gu, f u)≤ ψ (σ (gu, f u))< σ (gu, f u)
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which is a contradiction. Thus, we get thatσ (gu, f u) = 0, that is,gu = f u = z. This show thatf and g have a

coincidence point.

Suppose that there exists another point of coincidencez∗ of f and g and u∗ is the corresponding point, that is,

gu∗ = f u∗ = z∗. Then by Lemma1, we haveσ (z∗,z∗) = 0. Therefore, we have

σ (z,z∗) = σ ( f u, f u∗)

≤ α (gu,gu∗)σ ( f u, f u∗)

≤ ψ (M (gu,gu∗))

= ψ (max{σ (gu,gu∗) ,σ (gu, f u) ,σ (gu∗, f u∗)})

= ψ (max{σ (z,z∗) ,σ (z,z) ,σ (z∗,z∗)})

= ψ (σ (z,z∗))

< σ (z,z∗) ,

a contradiction. Therefore, we getσ (z,z∗) = 0, in other words,z= z∗. Thus, the coincidence point off andg is unique.

From the Proposition1, f andg have the unique common fixed point. In the case whenf (X) is closed set in(X,σ) the

proof is similar.

From Theorem2, if we chooseg= I the identity mapping onX, we deduce the following corollary.

Corollary 3. Let (X,σ) be a0−σ−complete metric-like space. Suppose the mapping f: X → X satisfy

α (x,y)σ ( f x, f y) ≤ ψ (M (x,y)) for all x, y∈ X, (31)

whereψ ∈Ψ andα : X×X → [0,∞) and

M (x,y) = max{σ (x,y) ,σ (x, f x) ,σ (y, f y)} (32)

Suppose that

(i) f is α −admissible;

(ii) there exists x0 ∈ X such thatα (x0, f x0)≥ 1;

(iii) If {xn} is a sequence in X such thatα (xn,xn+1) ≥ 1 for all n and xn → z∈ X as n→ ∞, then there exists a

subsequence
{

xn(k)

}

of {xn} such thatα
(

xn(k),z
)

≥ 1 for all k.

(iv) eitherα (u,u∗)≥ 1 or α (u∗,u)≥ 1 whenever u= f u and u∗ = f u∗.

Then f has a unique fixed pointω ∈ X andσ (ω ,ω) = 0.

From Corollary3, if the functionα : X ×X → [0,∞) is such thatα (x,y) = 1 for all x, y ∈ X, we deduce the following

corollary.

Corollary 4. Let (X,σ) be a0−σ−complete metric-like space. Suppose the mapping f: X → X satisfy

σ ( f x, f y) ≤ ψ (M (x,y)) for all x, y∈ X, (33)

whereψ ∈Ψ and M(x,y) is defined by (32). Then f has a fixed point.
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TakingM (x,y) = σ (x,y) in (32), we have the following results.

Corollary 5. Let (X,σ) be a0−σ−complete metric-like space. Suppose the mapping f: X → X satisfy

σ ( f x, f y) ≤ ψ (σ (x,y)) for all x, y∈ X, (34)

whereψ ∈Ψ . Then f has a fixed point.

3 Examples

We give an illustrative example wherein one demostrates Theorem1 on the existence and uniqueness of a common fixed

point.

Example 1.Let X = {0,2,4}. Defineσ : X×X → [0,+∞) as follows:

σ (0,0) = 0, σ (2,2) = 4, σ (4,4) = 2,

σ (0,2) = σ (2,0) = 8,

σ (0,4) = σ (4,0) = 4,

σ (2,4) = σ (4,2) = 5.

Then(X,σ) is a 0−σ−complete metric-like space. Givenf , g : X → X as

f 0= 0, f 2= 4 and f 4= 0

and

g0= 0, g2= 2 andg4= 4.

Takeψ (t) = 2
3t for eacht ≥ 0. Define the mappingα : X×X → [0,+∞) by

α (x,y) =

{

1 if x= 0,

0 otherwise
.

First we shall show thatf is α −admissiblew.r.t g. Let x, y ∈ X such thatα (gx,gy) ≥ 1. This implies thatgx= 0 and

since f 0= 0, α ( f x, f y) = 1 for eachy∈ X. Hence,f is α −admissiblew.r.t g.

We need to consider three cases:

Case 1:If x= 0 andy= 0, we have

α (gx,gy)σ ( f x, f y) = σ ( f x, f y) = 0.
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Case 2:If x= 0 andy= 2, we have

α (g0,g2)σ ( f 0, f 2) = σ ( f 0, f 2) = σ (0,4) = 4≤
2
3

8=
2
3

σ (g0,g2) = ψ (σ (g0,g2))

≤ ψ
(

max

{

σ (g0,g2) ,σ (g0, f 0) ,σ (g2, f 2) ,
σ (g0, f 2)+σ (g2, f 0)

4

})

= ψ (M (g0,g2)) .

Case 3:If x= 0 andy= 4, we have

α (gx,gy)σ ( f x, f y) = σ ( f x, f y) = 0.

It is also clear that assumption (iii) and (iv) of Theorem1 is satisfied. Consequently,f andg have a coincidence point.

Here, 0 is a coincidence point off andg. Also, obviously all the assumptions of Theorem2 are satisfied. In this example,

0 is the unique common fixed point off andg.

In what follows, we give the following example making effective our obtained results.

Example 2.Let X = [0,∞)∩Q andσ : X×X → [0,+∞) be defined by

σ (x,y) =

{

2x if x= y

max{x,y} otherwise
.

Then(X,σ) is a 0−σ−complete metric-like space (for more details, see [8]). Define the mappingsf , g : X → X by

f x=

{

0 if x= 3,
2x
7 otherwise,

andgx=

{

1 if x= 3,
x
2 otherwise

.

Considerψ : [0,+∞)→ [0,+∞) defined by

ψ (t) =

{

2t
3 if t ∈ [0,1] ,
4
5 otherwise

.

Now, we define the mappingα : X×X → [0,+∞) by

α (x,y) =

{

1 if x, y∈ [0,1] ,

0 otherwise
.

First, letx, y∈ X such thatα (gx,gy)≥ 1, sogx, gy∈ [0,1]. In this case,

α ( f x, f y) = α
(

2x
7
,
2y
7

)

= 1;

that is, f is α −admissiblew.r.t g.

We distinguish three cases:
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Case 1:If x, y∈ [0,1] andx> y, then we get

α (gx,gy)σ ( f x, f y) = σ ( f x, f y)

= max{ f x, f y}

=
2x
7

≤
2
3
.
x
2

=
2
3

σ (gx,gy)

≤
2
3

M (gx,gy) = ψ (M (gx,gy)) .

Case 2:If x, y∈ [0,1] andx= y, then we get

α (gx,gy)σ ( f x, f y) = σ ( f x, f y)

= 2.
2x
7

≤
2
3
.2.

x
2

=
2
3

σ (gx,gy)

≤
2
3

M (gx,gy) = ψ (M (gx,gy)) .

Case 3:If x, y∈ [0,1] andx< y, then we get

α (gx,gy)σ ( f x, f y) = σ ( f x, f y)

= max{ f x, f y}

=
2y
7

≤
2
3
.
y
2

=
2
3

σ (gx,gy)

≤
2
3

M (gx,gy) = ψ (M (gx,gy)) .

It is also clear that assumption (iii) and (iv) of Theorem1 is satisfied. Consequently,f andg have a unique common fixed

point, that is to say 0. Note that(X,σ) is not aσ−complete metric-like space. Hence, Theorem 2.2 of Aydi and Karapinar

[5] is not applicable.

4 Conclusion

Our theorems and corolaries which include the corresponding results announced in Samet et al. (2012) as special cases

fundamentally improve and generalize the results of Aydi and Karapinar (2015) in the following sense.

(i) Extend fromσ−completeness to 0−σ−completeness.

(ii) Extend the mappings fromα −admissiblemapping toα −admissiblew.r.t g mapping.
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[8] Shukla, S., Radenovi ´c,S., Rajić, V. Ć.: Some common fixed point theorems in 0−σ−complete metric-like spaces, Vietnam J.

Math (2013) 41: 341-352.

[9] Abbas, M., Jungck, J.: Common fixed point results for noncommuting mappings without continuity in cone metric spaces. J. Math.

Anal. Appl. 341, 341, 416-420 (2008).

[10] Samet, B., Vetro, C., Vetro, P.: Fixed point theorems for α−ψ−contractive type mappings. Nonlinear Anal. 75, 2154-2165 (2012).

[11] Shahi, P., Kaur, J., Bhatia, S. S.: Coincidence and common fixed point results for generalizedα −ψ−contractive type mappings

with applications. arXiv: 1306.3498v1 [math. FA] 14 Jun 2013.

[12] Fadail, Z. M., Ahmad, A. G. B., Ansari, A. H., Radenovi ´c, S, Rajović, M.: Some common fixed point results of mappings in 0−

σ−complete metric-like spaces. Applied Mathematical Sciences, Vol. 9, 2015, no. 83, 5009-5027.

c© 2016 BISKA Bilisim Technology

www.ntmsci.com

	Introduction and preliminaries
	Main Results
	Examples
	Conclusion

