
NTMSCI 4, No. 2, 285-295 (2016) 285

New Trends in Mathematical Sciences
http://dx.doi.org/10.20852/ntmsci.2016218535

Applications of double-framed soft ideals in BE-algebras

Khizar Hayat1, Bing-Yuan Cao1, Tahir Mahmood2 and Kalim Ul-Haq Tariq3

1School of Mathematics and Information Sciences, GuangzhouUniversity, Guangzhou, Guangdong, China
2Department of Mathematics and Statistics, International Islamic University Islamabad, Pakistan
3School of Mathematics and Statistics, Huazhong Universityof Science and Technology, Wuhan, China

Received: 26 August 2015, Revised: 30 August 2015, Accepted: 17 January 2016
Published online: 26 May 2016

Abstract: In this study, the notion of a double-framed soft ideal (DFS-ideal) in BE-algebras is introduced and discussed related
properties by means of R-inclusive set and S-exclusive set.We presented DFS-int-uni ideal of two DFS-ideals in BE-algebras. We
characterized the properties of the image and pre-image of DFS-ideals by homomorphism of BE-algebras.

Keywords: BE-Algebra, soft set,DFS-set,DFS-ideals,R-inclusive set,S-exclusive set homomarphism.

1 Introduction

Molodtsov [1], popularized the soft sets as a new soft tool in mathematicsfor dealing with uncertainties. Subsequently,

this theory has been applied in many research areas such as data analysis, approximate reasoning and decision-making.

Maji et al. [2], proposed some useful results in soft sets theory. In 2009 Ali et al. [6], presented some new operations in

soft set theory. Nowadays, research in this area is advancing rapidly with remarkable applications. Soft sets have been

applied in various algebraic structures, such as in group theory, rings theory and semi-rings theory etc. [3,4,5,17,18].

In 2007 Kim and Kim [7], presented concept ofBE-algebras as a generalization of a dualBCK-algebra. They examined

some properties ofBE-algebras by utilizing upper sets inBE-algebras. In [8], Rezaei and Saeid investigated

commutative ideals ofBE–algebras and see [9]. Ahn and So [10], characterizedBE-algebras by using ideals. Ahn, Kim,

So [11], presented the notion of fuzzyBE-algebras, and Jun, Lee, Song [12], investigated the concept of fuzzy ideals in

BE-algebras. Recently, Abdullah et al. [16] presented N-structures in implicative filters of BE-algebras. Applications of

soft sets inBE-algebras, have been introduced by Jun and Ahn [13]. A. R. Hadipour [14] introduced double-framed soft

BF-algebras and discussed related results. Moreover, see [15].

In this study, notion of aDFS-ideal in BE-algebras is introduced and discussed related properties by means of

R-inclusive set, andS-exclusive set. We introducedDFS-int-uni ideal of two DFS-ideals in BE-algebras. We

characterized the properties of the image and pre-image ofDFS-ideals by homomorphism ofBE-algebras.

2 Preliminaries

Definition 1. [7] An algebra (X,⋆,1) of type(2,0) is called a BE-algebra if the following axioms holds:

(i) a⋆a= 1,

∗ Corresponding author e-mail:khizar233@gmail.com c© 2016 BISKA Bilisim Technology

 http://dx.doi.org/10.20852/ntmsci.2016218535


286 Khizar Hayat, et al.: Applications of double-framed soft ideals inBE-algebras

(ii) a⋆1= 1,

(iii) 1 ⋆a= a,

(iv) a1⋆ (a2⋆a3) = a2⋆ (a1⋆a3) , for all a1,a2,a3 ∈ X.

Example 1.Let X = {1, p,q, r,s} be a set with table:

⋆ 1 p q r s
1 1 p q r s
p 1 1 p s s
q 1 p 1 s s
r 1 1 p 1 p
s 1 1 1 1 1

Clearly, (X,⋆,1) is aBE-algebra.

We consider the relation,� on (X,⋆,1) by a � b if and only if a⋆b = 1. In rest of paper,X is BE-algebra unlesselse

particularized.

Definition 2. A subset L6= /0 of X is called subalgebra of a BE-algebra X if it is closed under the operation “⋆ ”. Since

a⋆a= 1 for all a ∈ X, then clearly1∈ X.

Proposition 1. If (X ,⋆,1) is a BE-algebra, then a1⋆ (a2⋆a1) = 1 for any a1,a2 ∈ X.

Definition 3. [10] A BE-algebra (X,⋆,1) is said to be transitive if it holds:

(a2⋆a3)� (a1⋆a2)⋆ (a1⋆a3) , ∀a1,a2,a3 ∈ X.

Definition 4. [7] A BE-algebra (X,⋆,1) with condition a1 ⋆ (a2⋆a3) = (a1⋆a2) ⋆ (a1⋆a3) ∀a1,a2,a3 ∈ X is called self

distributive. If X is self distributive, then it is transitive. On the otherhand, if X is transitive, then it is not self distributive

in general.

Definition 5. [10] A subset L6= /0 of a BE-algebra X is called an ideal of X if it holds:

(i) y⋆a∈ L ∀y∈ X,a∈ L,

(ii) ((a1⋆ (a2⋆ y))⋆ y) ∈ L ∀y∈ X,a1,a2 ∈ L.

Lemma 1. [12] A subset L6= /0 of a BE-algebra X is an ideal of X if and only if it holds

(i) 1 ∈ L,

(ii) (∀b1,b2 ∈ Λ ,a∈ L) , (b1⋆ (a⋆b2)) ∈ L =⇒ (b1⋆b2) ∈ L.

Let U be an universe, and E be a parameters set. Let P(U) be a setof power set of U and L be non-empty subsets of E.

Then we define following definitions.

Definition 6. [1] A soft set(S-set) γ̃ over U is defined as̃γ : E → P(U) such that̃γ(a) = /0 if a /∈ L. It can be represented

by γ̃ = {(a, γ̃(a)) | a∈ E, γ̃(a) ∈ P(U)}.

Moreover,γ̃ is also called an approximate function.

Definition 7. Let γ̃1, γ̃2, γ̃ ∈ S̃(U)
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(i) A soft set is called null soft set if̃γ(a) = /0, for a∈ E. It denoted byΦ̃L.

(ii) A soft set is called whole soft set ifγ̃(a) =U, for a∈ E. It denoted bỹµL.

(iii) Soft set̃γ1 is called subset of̃γ2, denoted bỹγ1 ⊑ γ̃2 and defined bỹγ1(a)⊆ γ̃2(a) for all a ∈ E.

(iv) Intersection of̃γ1 and γ̃2 denoted bỹγ1⊓ γ̃2 and defined by(γ̃1⊓ γ̃2)(a) = γ̃1(a)∩ γ̃2(a) for all a ∈ E.

(v) Union of γ̃1 and γ̃2 denoted bỹγ1⊔ γ̃2 and defined by(γ̃1⊔ γ̃2)(a) = γ̃1(a)∪ γ̃2(a) for all a ∈ E.

Definition 8. Let γ̃ be a S-set in BE-algebra X over U. Then upper̃α-inculsion ofγ̃ is denoted and defined as

γ̃⊇α̃ = {a∈ X | γ̃ (a)⊇ α̃ for α̃ ⊑U} .

Definition 9. [15] A double framed soft pair(〈γ̃ , δ̃ 〉,X) is called double framed soft set(breifly DFS-set) of BE-algebra

X over U, whereγ̃ : X −→ P(U) and δ̃ : X −→ P(U) .

For the simplicity, we shall use the symbol(γ̃X , δ̃X) for DFS-set(〈γ̃, δ̃ 〉,X).

Definition 10. Let (γ̃X , δ̃X) and( f̃X , g̃X) two DFS-set of X over U. The DFS-int-uni set of(γ̃X , δ̃X) and( f̃X , g̃X) over U is

defined to be DFS-set(γ̃X ⊓ f̃X , δ̃X ⊔ g̃X) where(γ̃X ⊓ f̃X)(a) = γ̃X (a)∩ f̃X (a) and(γ̃X ⊔ f̃X)(a) = γ̃X (x)∪ f̃X (a) .

3 DFS-ideals inBE-algebras

3.1 Definition

A double-framed soft set(γ̃X , δ̃X) of a BE-algebraX overU is called a double-framed soft ideal (i.e, breiflyDFS-ideal)

in X, if it holds;

(DF1) γ̃X (x⋆ y)⊇ γ̃X (y) , δ̃X (x⋆ y)⊆ δ̃X (y) ,

(DF2) γ̃X (x⋆ (y⋆ z)⋆ z)⊇ γ̃X (x)∩ γ̃X (y) , δ̃X (x⋆ (y⋆ z)⋆ z)⊆ δ̃X (x)∪ δ̃X (y) .

3.2 Example

ConsiderBE-algebraX = {1, r1, r2, r3, r4,0} defined as follow:

⋆ 1 r1 r2 r3 r4 0

1 1 r1 r2 r3 r4 0

r1 1 1 r1 r3 r3 r4

r2 1 1 1 r3 r3 r3

r3 1 r1 r2 1 r1 r2

r4 1 1 r1 1 1 r1

0 1 1 1 1 1 1.

We defineDFS-set(γ̃X , δ̃X) in X overU = Z4 as:

x 1 r1 r2 r3 r4 0

γ̃X (x) {0,1,2} {0,1,2} {0,1,2} {0,1} {0,1} {0,1}

x 1 r1 r2 r3 r4 0

δ̃X (x) {1,2} {1,2} {1,2} {1,2,3} {1,2,3} {1,2,3}.
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Clearly,(γ̃X , δ̃X) is aDFS-ideal inX overU = Z4.

Lemma 2.Every DFS-ideal of X holds the following inequality:γ̃X (1)⊇ γ̃X (a) andδ̃X (1)⊆ δ̃X (a) ∀a∈ X.

Proof. Assume(γ̃X, δ̃X) is aDFS-ideal ofX overU. Thus γ̃X (a⋆b)⊇ γ̃X (b) andδ̃X (a⋆b)⊆ δ̃X (b) for a,b∈ X. Since

a⋆a= 1, thenγ̃X (1) = γ̃X (a⋆a)⊇ γ̃X (a) andδ̃X (1) = δ̃X (a⋆a)⊆ δ̃X (a) .

Theorem 1.The DFS-int-uni set of two DFS-ideals(γ̃X, δ̃X) and( f̃X , g̃X) over U, is a DFS-ideal over U.

Proof. Let (γ̃X , δ̃X) and ( f̃X , g̃X) be two ideals over U. For any a1,a2 ∈ X, we have

(γ̃X ⊓ f̃X)(a1⋆a2) = γ̃X (a1⋆a2) ∩ f̃X (a1⋆a2) ⊇ γ̃X (a2) ∩ f̃X (a2) = (γ̃X ⊓ f̃X)(a2) , and

(δ̃X ⊔ g̃X)(a1⋆a2) = δ̃X (a1⋆a2)∪ g̃X (a1⋆a2)⊆ δ̃X (a2)∪ g̃X (a2) = (δ̃X ⊔ g̃X)(a2) . Now let b1,b2 ∈ X, we have

(γ̃X ⊓ f̃Λ )(b1⋆ ((b2⋆ z)⋆ z)) = γ̃X (b1⋆ ((b2⋆ z)⋆ z))∩ f̃X (b1⋆ ((b2⋆ z)⋆ z))

⊇ (γ̃X (b1)∩ γ̃X (b2))∩
(

f̃X (b1)∩ f̃X (b2)
)
= (γ̃X ⊓ f̃X)(b1)∩ (γ̃X ⊓ f̃X)(b2) , and

(δ̃X ⊔ g̃X)(b1⋆ ((b2⋆ z)⋆ z)) = δ̃X (b1⋆ ((b2⋆ z)⋆ z))∪ g̃X (b1⋆ ((b2⋆ z)⋆ z))

⊇ (δ̃X (b1)∪ δ̃X (b2))∪ (g̃X (b1)∪ g̃X (b2)) = (δ̃X ⊔ g̃X)(b1)∪ (δ̃X ⊔ g̃X)(b2) .

HenceDFS-int-uni set is aDFS-ideal overU .

Definition 11. Let (γ̃X , δ̃X) be a DFS-set of X over U and R, S⊆ U, the R- inclusive and S- exclusive sets of(γ̃X , δ̃X),

denoted by(γ̃⊆)R and(δ̃⊇)S respectively and defined as follows:

(γ̃⊆)R = {x∈ X | R⊆ γ̃X (x)} and(δ̃⊇)S=
{

x∈ X | S⊇ δ̃X (x)
}

respectively.

The set DFX(γ̃⊆, δ̃⊇)(R,S) =
{

x∈ X | R⊆ γ̃Λ (x) ,S⊇ δ̃Λ (x)
}

is called a double-framed including set of(γ̃X , δ̃X).

Clearly, DFX(γ̃⊆, δ̃⊇)(R,S) = (γ̃⊆)R∩ (δ̃⊇)S.

Theorem 2.Let (γ̃X , δ̃X) be a DFS-set of X over U. Then(γ̃X , δ̃X) is a DFS-ideal of X over U if and only if R- inclusive

set of(γ̃X , δ̃X), (γ̃⊆)R 6= /0 with R∈ Im(γ̃X) and S- exclusive set of(γ̃X , δ̃X), (δ̃⊇)S 6= /0 with S∈ Im(δ̃X) are ideals of X.

Proof.Assume that(γ̃X , δ̃X) is aDFS-ideal ofX overU , (γ̃⊆)R 6= /0 with R∈ Im(γ̃X) and(δ̃⊇)S 6= /0 with S∈ Im(δ̃X). Let

a,b∈ X such thatb∈ (γ̃⊆)R andb∈ (δ̃⊇)S. Thenγ̃X (b)⊇ R andδ̃X (b)⊇ S. Since(γ̃X , δ̃X) is aDFS-ideal ofX overU,

thenγ̃X (a⋆b)⊇ γ̃X (b)⊇ Randδ̃X (a⋆b)⊆ δ̃X (b)⊆ S. Hencea⋆b∈ (γ̃⊆)R anda⋆b∈ (δ̃⊇)S.

Now let x,y,z∈ X such thatx,y∈ (γ̃⊆)R andx,y∈ (δ̃⊇)S. Thenγ̃X (x) ⊇ R, γ̃X (y) ⊇ R andδ̃X (x) ⊆ S, δ̃X (y) ⊆ S. Since

(γ̃X , δ̃X) is a DFS-ideal of X over U, then γ̃X (x⋆ (y⋆ z)⋆ z) ⊇ γ̃X (x) ∩ γ̃X (y) ⊇ R and

δ̃X (x⋆ (y⋆ z)⋆ z) ⊆ δ̃X (x)∪ δ̃X (y) ⊆ S, so thatx⋆ (y⋆ z) ⋆ z∈ (γ̃⊆)R and x⋆ (y⋆ z) ⋆ z∈ (δ̃⊇)S. ThusR- inclusive set

(γ̃⊆)R andS- exclusive set(δ̃⊇)S of (γ̃X , δ̃X) are ideals ofX.

Conversely, assume thatR- inclusive set (γ̃⊆)R and S- exclusive set(δ̃⊇)S of (γ̃X , δ̃X) are ideals ofX. If

γ̃X (a⋆b)⊂ γ̃X (b) andδ̃X (a⋆b)⊃ δ̃X (b) for a,b∈ X, thenγ̃X (a⋆b)⊂ RO ⊂ γ̃Λ (b) andδ̃X (a⋆b)⊃ SO ⊃ δ̃X (b) . Thus

a⋆b /∈ (γ̃⊆)Ro, b∈ (γ̃⊆)Ro anda⋆b /∈ (δ̃⊇)So,b∈ (δ̃⊇)So, which is a contradiction. Let γ̃X (x⋆ (y⋆ z)⋆ z)⊂ γ̃X (x)∩ γ̃X (y)

and δ̃X (x⋆ (y⋆ z)⋆ z) ⊃ δ̃X (x) ∪ δ̃X (y) for x,y,z ∈ X, γ̃X (x⋆ (y⋆ z)⋆ z) ⊂ R′
O ⊂ γ̃X (x) ∩ γ̃X (y) and

δ̃X (x⋆ (y⋆ z)⋆ z) ⊃ S′O ⊃ δ̃X (x) ∪ δ̃X (y) . Thus x ⋆ (y⋆ z) ⋆ z /∈ (γ̃⊆)R′
o
, x ∈ (γ̃⊆)R′

o
,y ∈ (γ̃⊆)R′

o
and

x⋆ (y⋆ z)⋆ z /∈ (δ̃⊇)S′o,x∈ (δ̃⊇)S′o,y∈ (δ̃⊇)S′o which is a contradiction. Therefore,(γ̃X , δ̃X) is aDFS-ideal ofX overU.
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Corollary 1. If (γ̃X , δ̃X) be a DFS-ideal of X over U, then the double-framed including set of(γ̃X , δ̃X) is an ideal X over

U.

Definition 12. For DFS-set(γ̃X , δ̃X) of X over U, let (γ̃∗X , δ̃ ∗
X) be a DFS-ideal of X over U defined by

γ̃∗X : X −→ P(U), δ̃ ∗
X : X −→ P(U) such that

γ̃∗X (x) =

{
γ̃X (x) if x ∈ (γ̃⊆)R,

ς̃X if Otherwise,
δ̃ ∗

X (x) =

{
δ̃X (x) if x ∈ (δ̃⊇)S,

τ̃X if Otherwise,

whereγ̃X, δ̃X , ς̃ and τ̃ are subset of U, with ς̃ ( γ̃X and τ̃ ) δ̃X.

Theorem 3.If (γ̃X, δ̃X) be a DFS-ideal of X over U, then so is(γ̃∗X , δ̃ ∗
X).

Proof.Assume(γ̃X , δ̃X) be aDFS-ideal ofX overU. Then(γ̃⊆)R and(δ̃⊇)S are ideals ofX for all R andSare subset of

U with R∈ Im(γ̃X) andS∈ Im(δ̃X). Let a,x∈ X. If a∈ (γ̃⊆)R, anda∈ (δ̃⊇)S thenx⋆a∈ (γ̃⊆)R, andx⋆a∈ (δ̃⊇)S. Then

γ̃∗X (x⋆a) = γ̃X (x⋆a)⊇ γ̃X (a) = γ̃∗X (a) andδ̃ ∗
X (x⋆a) = δ̃X (x⋆a)⊆ δ̃X (a) = δ̃ ∗

X (a) .

If a /∈ (γ̃⊆)R anda /∈ (δ̃⊇)S thenγ̃∗X (a) = ς̃X andδ̃ ∗
X (a) = τ̃X . Thenγ̃∗X (x⋆a)⊇ ς̃X = γ̃∗X (a) andδ̃ ∗

X (x⋆a)⊆ τ̃X = δ̃ ∗
X (a) .

Now let a,b,x ∈ X. If a ∈ (γ̃⊆)R, b ∈ (γ̃⊆)R and a ∈ (δ̃⊇)S, b ∈ (δ̃⊇)S then (a⋆ ((b⋆ x)⋆ x)) ∈ (γ̃⊆)R, and

(a⋆ ((b⋆ x)⋆ x)) ∈ (δ̃⊇)S. Then γ̃∗X (a⋆ ((b⋆ x)⋆ x)) = γ̃X ((a⋆ ((b⋆ x)⋆ x))) ⊇ γ̃X (a) ∩ γ̃X (b) = γ̃∗X (a) ∩ γ̃∗X (b) and

δ̃ ∗
X (a⋆ ((b⋆ x)⋆ x)) = δ̃X (a⋆ ((b⋆ x)⋆ x))⊆ δ̃X (a)∪ δ̃X (b) = δ̃ ∗

X (a)∪ δ̃ ∗
X (b) .

If a /∈ (γ̃⊆)R or a /∈ (γ̃⊆)R anda /∈ (δ̃⊇)S or b /∈ (δ̃⊇)S thenγ̃∗X (a) = ς̃X or γ̃∗X (b) = ς̃X andδ̃ ∗
X (a) = τ̃X or δ̃ ∗

X (b) = τ̃X .

Thenγ̃∗X (a⋆ ((b⋆ x)⋆ x))⊇ ς̃X = γ̃∗X (a)∩ γ̃∗X (b) andδ̃ ∗
X (a⋆ ((b⋆ x)⋆ x))⊆ τ̃X = δ̃ ∗

X (a)∪ δ̃ ∗
X (b) .

Hence(γ̃∗X , δ̃ ∗
X) is aDFS-ideal ofX overU.

Now we consider an example to show that the converse of Theorem 3, is not true in general.

Example 2. ConsiderBE-algebraX presented in Example3.2. Also considerDFS-set (γ̃X, δ̃X) of X described as

follows:

γ̃X (x) =






{0,1,2,3} , if x∈ {1} ,

{0,1,2} , if x∈ {r1, r2} ,

{1,2} , if x= r3,

{1} , if x∈ {r4,0} ,

δ̃X (x) =





{0} , if x∈ {1} ,

{0,1} , if x∈ {r1, r2} .

{0,1,2} , if x= r3,

{0,1,2,3} , if x∈ {r4,0} ,

Note that

(γ̃⊆)R = {1, r1, r2}= (δ̃⊇)S4
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with R= {0,1,2} andS= {0,1} . Let (γ̃∗X , δ̃ ∗
X) be aDFS-set overU defined by

γ̃∗X (x) =

{
γ̃X, if x∈ (γ̃⊆)R,

/0, if Otherwise,

δ̃ ∗
X (x) =

{
δ̃X , if, x∈ (δ̃⊇)S,

U, if, Otherwise,
.

It is routine to verify that(γ̃∗X , δ̃ ∗
X) is aDFS-ideals overU . But (γ̃X, δ̃X) is notDFS-ideal ofX overU.

Proposition 2. If (γ̃X , δ̃X) is a DFS-ideal of X over U, thenγ̃X ((x⋆ y)⋆ y)⊇ γ̃X (x) , δ̃X ((x⋆ y)⋆ y)⊆ δ̃X (x) .

Proof.Let (γ̃X, δ̃X) is aDFS-ideal ofX overU. Sincea= 1⋆a for all a∈ X and by Lemma2, γ̃X (1)⊇ γ̃X (x) andδ̃X (1)⊆

δ̃X (x) , then γ̃X ((x⋆ y)⋆ y) = γ̃X ((x⋆ (1⋆ y))⋆ y) ⊇ γ̃X (x)∩ γ̃X (1) = γ̃X (x) and δ̃X ((x⋆ y)⋆ y) = δ̃X ((x⋆ (1⋆ y))⋆ y) ⊆

δ̃X (x)∪ δ̃X (1) = δ̃X (x) for x,y∈ X.

Corollary 2. Every DFS-ideal(γ̃X, δ̃X) of X is order preserving, that is,(γ̃X, δ̃X) holds:

a� b=⇒ γ̃X (a)⊆ γ̃X (b) andδ̃X (a)⊇ δ̃X (b) ∀a,b∈ X.

Proof. Let a � b for a,b ∈ X. Thus a ⋆ b = 1, and by 2, γ̃X (b) = γ̃X (1⋆b) = γ̃X ((a⋆b)⋆b) ⊇ γ̃X (a) and

δ̃X (b) = δ̃X (1⋆b) = δ̃X ((a⋆b)⋆b)⊆ δ̃X (a).

Proposition 3.Let (γ̃X, δ̃X) be a DFS-set of X which satisfies:

(i) γ̃X (1)⊇ γ̃X (a) andδ̃X (1)⊆ δ̃X (a) ∀a∈ X.

(ii) γ̃X (a⋆ z)⊇ γ̃X (a⋆ (b⋆ z))∩ γ̃X (b) , andδ̃X (a⋆ z)⊆ δ̃X (a⋆ (b⋆ z))∪ δ̃X (b) .

Then(γ̃X , δ̃X) is ordered preserving.

Proof.Let a,b∈ Λ be such thata� b. Thena⋆b= 1, we have

γ̃Λ (b) = γ̃Λ (1⋆b) ⊇ γ̃Λ (1⋆ (a⋆b))∩ γ̃Λ (a) = γ̃Λ (a) , and δ̃Λ (b) = δ̃Λ (1⋆b) ⊆ δ̃Λ (1⋆ (a⋆b))∪ δ̃Λ (a) = δ̃Λ (a) , by

Definition1 and Lemma2. Thus(γ̃Λ , δ̃Λ ) is ordered preserving.

Theorem 4. Let X be a transitive BE-algebra. A DFS-set(γ̃X , δ̃X) is a DFS-ideal of X over U if and only if it holds

following conditions:

(i) γ̃X (1)⊇ γ̃X (x) and δ̃X (1)⊆ δ̃X (x) ∀x∈ X.

(ii) γ̃X (x⋆ z)⊇ γ̃X (x⋆ (y⋆ z))∩ γ̃X (y) , andδ̃X (x⋆ z)⊆ δ̃X (x⋆ (y⋆ z))∪ δ̃X (y) .

Proof. Assume(γ̃X , δ̃X) is aDFS-ideal ofX overU. By Lemma2, we havẽγX (1) ⊇ γ̃X (x) andδ̃X (1) ⊆ δ̃X (x) ∀x ∈ X.

SinceX is transitive, then(y⋆ z)⋆ z� (x⋆ (y⋆ z))⋆ (x⋆ z) so that((y⋆ z)⋆ z)⋆ ((x⋆ (y⋆ z))⋆ (x⋆ z)) = 1 for all x,y,z∈ X.

Also a= 1⋆a for all a∈ X, and by Proposition2, γ̃X ((x⋆ y)⋆ y)⊇ γ̃X (x) , δ̃X ((x⋆ y)⋆ y)⊆ δ̃X (x) . Thus

γ̃X (x⋆ z) = γ̃X (1⋆ (x⋆ z)) = γ̃X ((((y⋆ z)⋆ z)⋆ ((x⋆ (y⋆ z))⋆ (x⋆ z)))⋆ (x⋆ z))⊇ γ̃X ((y⋆ z)⋆ z)∩ γ̃X (x⋆ (y⋆ z))

⊇ γ̃X ((x⋆ y)⋆ z)∩ γ̃X (y)

and

δ̃X (x⋆ z) = δ̃X (1⋆ (x⋆ z)) = δ̃X ((((y⋆ z)⋆ z)⋆ ((x⋆ (y⋆ z))⋆ (x⋆ z)))⋆ (x⋆ z))

⊆ δ̃X ((y⋆ z)⋆ z)∪ δ̃X (x⋆ (y⋆ z))⊆ δ̃X ((x⋆ y)⋆ z)∪ δ̃X (y)

Conversely, suppose thatDFS-set(γ̃X, δ̃X) holds (i) and (ii). Then
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γ̃X (x⋆ y)⊇ γ̃X (x⋆ (y⋆ y))∩ γ̃X (y) = γ̃X (y⋆1)∩ γ̃X (y) = γ̃X (1)∩ γ̃X (y) = γ̃X (y)

and

δ̃X (x⋆ y)⊆ δ̃X (x⋆ (y⋆ y))∪ δ̃X (y) = δ̃X (y⋆1)∪ δ̃X (y) = δ̃X (1)∪ δ̃X (y) = δ̃X (y) , for all x,y∈ X.

Now

γ̃X ((x⋆ y)⋆ y)⊇ γ̃X ((x⋆ y)⋆ (x⋆ y))∩ γ̃X (x) = γ̃X (1)∩ γ̃X (x) = γ̃X (x)

and

δ̃X ((x⋆ y)⋆ y)⊆ δ̃X ((x⋆ y)⋆ (x⋆ y))∪ δ̃X (x) = δ̃X (1)∪ δ̃X (x) = δ̃X (x) , for all x,y∈ X.

Since (γ̃X , δ̃X) is ordered preserving by Proposition3, therefore, (y⋆ z) ⋆ z � (x⋆ (y⋆ z)) ⋆ (x⋆ z) implies

γ̃X ((y⋆ z)⋆ z)⊆ γ̃X ((x⋆ (y⋆ z))⋆ (x⋆ z)) andδ̃X ((y⋆ z)⋆ z)⊇ δ̃X ((x⋆ (y⋆ z))⋆ (x⋆ z)) . Thus

γ̃X (x⋆ (y⋆ z)⋆ z)⊇ γ̃X ((x⋆ (y⋆ z))⋆ (x⋆ z))∩ γ̃X (x)⊇ γ̃X ((y⋆ z)⋆ z)∩ γ̃X (x)⊇ γ̃X (y)∩ γ̃X (x) ,

and

δ̃X (x⋆ (y⋆ z)⋆ z) ⊆ δ̃X ((x⋆ (y⋆ z))⋆ (x⋆ z))∪ δ̃X (x) ⊆ δ̃X ((y⋆ z)⋆ z)∪ δ̃X (x) ⊆ δ̃X (y)∪ δ̃X (x) , ∀ x,y,z∈ X. Therefore,

(γ̃X , δ̃X) is aDFS-ideal ofX.

Corollary 3. Let X be a self distributive BE-algebra. A DFS-set(γ̃X, δ̃X) is a DFS-ideal of X over U if and only if it holds

following conditions:

(i) γ̃X (1)⊇ γ̃X (a) andδ̃X (1)⊆ δ̃X (a) ∀a∈ X.

(ii) γ̃X (a⋆ z)⊇ γ̃X (a⋆ (b⋆ z))∩ γ̃X (b) , and δ̃X (a⋆ z)⊆ δ̃X (a⋆ (b⋆ z))∪ δ̃X (b) .

Definition 13. For p,q∈ X, we define DFS-set(γ̃q
p, δ̃ q

p) in X over U by

γ̃ p
q (x) =

{
σ1 p⋆ (q⋆ x) = 1,

σ2 Otherwise
,

δ̃ p
q (x) =

{
σ ′

1 p⋆ (q⋆ x) = 1,

σ ′
2 Otherwise

for all x ∈ X andσ1,σ2,σ ′
1,σ ′

2 ⊆U with σ1 ⊇ σ2, σ ′
2 ⊇ σ ′

1.

Example 3.ConsiderBE-algebraX = {1, r1, r2, r3, r4,0} defined in Example1. Then(γ̃ r1
1 , δ̃ r1

1 ) is aDFS-ideal ofX over

U. Since

γ̃ r1
1 ((r1⋆ (r1⋆ r2))⋆ r2) = γ̃ r1

1 ((r1 ⋆ r1)⋆ r2) = γ̃ r1
1 (1⋆ r2) = γ̃ r1

1 (r2) = σ2 ⊆ σ1 = γ̃ r1
1 (r1)∩ γ̃ r1

1 (r1) ,

and

δ̃ r1
1 ((r1 ⋆ (r1 ⋆ r2))⋆ r2) = δ̃ r1

1 ((r1 ⋆ r1)⋆ r2) = δ̃ r1
1 (1⋆ r2) = δ̃ r1

1 (b) = σ ′
2 ⊇ σ ′

1 = δ̃ r1
1 (r1)∪ δ̃ r1

1 (r1) . Therefore,(γ̃ r1
1 , δ̃ r1

1 )

is not aDFS-ideal ofX overU.

Theorem 5.If X is self distributive, then the DFS-set(γ̃q
p, δ̃ q

p) is a DFS-ideal of X over U for all p,q∈ X.

Proof. Let p,q ∈ X. For everyx,y ∈ X, if p⋆ (q⋆ y) 6= 1, then γ̃q
p (y) = σ2 ⊆ γ̃q

p (x⋆ y) and δ̃ q
p (y) = σ ′

2 ⊇ δ̃ q
p (x⋆ y) .

Supposep⋆ (q⋆ y) = 1, then

p⋆ (q⋆ (x⋆ y)) = p⋆ ((q⋆ x)⋆ (q⋆ y)) = (p⋆ (q⋆ x))⋆ (p⋆ (q⋆ y)) = (p⋆ (q⋆ x))⋆1= 1.

Thusγ̃q
p (y) = σ2 = γ̃q

p (x⋆ y) andδ̃ q
p (y) = σ ′

2 = δ̃ q
p (x⋆ y) . Henceγ̃q

p (y)⊆ γ̃q
p (x⋆ y) andδ̃ q

p (y)⊇ δ̃ q
p (x⋆ y) .

Now, for x,y,z∈ X, if p⋆ (q⋆ x) 6= 1 andp⋆ (q⋆ y) 6= 1, thenγ̃q
p (x) = σ2, γ̃q

p (y) = σ2 andδ̃ q
p (x) = σ ′

2, δ̃
q
p (y) = σ ′

2. Then

γ̃q
p ((x⋆ (y⋆ z))⋆ z)⊇ σ2 = γ̃q

p (x)∩ γ̃q
p (y) andδ̃ q

p ((x⋆ (y⋆ z))⋆ z)⊆ σ ′
2 = δ̃ q

p (x)∪ δ̃ b
a (y) .

If p⋆ (q⋆ x) = 1 andp⋆ (q⋆ y) = 1, thenp⋆ (q⋆ ((x⋆ (y⋆ z))⋆ z)) = 1. Thusγ̃q
p ((x⋆ (y⋆ z))⋆ z) = σ2 = γ̃q

p (x)∩ γ̃b
a (y) and

δ̃ q
p ((x⋆ (y⋆ z))⋆ z) = σ ′

2 = δ̃ q
p (x)∪ δ̃ q

p (y) .
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Henceγ̃q
p ((x⋆ (y⋆ z))⋆ z) ⊇ γ̃q

p (x)∩ γ̃b
a (y) and δ̃ q

p ((x⋆ (y⋆ z))⋆ z) ⊆ δ̃ q
p (x)∪ δ̃ q

p (y) for x,y,z∈ X. Therefore,DFS-set

(γ̃q
p, δ̃ q

p) is aDFS-ideal ofX overU.

Definition 14.[10] Let p,q∈ X. The upper set of p,q is defined as follows:

K(p,q) = {x∈ X | p⋆ (q⋆ x) = 1} . It is clear that,1, p,q∈ L(p,q) for all p,q∈ X. Note thatK(p,q) is not an ideal of X

in general.

Theorem 6.Let (γ̃X , δ̃X) be a DFS-set in X and p,q,x ∈ X. Then(γ̃X , δ̃X) is a DFS-ideals in X if and only if(γ̃X , δ̃X)

satisfies

(i) p,q∈ K(p,q) =⇒ K(p,q)⊆ (γ̃⊆)R,

(ii) p,q∈ K(p,q) =⇒ K(p,q)⊆ (δ̃⊇)S,

where R⊆U and S⊆U.

Proof. Assume that (γ̃X , δ̃X) is a DFS-ideals in X and p,q ∈ K(p,q). Then γ̃X(p) ⊇ R, δ̃X(p) ⊆ S and

γ̃X(q)⊇ R, δ̃X(q)⊆ S. Forx∈ K(p,q) we havep⋆ (q⋆ x) = 1. Thus

γ̃X(x) = γ̃X(1 ⋆ x) = γ̃X((p ⋆ (q⋆ x)) ⋆ x) ⊇ γ̃X(p) ∩ γ̃X(q) ⊇ R and

δ̃X(x) = δ̃X(1⋆ x) = δ̃X((p⋆ (q⋆ x))⋆ x)⊆ δ̃X(p)∪ δ̃X(q)⊆ S.

Conversely, assume that(γ̃X, δ̃X) holds (i) and (ii). Since 1∈ K(p,q)⊆ (γ̃⊆)R and 1∈ K(p,q)⊆ (δ̃⊇)S for p,q∈ X. Let

x,y,z ∈ X be such that x ⋆ (y⋆ z) ∈ (γ̃⊆)R, x ⋆ (y⋆ z) ∈ (δ̃⊇)S and y ∈ (δ̃⊇)S, y ∈ (γ̃⊆)R. Since

(x⋆ (y⋆ z)) ⋆ (y⋆ (x⋆ z)) = (x⋆ (y⋆ z)) ⋆ (x⋆ (y⋆ z)) = 1 then x ⋆ z ∈ K(x ⋆ (y⋆ z) ,y) ⊆ (γ̃⊆)R and

x⋆z∈ K(x⋆ (y⋆ z) ,y)⊆ (δ̃⊇)S. By Lemma1, that(γ̃⊆)R and(δ̃⊇)S are ideals ofX. Therefore, by Theorem2, (γ̃X , δ̃X) is

a DFS-ideals inX.

Corollary 4. If (γ̃X, δ̃X) is a DFS-ideals in X, then for R⊆U and S⊆U, we have

(i) (γ̃⊆)R 6= /0=⇒ (γ̃⊆)R = ∪
p,q∈(γ̃⊆)R

K(p,q),

(ii) (δ̃⊇)S 6= /0=⇒ (δ̃⊇)S= ∪
p,q∈(δ̃⊇)S

K(p,q).

Proof.Let R⊆ U and(γ̃⊆)R 6= /0. Since(γ̃⊆)R ⊆ ∪
p,q∈(γ̃⊆)R

K(p,q) ⊆ ∪
p,q∈(γ̃⊆)R

K(p,q). Now let x∈ ∪
p,q∈(δ̃⊇)S

K(p,q), there

existb′,b′′ ∈ (γ̃⊆)R such thatx ∈ K (b′,b′′) ⊆ (γ̃⊆)R. Thus ∪
p,q∈(γ̃⊆)R

K(p,q) ⊆ (γ̃⊆)R. Hence (i) is proved. Similarly, we

can prove (ii).

4 The image and pre-image ofDFS-ideals

In this section, we introduced image and pre-image ofDFS-ideals and discussed some theorems.

Definition 15. Let h: X1 −→ X2 be a function of BE-algebras and(γ̃X1, δ̃X1) and(γ̃X2, δ̃X2) be two DFS-sets over U. The

DFS-set(h−1(γ̃Λ2),h
−1(δ̃Λ2)) such that

h−1(γ̃X2) =
{
(a,h−1(γ̃X2)(a)) : a∈ X1,h−1(γ̃X2)(a) ∈ P(U)

}
,

and h−1(δ̃X2) =
{
(a,h−1(δ̃X2)(a)) : a∈ X1,h−1(δ̃X2)(a) ∈ P(U)

}
,

where h−1(γ̃X2)(a) = γ̃X2 (h(a)) and h−1(δ̃X2)(a) = δ̃X2 (h(a)) , is called DFS-pre-image of(γ̃X2, δ̃X2) under h.
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Definition 16. Let h: X1 −→ X2 be a function of BE-algebras and(γ̃X1, δ̃X1) and(γ̃X2, δ̃X2) be two DFS-sets over U. The

DFS-set (h(γ̃X1),h(δ̃X1)) such that h(γ̃X1) = {(b,h(γ̃X1)(b)) : b∈ X2,h(γ̃X1)(b) ∈ P(U)} , and

h(δ̃X1) =
{
(b,h(δ̃X2)(b)) : b∈ X1,h(δ̃X1)(b) ∈ P(U)

}
, where h(γ̃X1)(b) =





∪
a∈h−1(b)

γ̃X1 (a) if h−1(b) 6= /0,

/0 if Otherwise,
and

h(δ̃X1)(b) =





∩

a∈h−1(b)
δ̃X1 (a) if h−1(b) 6= /0,

U if Otherwise,
is called DFS-image of(γ̃X1, δ̃X1) under h.

Proposition 4. Let h : X1 −→ X2 be a function of BE-algebras X1 and X2 and (γ̃X1, δ̃X1) be a DFS-sets over U. Then

γ̃X1⊆̃h−1(h(γ̃X1)) and δ̃X1⊇̃h−1(h(δ̃X1)).

Proof.Sinceh−1(h(x)) 6= /0 for all x∈ X1. Thus,γ̃X1 (x)⊆ ∪
a∈h−1(λ (x))

γ̃X1 (x) = h(γ̃X1 (h(x))) = h−1(h(γ̃X1))(x)

δ̃X1 (x)⊇ ∩
a∈h−1(λ (x))

δ̃X1 (x) = h(δ̃X1 (h(x))) = h−1(h(δ̃X1))(x) . Henceγ̃X1⊆̃h−1(h(γ̃X1)) andδ̃X1⊇̃h−1(h(δ̃X1)).

Theorem 7.Let h: X1 −→ X2 be a homomorphism of BE-algebras and(γ̃X2, δ̃X2) be a DFS-set of X2 over U. If (γ̃X2, δ̃X2)

is a DFS-ideal of X2 over U. Then the DFS-pre-image(h−1(γ̃X2),h
−1(δ̃X2)) of (γ̃X2, δ̃X2) under h is also a DFS-ideal of

X1 over U.

Proof. Let a,b ∈ X1 and (γ̃X2, δ̃X2) is a DFS-ideal of X2 overU. Thenh−1(γ̃X2)(b) = γ̃X2 (h(b)) ⊆ γ̃X2 (h(a)⋆h(b)) =

γ̃X2 (h(a⋆b)) = h−1(γ̃X2)(a⋆b),

and

h−1(δ̃X2)(b) = δ̃X2 (h(b)) ⊇ δ̃X2 (h(a)⋆h(b)) = δ̃X2 (h(a⋆b)) = h−1(δ̃X2)(a⋆b). Now for x,y,z∈ X2 overU, we have

h−1(γ̃X2)(x)∩h−1(γ̃X2)(y) = γ̃X2 (h(x))∩ γ̃X2 (h(y))

⊆ γ̃X2 (h(x)⋆ (h(y)⋆h(z))⋆h(z)) = γ̃X2 (h(x⋆ (y⋆ z)⋆ z)) = h−1(γ̃X2)(x⋆ (y⋆ z)⋆ z) ,

and

h−1(δ̃X2)(x)∪h−1
(

δ̃X2

)
(y) = δ̃X2 (h(x))∪ γ̃X2 (h(y))

⊇ δ̃X2 (h(x)⋆ (h(y)⋆h(z))⋆h(z)) = δ̃X2 (h(x⋆ (y⋆ z)⋆ z)) = h−1(δ̃X2)(x⋆ (y⋆ z)⋆ z)

Thus(h−1(γ̃X2),h
−1(δ̃X2)) is aDFS-ideal ofX1 overU.

Theorem 8.Let h: X1 −→X2 be a homomorphism of BE-algebras and(γ̃X1, δ̃X1) be a DFS-set of X1 over U. If (γ̃X1, δ̃X1) is

a DFS-ideal of X1 over U and h is injective, then the DFS-image(h(γ̃X1),h(δ̃X1)) of (γ̃X1, δ̃X1) under h is also a DFS-ideal

of X2 over U.

Proof.Sinceλ is injective, by Theorem2, it is sufficient to show thath((γ̃⊆)R) andh((δ̃⊇)S) are ideals ofX2 overU. Let

R,S⊆U such that(γ̃⊆)R 6= /0, (δ̃⊇)S 6= /0. Then forb∈ h((γ̃⊆)R) andb∈ h((δ̃⊇)S), we can obtain

h(γ̃X1)(b) = ∪
x∈h−1(b)

γ̃X1 (x)⊇ R, h(δ̃X1)(b) = ∩
x∈h−1(b)

δ̃X1 (x)⊆ S.

This means that there existsxo ∈ h−1(b) such that̃γX1 (xo) ⊇ R andδ̃X1 (xo) ⊆ S. Sinceh is injective and(γ̃X1, δ̃X1) is a

DFS-ideal of X1 over U. Then for a ∈ X2 there existx ∈ X1 such thath(x) = a, γ̃X1 (x⋆ xo) ⊇ γ̃X1 (xo) and

δ̃X1 (x⋆ xo)⊆ δ̃X1 (xo) . Then

h(γ̃X1)(a⋆b) = ∪
x∈h−1(a⋆b)

γ̃X1 (x)⊇ γ̃X1 (x⋆ xo)⊇ γ̃X1 (xo)⊇ R,

h(δ̃X1)(a⋆b) = ∩
x∈h−1(a⋆b)

δ̃X1 (x)⊆ δ̃X1 (x⋆ xo)⊆ δ̃X1 (xo)⊆ S.
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Thus,a⋆b∈ h((γ̃⊆)R) anda⋆b∈ h((δ̃⊇)S).

Now for a1,b1 ∈ h((γ̃⊆)R) and a1,b1 ∈ h((δ̃⊇)S), we have h(γ̃X1)(a1) = ∪
x∈h−1(a1)

γ̃X1 (x) ⊇ R,

h(γ̃X1)(b1) = ∪
x∈h−1(b1)

γ̃X1 (x)⊇ R andh(δ̃X1)(a1) = ∩
x∈h−1(a1)

δ̃X1 (x)⊆ S, h(δ̃X1)(b1) = ∩
x∈h−1(b1)

δ̃X1 (x)⊆ S.

This means that there existsxo ∈ h−1(a1) , yo ∈ h−1 (b1) such thatγ̃X1 (xo) ⊇ R, γ̃X1 (yo) ⊇ R and δ̃X1 (xo) ⊆ S,

δ̃X1 (yo)⊆ S. Sinceh is injective and(γ̃X1, δ̃X1) is aDFS-ideal ofX1 overU. Then ford ∈ X2, there existx∈ X1 such that

h(x) = d, γ̃X1 (xo⋆ (yo ⋆ x)⋆ x)⊇ γ̃X1 (xo)∩ γ̃X1 (yo) , andδ̃X1 (xo ⋆ (yo⋆ x)⋆ x)⊆ δ̃X1 (xo)∪ δ̃X1 (yo) . Thus

h(γ̃X1)(a1⋆ (b1⋆d)⋆d) = ∪
x∈h−1(a1⋆(b1⋆d)⋆d)

γ̃X1 (x)⊇ γ̃X1 (xo⋆ (yo ⋆ x)⋆ x)⊇ γ̃X1 (xo)∩ γ̃X1 (yo)⊇ R,

h(δ̃X1)(a1⋆ (b1⋆d)⋆d) = ∩
x∈h−1(a1⋆(b1⋆d)⋆d)

δ̃X1 (x)⊆ δ̃X1 (xo ⋆ (yo⋆ x)⋆ x)⊆ δ̃X1 (xo)∪ δ̃X1 (yo)⊆ S.

Hence theDFS-image(h(γ̃X1),h(δ̃X1)) of (γ̃X1, δ̃X1) underh is aDFS-ideal ofX2 overU.

5 Conclusion

In above study, we investigatedDFS-ideals inBE-algebras and discussed some basic results ofDFS-ideals. Our approach

provide new insights intoBE-algebras using properties of the images and pre-images ofDFS-ideals by homomorphism.

Hopefully, these notions and essential results may lead to significant and new results in related fields. In future, we will

study rough softBE-algebras andDFS-ideals in different algebraic structures.
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