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1 Introduction

Let f:1 C R — R be a convex function defined on the intervvalf real numbers and,b € | with a < b. The inequality

b

is well known in the literature as Hermite-Hadamard’s inaiy [2].

The most well-known inequalities related to the integralamef a convex functiorf are the Hermite Hadamard
inequalities or their weighted versions, the so-calledier-Hadamard-Fejér inequalities.

In [1], Fejér established the following Fejér inequality whits the weighted generalization of Hermite-Hadamard
inequality(1):

Theorem 1.Let f: [a,b]— R be convex function. Then the inequality

b
(252 / owax< [ 1aax< TATIOL Pyiay @

holds, where g[a,b] — R is nonnegative, integrable and symmetric#or b) /2.
For some results which generalize, improve, and extenchémpuialities1) and(2) see B,14,15,17).

Definition 1.[11,12]. A function f: 1 C (0,) — R is said to be GA-convex (geometric-arithmetically conviex)

Fy' ™) <tf () +(1-1) F(y)
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forallx,yelandte [0,1].

Definition 2. [16]. Let f: | C [0,00) — [0,0) and se (0,1]. A function f(x) is said to be GA-s convex (geomatric-
arithmetically s-convex) on | if
Py < (0 +(1-1)°F(y)

forallx,yelandte [0,1].

In [10Q], Latif et al. established the following inequality which the weighted generalization of Hermite-Hadamard
inequality for GA-convex functions as follows:

Theorem 2.Let f: | C (0,0) — R be a GA-convex function andlac | with a < b. Let gja,b] — [0,) be continuous
positive mapping and geometrically symmetria,fab. Then

f(@)ébﬁdngf(x)g(x)dxg f(a)ﬂ;f(b)/:gix)dx 3)

X

The following definitions and mathematical preliminarié$ractional calculus theory are used further in this paper.

Definition 3. [9]. Let f € L[a, b]. The Hadamard integralsid f and J'f of ordera > O with b> a > 0 are defined by

39, f(x) = %/ﬁx (Ini—()ailf(t)$, x> a

and

X

J f(x) = %/Xb (Inz)ailf(t)$, x<b

respectively, wherg (a) is the Gamma function defined bya) = [5° e 't~ 1dt.

Because of the wide application of Hermite-Hadamard typimlities and fractional integrals, many researchers
extend their studies to Hermite-Hadamard type inequalitieolving fractional integrals not limited to integer égrals.
Recently, more and more Hermite-Hadamard inequalitieshiing fractional integrals have been obtained for différe
classes of functions; seé,p,6,7,18,19].

In [5], Iscan presented Hermite—Hadamard’s inequalities for@®Avex functions in fractional integral forms as follows:

Theorem 3.Let f: | C (0,0) — R be a function such that € L[a,b] where ab € | with a< b. If f is a GA-convex
function on[a, b], then the following inequalities for fractional integrdislds:

f(a)+ f(b)

f(Vab) < y 09, £(b)+ 3¢ f(a)] < @

(n®)”

with a > 0.

In [8], the authors presented Hermite—Hadamard-Fejer ind@safor GA-convex functions in fractional integral forms
as follows:

Theorem 4.Let f: [a,b] C (0,00) — R be a GA-convex function with<ab and fe L[a,b]. If g: [a,b] - R is nonnegative,
integrable and geometrically symmetric with respect/@b, then the following inequalities for fractional integsdiolds:

f (Vab) [35,0(b) + % 9(@)] < %, (19) (1) + _(T9) @] < "L O e gy 1oz o] 9)
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with a > 0.

Lemma 1.[8] . Let f: [a,b] C (0,0) — R be a differentiable mapping dia, b) witha< b and f eL[a,b]. Ifg: [a,b] — R
is integrable and geometrically symmetric with respect/b then the following equality for fractional integrals st

b[ (t(In2)\* tq(s 8
() (32,000 5 ate)] - 32, (10) (0)-+3¢ (1) a)] = 7 | [_f}té'grf%)a?ézf%s] )t (6)

with a > 0.

Lemma 2.[1319]. ForO< o <1and0 < a< b, we have
|a® —b?| < (b—a)?.
In this paper, we obtain some new inequalities connectdutiv right-hand side of Hermite-Hadamard-Fejér typegrake
inequality for GAs convex function in fractional integral forms.
2 Main results

Throughout this section, léfg||,, = sup |g(t)|, for the continuous functiog: [a,b] — R.
tela,b]

Theorem 5.Let f: 1 C (0,«) — R be a differentiable mapping ori iwhere ab € | witha<b and f € L[a,b]. If | f'| is
GA-s convex offia,b], g: [a,b] — R is continuous and geometrically symmetric with respect/&, then the following
inequality for fractional integrals holds:

| (1) (3¢, g(b) + 3¢ g()] | el (@) o 18 @]+ cat@) | )], -

— 3¢, (fg) (b) +3¢_(fg) (a)] Ma+1)
where 1
Jo [(1=w)? —u] (1—u)*a'b'du
Cl(a) - |:+O[:§ZLI. [ua _ (17 U)a] (17 u)salubudu] )
B B (ERTC T
C(a) = |:+0f%1 [ua (- u)a} Usalubudu] )
with a > 0.

Proof. From Lemmal we have

‘ (@51} [38,(b) + 3¢ g(a)]
— 38, (fg) (b)+3¢_(fg)(a)]

HCHIEEES NG

s%/j

Settingt = a'~Ub" anddt = a'~tb"In (2) dugives

il

1—ubu a—1
5 " (n2) 1g(s)%s
o

~Jau (N2 99

b

f(a)+f(b) a a
| (%) [‘]a+g(b) +‘]bfg(a)} | f/(alfubU) | al—ubu In <a> du. (8)

— % (fg) (b) + 7 (fg) (a)]
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Sinceg : [a,b] — R is geometrically symmetric with respectibwe write

" s\a-1 ds &bt/ o p\at apds AU/ p\9l o gs
RMCHEEEESS A CH B S (O S

Then we have

a it s p\at  ds b s\a-1  ds
[(n3) 005 Lo, (D) g

[ () e
Jal-upu S 9 S

upl—u
<{f;11bUbU( n8)" (5] S ue 0.3
upu o—
s (IN2)" " lo(s)| ¥ ue [3.1]
Upl—u 1

< ||gH { faallbuub“u( )Z 1%5 ue [0’%]

Sy (@)™ L ue [3,1]
g, 2 [G-uf—wue 03], ©

® u—(1-uw ue[3,1]
Since|f'| is GA-s convex ona, b], we have

[f'(@ )| < (1—w®|f' ()] +u®| ' (b)], (10)

A combination(8), (9) and(10)

| (w) [98,9(b) + 3¢ g(a)] | <1 / '

1 [;1 upu (| b)a lg( >% ‘f al~ ubu)‘ al- ubu|n<b> du
— [958 (fg) (b) + 3¢ (fg) ()] a

A=W @I | 1 upup, (P
| F (b) ]a bln(a)du

(1-uplf <a>|] al UbIn (2) du

F(a)Jo | =[5y (INS)* g(s)%s

e (| ol 8 (1 u"])

ik <I gl (e [u"—(l—u)"])

| a+1l
< %l!?ll” {/o [(1—uw)—u] [(1—u?®|f' (@) +u®|f (b)]] a*“bdu

1
+/ (U — (=W [(A=w®|f" (@) + | ' (b)]] alub“du}

~In®t (&) g]l,,
 T(a+1)

. { [ I3 0] (1w e ] )

+U3| (b))

+J1 [u¥ — (1—-u)?] (1 u)*alYbidu

J¢ [(1=u)® —u] usal~tbUdu .
! [+Of§ [u? — (1—u)’] Usalubudu] |1 (b)) } .

This completes the proof.

Corollary 1. In Theorenb;
(1) If we takea = 1 we have the following Hermite-Hadamard-Fejer inequality &A-s convex functions which is related

(© 2016 BISKA Bilisim Technology
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to the right-hand side of3):

f@+f() P9 *f(x)g(x)
‘ 5 /a » dxf/a dx

X

gl In* (3)
2

<

[CL(D) | (@)] +C2(D) | ()],

(2) If we take gdx) = 1 we have the following Hermite-Hadamard inequality for GAesvex functions in fractional
integral forms which is related to the right-hand side(4f:

f(a)+f(b) r(a+1) ., .
2 2(nY)° [ F(0) + %5 (@)

()
2

[Ci(a) | (a)| +Ca(a) | ' (b)

.

(3) If we takea = 1 and g(x) = 1 we have the following Hermite-Hadamard inequality for Géesvex functions:

b
<0 (Za) [C(D) | (8)| +Co(1) [ (b)]]

Y
2 |n5a X

f(a)+ f(b) 1/‘bf(x)dx

Theorem 6.Let f: 1 C (0,00) — R be a differentiable mapping ort where ab € | with a< b and f € L[a,b]. If |f'|9,
q > 1is GA-s convex ofa,b], g: [a,b] — R is continuous and geometrically symmetric with respecy/a, then the
following inequalities for fractional integrals holds:

| (M) [98,9(b) + 3¢ g(a)] | - gl (8)
— 38, (fg) (b) + 3¢ (fg)(a)] r(a+1)

() (%)] [Cala) | (@) +Calen)| /(b))

where .
| R Ia-w* —u] (1-u)(atubY)du
Cala) = {Jrc_)f%l (U —(1-uw) (1-u)p® (al*”b”)qdu ’
B f% [(1—u)® —u]us (at~1b) du
Cale)= [4’(}; [u% — (1—u)®] us (at~up¥)du |’
with a > 0.

Proof. Similarly the proof of Theorerb, using Lemmél, (8), (9) and power mean inequality we have

(12410) [3g.g(b) + 35 g(@)] | _ 1 /1 /aublu n?)" gie S
0 al-upu S S

—[38, (fg) (0)+ 3¢ (fg) @] |~ (@)
() [ 7] 745 (o) O
) l/o fra (n3) 05

1| patpt D a1 ds
X /0 /alf%u (ng> g(s)z

(@ Up")|a b In (g) du

du]

’ f/(al—ubu) ’q (alubu)qdu‘|

IN

1
q
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Using GAs convexity of | f/|9

1-1

-3 a(1-1)+1 3 K
_ lls Ilnfr(a)) (&) [/O (1w du+/ FEE uwdu]

a'bt < b) “tds
/ In—

al-upu S
a+1 1-1
_ llglln™** (8) ||g|| In L q
- a+1 20 a+1

J& [(1— ) —ue] [(1- W] @)+ [ (b)
+f[ —(1=wTA-upf @)+ | (b)

S 4) ()]
B S A )

ud — u)?] (1—u)*(at~up)?du

(w) [32,g(b) + 32 g(a)]
— [99.(fg) (b) + 39_(fg) (a)]

1
q

(1= |t (@] + | (b)) (alUbU)qdu]

q] (al’ubu)qdu g
|q] (al—ubu)qdu

[ fo [( —u)® — ] us(alubu)qdu] ‘f/(b)|q}q.

+ fl [u — (1 u)?] us (at~up¥)*du

This completes the proof.

Corollary 2. In Theoren®;
(1) If we takea = 1 we have the following Hermite-Hadamard-Fejer inequality®A-s convex functions which is related
to the right-hand side of3):

b b %' 1
T [Pe 8 [MH9ax < gl () (5) (I @| ] r o,

(2) If we take gx) = 1 we have the following Hermite-Hadamard inequality for GAeswvex functions in fractional
integral forms which is related to the right-hand side(4y:

<) (=) (%1)] [Co(@) | @)+ Ca(@) | ' (b)

(3) If we takea = 1 and g(x) = 1 we have the following Hermite-Hadamard inequality for Géesivex functions:

<In(2) (%)2 [Co(1) |f' (@)|%+Ca (1) | (b)

Theorem 7.Let f: 1 C (0,00) — R be a differentiable mapping ori Where ab € | witha< b and f € L[a,b]. If |9,
q> 1is GA-s convex offa,b], g: [a,b]— R is continuous and geometrically symmetric with respec/a, then the
following inequalities for fractional integrals holds:

f(a+f(b) r(a+1)
2 2(InB)®

Qal-

05,

39, £(b) + I _1(a)]

ol

i

O

(CRSICTNE Ry L. TN

b
2 lné X
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(i)
(L2510) 32, 9(b) + 3¢ g(@)] | _ igll ™ (8) [_2 NE .
2 a+ b e a - f/ q f/ b a1 g
— [38, (fg) (b)+J¢_(fg) (a)] = r(a+1) [ap+1(1 zap)} [Cs |1 (a)|"+Cs ' (b)[] (11)
with a > 0.
(ii)

(M) 39, g(b) + 32 g(a)]
— [39, (fg) (b) +3¢_(fg) (a)]
for0 < a <1 Where

ol

F [Cs |t (a)]"+Cs |t (0)]] (12)

_llglon™t(8) [ 1
[(a+1) ap+1

1 1
com [ ur e e o [ e
0 0
andl/p+1/q=1.

Proof. (i) Using Lemmal, (8), (9), Holder’s inequality and GAsconvexity of| /|9 we have

(52) Dt g o 1] oy o

—[38, (fg) (b) +3¢_(fg) (a)]
In(2) [ /2] 2%/ b\*! ds p
: I (a) l/o /al*UbU (In g) g(s)z

gl N (3) | 2

CEE [/f (v~ Paus [} [ua—a—u)ﬂpdu]

1

y [/Ol[(1_u)s‘f'(a)‘q+us‘f'(b)‘q} (alubu)qdu}q

_ llgll " (3)

3 1
= W l/o [(1fu)afua]pdu+/% [Ua(lu)a}pdu‘| (13)

<|( [ a-wran) o) 1@ ([ e au) |f/(1b>\q]%

1
a+17q

IN

’ f/(alfubU)’alfubuln (g) du

1

o] [P el

1
p

ol

_ Il p

qél’(a+1
g K./:(l_“)s (alub”)qdu) 7@+ <./O‘luS (a1“b“)qdu> ]f’(b)\q]é
_|g|wln“+l(£)[ 2 ( 1

ra+1) ap+1 1_ﬁ)}p[C5’f,(a)’q+cs‘f/(b)‘q}é.

)(g) [/0% (1-w— U"pdu#/;u"p— (1- u)"pdu]

Here we use
[(17,[)0 7ta] p < (17t>ap7tap

fort €]0,1/2] and
[t — (1-1)7]P <t9P— (1—1)7P

fort € [1/2,1], which follows from
(A-B)Y<AY_BY
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foranyA> B > 0 andq > 1. Hence the inequalit{l11) is proved.
(i) The inequality(12) is easily proved usin¢l3) and Lemma2.

Corollary 3. In Theoreni,
(@) In (12); (1) If we takea = 1 we have the following Hermite-Hadamard-Fejer inequaldy &A-s convex functions
which is related to the right-hand side (8):

ol

fa+f(b) g *1(99(x)
‘ 5 /a ” dx—/a ” dx

e (8) [ 2 ol /
_ lgl ;()[pﬂ(l—%ﬂ [Cs |t (@)]*+Cs ' (b)|*] 7,

(2) If we take dx) = 1 we have the following Hermite-Hadamard inequality for GAesivex functions in fractional
integral forms which is related to the right-hand side(4y:

f@+f(b) Ma+1) )
2 2(nd)° [ F(0) + %5 (@)

ol

<P [ ()] i@ st ol

(3) If we takear = 1 and g(x) = 1 we have the following Hermite-Hadamard inequality for Géesvex functions:

fAg+f(b) 1 /bf(x)d

)
2 Ingl X

L(b » g
X< z(a) {pil <12_1p>} [Cs |1 (@) +Cs |1 (B)|] ¥

(i) In (12);
(1) If we takea = 1 we have the following Hermite-Hadamard-Fejer inequality®A-s convex functions which is related
to the right-hand side of3):

)

f f(b b b f Oo| 2 g 1 %’ / / :
‘ <a>; <>/a g(xx)dX*/a wdx‘gﬂg” ;“[pH] [Cs | ()| "+ Co| ' (b)|) ¥

(2) If we take gx) = 1 we have the following Hermite-Hadamard inequality for GAeswvex functions in fractional
integral forms which is related to the right-hand side(4f:

@+ 1) _T@+) e ¢4 g0 1)

_n®)
2 2(In8)* -

2

1
q

1 1Py :
Ersi N S GRS CINES

(3) If we takea = 1 and g(x) = 1 we have the following Hermite-Hadamard inequality for Géesivex functions:

Qalk

f f(b b f In (b 7 , /
(a)‘fz' ()_é/ﬁ E(X)dx‘g nga) {pil} [Cs‘f (a)]q+06\f (b)m -
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